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PREFACE TO THE FIRST EDITION 

'pvR BESANTS TreatUe on Hydromechanict was first pub* 
-L^Iished in one volume in 1869. When a fourth edition was 
called for in 188S the subject matter had grown suflBciently to 
warrant the sub-division of the book into two volumes. Part I 
on Hydrostatics appeared alone in 1883 and in the preboe a hope 
was expressed that Part II on Hydrodynamics would follow 
shortly. Several chapcers were written and materials for other 
chapters were collected but laid aside owing to pressure of other 
work. In 1904 Dr Besont kindly invited me to cooperate with 
him in bringing out a new edition — the sitth — of the Hydro- 
statics, and suggested that I should undertake to complete the 
Hydrodynamica This latter task I was unable to perform until 
the present year. Dr Besant kindly placed all his materials at 
my disposal, but as modes of expression and analysis have altered 
somewhat in the last thirty years, it seemed desirable to write 
a new book ah initio. 

This book does not profess to be an exhaustive treatise on 
Hydrodynamics, and does not aim at taking the reader to the 
limits of knowledge in the subject. It is written in the first 
place for beginners, and while it introduces the student to some 
of the more advcmced parts of Hydrodynamics, the fullest ex- 
planations are given to the more elementary ideas in the hope 
of rendering the subject more easily intelligible to a class of 
students who find it difficult in the initial stagea The range 
covered is that ordinarily included in text-books on the subject, 
extending to vortices and wave motion, but omitting viscosity 
as being rather beyond the purpose of the book. For didactic 
purposes it has been thought desirable to include chapters on 
vibrating strings and sound waves, as in the early editimuk The 
book contains nearly 400 examples mainly taken from the 
examination papers of the University and Colleges and the 
solutions of a number of them are given in the text. 

In the matter of the sign of the velocity potential I have 
followed the precedent of Professor Lamb and Sir George Oreen- 
hill. It does not seem a matter of intrinsic impmtanoe which 
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u tued, but onilbnnity isdeaiiableaiidastdlflerioosstadsDts 
of the anlgect will ultimately read it in the claisio work of 
Fkofeaaor Lamb, there is good reason why his preoedmit should 
be followed. 


In the preparation of this book I have made considerable use 
of original memoirs on the subject, especially the writings of Sir 
Q. O. Stokes. Lord Kelvin, Lord Bayleigh, Kirchhoff, von Helm- 
h<dts, Sir George Qreenhill and I^fessor Lamb. In addition 
to the subject matter in the SjfdrodynamiMof the latter, I have 
found the foil bibliography contained in the footnotes invaluable. 
I have also made use of the bibliographies contained in Winkel- 
raann’s Banihvch der Phynk, Bd. l ; and in Professor Love's 
articles in EneydojMu du Scienoea’Mathdmatiques, t iv, and 
1 have endeavoured to ascribe results to their authors so for as 
possible. 

I am indebted to Mr W. Welsh for advice and assistance, 
and most of all my thanks are due to Mr J. G. Leathern for 
reading the whole book in proof and making many valuable 
criticisms and suggestions. 

A.S. R. 


Haodalens College, 
Cahbbidoe. 

Decemlter 1912. 


PREFACE TO THE THIRD EDITION 

T his edition will be found not to differ much from the last. 

1 am indebted to several friends who have kindly sent me 
notification of mistakes and misprints. 


Junt 1920. 


A.S. E. 
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HYDRODYNAMICS 


CHAPTER I 

KINEMATICS 

1. In the introduction to Part I of this work it was explained 
that all propositions in Hydrostalics are true for all fluids whatever 
their degree of viscosity. A very little consideration will suffice 
to shew that the motion of fluids cannot be independent of such 
properties as viscosity, and the results obtained firom a discussion 
of the motion of fluids which ignores their internal fnction can only 
be regarded as an approximation to what actually takes place in 
nature. In an elementary treatment of the subject of Hydro- 
dynamics however it is necessary, in order to avoid complication, 
to regard the fluid medium as a ‘perfect fluid,’ incapable of exerting 
shearing stress, and, whether at rest or in motion, such that the 
pressure it exerts on any surface m contact with it is always normal 
to the sur&ce and consequently, as was shewn in Hydrostatics, 
Art. 6, the pressure at any point in such a fluid is the same in 
every direction. 

In the present chapter we shall limit ourselves to the con- 
sideration of some properties of the motion of fluids which are 
independent of causation, that is with the phoronomy or kinematics 
of fluids, leaving the equations of motion, or equations connecting 
the acting forces with the motions arising therefrom, for a 
subsequent chapter. 

2. There are two methods of treating the general problem of 
Hydrodynamics or motion of a continuous medium; in the one, 
any particle of the fluid is selected and observation is made of its 
particular motion — it is pursued throughout its course; in the 
other, any point in the space occupied by the fluid is selected and 
observation is made of whatever changes of velocity, density and 
pressure take place at that point The two methods are commonly 
called the Lagrangian and the Eulerian methods respectively, 
thoni^ both were used by Euler, but the fomer was used by 
Lagrange in the M4eanique Analytiqus. The latter is sometimes 

a. H. 1 
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•Ibo Called the flax method Cleric Maxwell soggeeted the words 
Hiatorioal and Statistieal as descriptive of the two methods. We 
sludi obtain the equations requirite for the determination of fluid 
motimis from both these points of view. 

8. In the Lograngisa Method if », y, e denote the coonii- 
nates of a particle at time t, then the components of its velocity 
are and the components of its acceleration are "i, y, X. Also 
c, y, z and the velocities and accelerations are functions of t and of 
three indepeiident parameters a,b,c which define the position of 
the chosen particle at a particular instant, thus a, 6, c may be the 
coordinates of the chosen particle at the instant of time from 
which t is measured In using riiis method it is well to remember 
that it resembles that of Dynamics of a Particle only in so far as 
the coordinates w, y, z of the chosen particle are dependent on the 
time t; but in the case of fluid motion t is not the only independent 
variable, for the particle is any particle in the fluid, and three 
other variables a, h, c are needed to specify which particle has 
been chosen, so that there are altogether four independent variables 
a, b, c, t. 

4. In the Bulerlon Method velocity at a point is measured 
thus: if a small plane surface be placed at the point at right angles 
to the direction of flow, the velocity at the point is measured, when 
uniform, by the volume of fluid per unit area that flows across the 
surface in unit time ; and when variable by the time-rate of flow 
of volume of fluid per unit area across the sur&ce. 

Thus if q be the velocity and p the density of the fluid at any 
point, the mass that in time flows across a small area A, the 
normal to which makes an angle ff with the velocity, is pgA cosff St, 
and the rate at which mass crosses the surface is pqA cos 0. 

As stated in Art. 2, in the Eulerian Method a particular point 
in the space occupied by the fluid is selected ; we shall denote this 
point by (x, y, z) so that in this ca^ x, y, z and t are indepmdent 
variables. And it is important to remember that in the use of this 
method, unless some further meanings are assigned to the symbols, 
such expressions as dxjdt, d^/dP do not occur, for the simple 
reason that x and t are independent. 

We shall use «, v, w to denote the components of the velocify 
q at the point (x, y, z). In general u, v, w are functions of the four 
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independent varlaUea «, y, $ and t If we regmd (m, y> ji) as n 
fixed point, then the values of a, e. « will tell os wlud> ha^peaaaot 
that point as t duuDges; and if we regard ( as fixed, then nnoe 
(«, y, x) may be any point of the fluid, u, v, w will tell us what is 
happening at every point of the fluid at the particular instant 
under consideration. 

If we wish to connect the Eulerian and Lagrangian methods 
or combine both notations in m:ky particular problem, we regard 
u, V, w the components of velocity of the element of fluid at 
{w, y, x) and the relation between die two sets of symbols is then 
u, V, w - i, y, i. 

5. Aoeelsratlon. In considering the meaning of acceleration 
and how to obtain its value by the flux method, we have to take 
two facts into account. Firstly, if P denote the point (x, y, x), 
then inasmuch as u, v, w are functions of t a change of velocity ‘of 
the fluid can take place at the fixed point P as time progresses 
without any variations in x, y, x. Secondly, in order to estimate 
correctly the acceleration of an elementary portion of the fluid it 
is not sufiicient merely to note what change of velocity is taking 
place at the point P, but we must also pursue the element for a 
shoii) space after it passes P, in order to observe whether as it 
moves onwaids it does so with the velocity it had on leaving P or 
aojuiies any additional velocity. 

Let u=f(x,y,e,t). 

The particle which is at (x, y, x) at time t will after a short 
interval Bt have moved to (x + uBt, y + v£t, z + wBt) so that its 
velocity will become 

K + 5u—/(a! + tt8<, y + vSt, z + wBt, t + St) 



+ terms containing higher powers of St. 

Hence the x component of acceleration, being lASu/St, is 


e(]nal to 

9/. 9/“^ d/^ df 




(1). 


'Su , du , 8u du 

(2); 

or 

S+“8.+’'Sy+”a. 


1—3 



4 
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•nd in ihu expraanmi the iint term is the rate *t which the velod^ 
inereeses at the point {x, y, s) regarded as a fixed point in i^ace, 
and the other tenns arise from the changing velocity of the element 
of fluid in its onward course. 

We shall denote the operator 

5+“s+'’s7+”s; 

D 

by the symbol , and speak of it as ‘ differentiation following the 
motion of the fluid.’ 


With this notation the components of acceleration are Da/IH, 
IhIDt, DwjlH', and if /(«, y, t, t) be any function of the position 
of a particle of the fluid and the time, the rate of change of this 
Amotion following the motion of the fluid is DfjDt 

' V 

As an illttstration let tu conaider the flow of water through a pipS, which 
IB filled by the water. Fimtly, let the pipe be of unifum section, then tbe 
velocity u is the some at every point, but inasmuch ne the water may be 
forced through the pipe at varying speeds there may be an acceleration du/^tf 
wbicih, in thie ease, will at any instant bai'e the same value at all pointo in 
tlM pipe. Secondly, let the motion be steady, i.e. tbe velocity at any particular 
point of the pipe keeps the same value k for all time ; aleo let the pipe be of 
variable eeotioii, then the velocity vanes from cue point to another inaemuch 
ae the aection ie variable, for the total flow across each section must be tbe 
aame. Hence if « denote diatance measured along the pipe to the point where 
the velocity is «, the element of fluid which occupies this position at time t 
will at time l+dt have moved to the point indicate by e+tid(, and if 
its velocity in the second position is 



and the riement of fluid boa therefore an acceleration 


=Lt d«/d<»w{w/f«. 

Thus wo aee that even in steady motion there may be aoceloratioii ; and iu 
the general motion of water through a pi^ie of variable aection tbe acoeleratiou 
ia given by 
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TIm Squatlea ofOoiitteiitty. 


The motions that we shall have to ocmsider will be, in 
general, conUnuous motions ; that is, we shall assume that u, «, w 
are finite and continaoua ftmctions and that their iqiaoe derivatives 
du/3«, du/dy, du/ds etc. are also finite. 

In contimious motion, if we consider any closed sur&oe drawn 
in the fluid, it is clear that the hunease in the mass of fluid withm 
the surboe in any time it must be equal to the excess of tiie mass 
that flows in over the mass that flows out. 


Let p denote the density of the fluid at (w, y, t), and with this 
point as centre construct a small parallelepiped dad/ydt. The mass 
of fluid that flows in across the bee dydz nearest the origin in 
time it is* 

|pu — ^^^d^dydzit; 

and the mass that flows out across the opposite bee is 
jptt + i dydtSt 


Thelrefore the gain in mass due to this pair of bees is 

— ^^dadydfSt; 


with umilar expressions for the other pairs of bees. Whence the 
total gain in mass in time it 

But the orig^inal mass within the parallelepiped is pdcedydt, and 
the gain in time & is ^ dwdydtht ; hence we have the equatirm 


^4. 4.^*0 

^ dy dx 

This equation is clearly equivrient to 

Dp fdu .dv 3ti>\ . 


and either of these may be called the equation of continuily. 


( 1 ). 

( 2 ). 


* ThiB ugamrat iavolvei the ueamptioa that the mean value of a eartaia 
ftmetioa over the ana diileis from the valno of the taaotion at tim aentroid 
of Um ana I7 a amall quantitr of higher order baa dy at dr— a theorem aliieh is 
oapaUe of eiaqplo proof. 
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If ^ flaid is homogeneous and incompressible, p is constant 
and the equation reduces to 


^ ^ ^ 
dx^ hy^ d* 


0 




If the fluid is heterogeneous and incompressible, p is a function 

of (*> y» t, 0 such that ^ i*o> the density of an element does 

not alter as that element moves about; hence in this case also (3) 
follows from (2). 


7. We can also obtain the equation of continuity by following 
the motion of a soudl element pdxdydz of fluid, and expressing 
tile &ot that its mass remains unchanged during the short 
interval it. 

If X, y, t are the coordinates of a particle at time t, its oo> 
ordinates at time t + are A+uSt, y + a + wSt. Similarly 
the particle whose coordinates are x + dx, y, z, will move in time 

8t to fl5+ttSt + <i*+ dxit, y-¥vBt+^dxit, s + dxht, 

so that dx is changed to dsi, whose projections on the axes are 

+ 

with similar expressions for dy and dz. Therefore the new volume 


of the parallelopiped is 



dxdydz 

1 

i+r*. 

OX 


OW 

i 

r**' 


pst 

By 

1 

1 

1 -St 

1 Fz^’ 

> 

i+T* 

dz 


and the density p is changed to p + ^^St. Equating the product 
of these to the orijpnal mass pdxdydz, we get 


as before. 



iwjuAWov 0# ooNronriTY 7 

' 8. We maj abo obtain the eqoalaon of continuity by making 
use of Qieen’s Theorem — 


[l(i/+ mg + vh)d8^ fjl ^ + 1 + i) 

where /, y, A are functions of «, y, s, which with their first deri- 
vatives are finite and continuous throughout a region bounded by 
a cloeed surface 3, and I, m, n are direction cosines of the outward- 
drawn normal at a jpoint on the sur&ce, the J[f being taken over the 
surface and the /// throughout the space enclosed*. 

For considering any region in the fluid bounded by a closed 
surface 8 we have 


^jjj jpdxdgdsj St = increase in mass inside the surface in time St 

= excess of flow in over flow out across the 
surface in time & 


-jjVp- + mpv + npto) dS St 


Therefore 


a® fly as , 


by Green’s Theorem. 
dxdyde ™ 0 


for all ranges of integration within the fluid, 
Therefore 

at every point of the fluid. 


dp '^ dpv dpw 


8. The ' Equation of Oontiaoity in the lAgiungian 

Method. Let a, 6, o be the coordinates of a particle P at a given 
epoch, and ®, y, s the coordinates of the same particle after the 
lapse of time t. Take a small tetrahedron PABO in the fluid 
with its edges PA, PB, PC parallel to the coordinate axes of 
lengths Sa, th, Sc. 
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Ajfter time t, the element of fluid that oocupied the qwce 
PABC at the given epoch will fonn a differently situateil tetra- 
hedron PA'BC, 'and x, y, t beipg the coordinates of P, the 
coordinates of A' relative to P will be 




8a 


So. 


ofF 


and of 0 ' 


86 


86 . 


?y if, 

86®®’ 




% 

8 c 


8c> 


>■ 


Hence the volume of the tetrahedron PA’PC 
8o’ 8o’ 


‘i 


86* 

dx 


86 ’ 

8 c’ 


— 

da 

— 

86 

— 

8 c 


8 a 86 8 c. 


and its mass 


®'^ 8 (o, 6 , c) 


But if be the initial density the mass is iptSaSbSe, and 
therefore 

B(x.y,g) . 

'' 8 ( 0 , 6 , c) 

which is the equation of continuity. 

10 We can prove, by a direct traDsformation, the equindenoe of the 
two forms of the equation of continuity. Beginning with the Lagrangian 
form, let 

' ~ a 1, » 


then pJ is constant, and 


0 ( 0 , 6,c)’ 
d (pJ)leU^O, 
j<h. dJ - 


But these time-ratee ate variationB due to the motion of a partide^ or the 
variability of ir, y, t; and we con change now from the Lagrangian to the 
Eulerian system of variables by either writing DjlH instead of djdt or by 
writing u,v,v for g, y, a And on this bypotheeis we shall write 

8ic . dhx . 
gjforjjg^.eto. 




11. Puttonlu' ouei of the Bqiwtloii of Oonttnnitgr. 

The equation of continuity may be transformed to cylindrical 
and to polar coordinates by the ordinary processes of change of 


the independent variable, but it 
in each case from the principle 
that the increase in the mass 
contained in an element of 
volume in any short time is 
equal to the excess of the mass 
that flows in over the mass that 
flows out. 

Thus in polar ootnrdliuttM 
if tt, V, w denote the components 
of velocity in the directions of 
the elmnents dr, rdfl, rqinfldcs. 


is simpler to obtain it direetly 
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the exoeai of flow in over the flow out arising from the face 
r*siii and the opposite face is 

a * 

— (pur* sin 0d6d«») drBt, 

firom the foce r sin ddtadr and the opposite face 
0 

— ^ (jmr sin Bdio dr) rdd Sf, 


and from the &ce rdSdr and the opposite face 

- . ■ -ao — (pv)rd6dr) r sm BdmBt, 

and the increase m mass is 
0 

^ (fit* sin 6drdBdm ) Of. 


dt 

Therefore 

3p , 1 a , 1 


^(pvam0) + 


ramff da 




Similarly if in cylindrical coordinates u, o, w denote the 
components of velocity in the directions of the elements dr, rdO, 
da, we con shew that 


do 


12. Still simpler considerations will enable us to wnte down 
an equation of continuity in certain coses. For example, if liquid 
be moving in such a manner that the motion is symmetrical about 
a given point 0, the velocity at every point being directed towards 
(or from) the point 0 ; if u be the velocity at distance r from 0, 
since the quantity of liquid that crosses every sphere whose centre 
is 0 must be the same, we have 4wr*M = constant, 

or |-(,»tt) = 0, 

agreeing with equation (1) of the last article. 

If we consider the same case with the motion confined to two 
dimensions, the quantity of liquid that crosses every circle whose 
centre is 0 must be the same, so that Awru — constant, 

or ^(rit)-0, 

agreeing with equation (2) of the last article. 



BOCrNDARr COKOmONS 


ll 


11-14] 


ISk ' Another £c«m ot the equetion of continuity mny also be given. 

Let PQ=St be an aio of the line of motion passing through a point P; 
and let AB be a small area normal to the arOi 
such that all the partidee of fluid laroamng it 
may be considered as ' moving perpeudioolar 
to it. 

Let AA', Bff, etc. be small arcs of the lines 
of motion through the bounding points of AB, 
and A'B" the normal section through Q of the 
surface formed by these lines of motion. 

Take p as the ‘density of the fluid in PQ at the time t, c the area ot A B, 
and V the velocity at P, then the quantity of fluid which enters at AB 
during the time it 

— Kpvit, 

and that which flows out at A"B' 

BSKpVit + ^(KpVt ) it. 

The excess of the former over the latter of these two expressions is the 
whole increase of the fluid in PQ during the time it, and is 

but the mass of fluid at the time i being Kpt», the increase in the time is 
also expressed by 

0 0 

and therefora (xp) (xpv) = 0. 

From the way in which this equation has been obtained, it will be seen 
that allowance is made for the expansion of the element which may in certain 
cases take place, and it is only in this way that k can be an explicit fiiootion 
of the time. The small section AB may lie taken arbitranly, but the section 
A'B' will depend, not only on the arc PQ, but also on the directions of the 
lines of motion passing through the bounding curve of AB, the variation of 
K may therefore depend on the time expboitly, since these linos of motion 
may vary with the time. 



14 The Boundary Burfhee. 

At any fixed boundary the velocity of the fluid normal to the 
surfiace must vanish, that is ^ 

lu + mv + nwr*0 

at every point of the boundary, I, m, n denoting the direction 
cosines of the normal. 

At the surface of a solid moving in the fluid the normtd 
velocity of the fluid must be equal to that of. the solid. Also for 
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way tax&oe m tlie fluid oompoaed of w given sheet of partieles or, 
is the same thing, for any surfooe which always oontains die 
same fluid matter within it, we must have the nonnal velomty of 
the snifoce equal to the velocity in the same direction of a neigh- 
bouring particle of fluid. Thus if flv is an element PP' of a normal 
to tiiesur&ce 

P (*. y . s .<)-0 ( 1 ). 

and «, y, s are the coordinates of P, those of P are « + f flv, y + mflv, 
s+nfiv; where i, m, n are direction cosines of PP' and therefore 
proportional to df/Bx, dPfdy, BFfbs. But P' lies on the surfooe at 
time ( + flt. therefore 


+ y + m2v, s + nSv, t + (2), 

and from (1) and (2) we get 

/ 3P ap 3P\ - 

Again, 

fo + m« + aw s> normal velocity of particle of fluid 
s; normal velocity of surfooe 

=* V 


But 


I, m, 


BF l(,dF^ ZF , BF\ 
BF/Bx, BF/Bif, BFfBz 

'WWW’ 


BF^ BF^ BF^ BF . 

a; +tt3- ■|■«5- + W5- —0 

Bt Bx By <fz 


therefore 

and this is the differential equation of the boundary suifoce. 


( 8 ). 


16. If we assume that a boundary surfrtce always consists 
of the same particles of fluid, we may conclude at once that if 
F(x,y, z,t)">0 be such a surfooe, then following the motion of 
the fluid 


DF 

-R' 


- BF BF , BF BF 


0 . 


Though this hypothesis is generally true for continuous motion 
it may cease to hdd in some cases of discontinnoos or turbulent 
motien. Some examples have been given by Lord Kelvin*. 


* CamO, mti Pzk. Mzth. JmrmU, m. p. 8S, or Math, and Ph}i$. Pzftn, t. p. 68. 
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16. StrMUB Liaas. A «fream line or Une of fow is a curve 
Budi that at any instant of time the tangent at any point of it 
is the direction of motion of the fluid at that point. A tubular 
space in the fluid bounded by lines of flow is called a UAo of flow. 

The direction of motion of the fluid particle at the point 
(it, y, g) is defined by the quantities u, v, w and therefore the 
differential equations of the stream lines are 

u V w ' ’■ 

Except in the case of steady motion, u, v, to are always functions 
of the time and therefore the stream lines are continually nhanging 
with the time, and the actual path of any particle of the fluid will 
not in general coincide with a stream line. For if P, Q, R aso 
consecutive points on a stream line at time t, a particle moving 
through P at this instant will move along PQ but when it arrives 
at Q at time t + Bt, QR is no longer the direction of the velocity at 
Q and the particle will therefore cease to move along QR and 
move instead in the direction of the new velocity at Q. But if 
the motion be steady the stream lines remain unchanged as time 
progresses and they are also the paths of the particles of fluid. 

The differential equations for the paths of the particles are 
® = M, y = v, i-w (2), 

for when u, v, w are known functions of ®, y, z, t these equations 
will determine ®, y, z in terms of t and three arbitrary constants 
which might be taken to be a, 6, c the initial values of the oo> 
ordinates of a particle, and hence the paths of the particles would 
be obtained. 

17. The stream lines <ir/u ib dy/v ds/w are cut at right 
angles by the surfoces given by the differential equation 

ud® + vdy + wds =■ 0 (1) ; 

and the condition for the existence of such orthogonal surfiwes is 
the condition that the last equation may admit of a solution of the 
form 

^{x,y,t)-‘C ( 2 ), 

the analytical condition being 
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la V«loeltr Potentua. When the expresBion 
itdai + vdy+iads 

is an exact differential - d^, so tiiat 

94 94 94 

-g- 

then ^ is called the velocity potential or velocity function. 

It is clear that in this case 

^_9w 

9y ** 9x ’ de ~ he ‘ 9« 9y 

so that condition (3) of the last article is satisfied and sur&ces 
exist which cut the stream lines orthogonally. 


.< 1 ), 


•( 2 ). 


19. As an example ccmsider the case in which 

tt =■ — c*y/r*, V s= c*«/r*, w = 0, 

where r denotes distance from the s-axis, so that the velocity is 
wholly transversal and everywhere equal to <?jr These values 
satisfy the equation of continuity and therefore represent a 
possible motion. 

The lines of flow are given by 

dee dy _ dz 
~ 0 

or »*+y*s- const., const. 

In this case 

9p ^ c‘(y*— j*) 9m 
9a! 9y ’ 

so that conditions (2) of the last article are satisfied. 

In fact vdx + vdy + wdz = c’d ^tan ”’ ^ , 

so that there is a velocity potential 
4 = -c’tan~* 

X 

and the planes y^^xx cut the stream lines orthogonally. 

20. It is possible however for the orthogonal surfaces to exist 
without a velocity potentml. Take for instance the case 

M = — v>y, V = war, w = 0, 

where again the velocity is transversal and varies ns the distance 
ftom the s-nxis, so that the whole moss rotates as if solid. 

In this case we have the same lines of flow as in the hist 
article, but udx-\-vdy + ivdz is not on exact difierential, so there 
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19 no velocity potential though o<mdition (8) of Art. 17 ie satisfied 
and 

uda + vdy+wdt’^O 

leads to the family of planes y^fiae, which cut the stream lines 
orthogonally. 

21. Irrotatlonal and Rotational Motion. 

When the expressions 

^ dv ^ _ 3w 3t» _ 3tt 
dy dz' dz dx‘ df dy 

all vanish, the motion is said to be irrotaHonaL When they do 
not all vanish the motion is said to be rotational. 

The reason for this nomenclature will be given hereafter. 

' It will be noticed that, when a velocity potential exists, the 
motion is irrotational. Thus the motion of Art. 19 is irrotational, 
and that of Art. 20 is rotational. 


EXAMPLES. 

1 A mass of fluid moveii in such a way that each particle deacribes a 
circle lu one plane about a fixed axis ; shew that the equation of continuity is 

where m is the angular velocity of a particle whose asimiithol angle is 9 at 
tune t. 

2. A mass of fluid is iii motion so that the bnes of motion lie on the 

surface of coaxial cylinders ; shew that the equation of continuity is 

dp 1 ?(pi>) d(pis) ^ 



where v, w are the velocities iierpendicular and parallel to z. 

• 3. The particles of a fluid move symmetrically in space with nsgord to 
a fixed centre ; ^irove that the equation of continuity is 

p 0 




where u is the velocity at distance r. 

4. Each particle of a moss of liquid moves iii a plane through tho omh 
of x; find the equation of continuity. 

5. If ti)e lines of iiiotion are curves on the surfaces of cohes having thoir 
vertices at the origin and the lixis of t for common axis, pnive that tho 
equation of coiitiiiiuty is 

df d(pu) Spu oosec 9 0 (p») 

3t dr #• '*’ r 0^** 


a 
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6 . If th«liiiMof motionaraourvMontheBurftueBof Bidunsall tonebing 
tibB pUiM of jgr at tbe ofigin (7, the eqnatim of oontinaity is 

r fun ^ ^ (1 -I- 8 ooB 

vhen r is the radiuBCPof oneof tbe8phweB,0 theang^e POO , « the velooitjr 
in the {dane POO, v the perpendionlar veloeity, and (ft the inclination of the 
{daiie POO to a fixed plane through the axis of a 

T. If every particle moves on the BUi&ce of a sphere, prove ^t the 

eq,natien of oontinaity is 

0 0 0 

•^ooed+gj|(pa ocad) +g^ (p«»' ooe d)**0, 

p being the density, d, ^ the latitude and longitude of any element and 
m and m' the angular vdooitisa of the element in latitude and longitude 
reapectivdy. (M.T. 1877.) 

& Shew that, if ^ ig, f be orthogonal ooordinates and if U, T, IT be the 
ooneaponding omuponent velocities, the equation of continuity le 

^+p(0$i+ 7 * 1 + W»^+Ai^(pO)+At^(pV)+h^^(pW)w.O, 



and «„ 1 ^, are reflectively the sums of the principal curvatures of the 
three ortiiogonal sur&oes. (Coll. Exam. 1886.) 

9. Shew that ^ tan*<+^oot*<=l 

a* o* ’ 

•s 

is a poeeible form for the bounding eutlkce of a liquid, and find an expression 
for the normal velocity. (GolL Exam. 1898.) 


IOL In the steady motion of homogeneous liquid if the surfiMee 
^iBOt define the stream lines, prove that the most general veluee of the 
velooity oomponenta a, v, w are 

ftf ft f ft f 


where F is any arbitrary function. 


(GoU. Exam. 1888.) 


11. Shew that all ueceeaaiy oonditions can be satisfied b7 s velocity 
potential of the form 

^-o**+d!y*+yi», 
and a bounding surface of the form 

J’sE a** + by* +«*—;((<)=« 0^ 

where g (() is a given function of the time, and a, /S, y, a, 6, c suitable fouotioiM 
of the tiina (Trinity Coll. 1886.) 



CHAPTER II 


EQUATIONS OF MOTION 

22. Let u, to be the oomponents of velocity, p the density 
and p the pressure at the point (x, y, e) in a mass of fluid, and let 
X,Y,Zhe the components of external force per unit mass at the 
same point. 

Gmsidering a small rectangular parallelepiped dxdydz with 
its centre at («, y, z), and resolving parallel to the e-axis, we have 

pdxdydz ^^^pX dxdydz - ^ dxdydz, 


the last term representing the difference of the pressures on the 
two ends of area dydz. 


Hence 

Du y 1 8p 
* pdx* 


or 

du . du , 9u , du V- ^ S!p 

vr + tt^- + Wr- -h -A — - ^ ..... 

dt ox dy dz pox 

(1). 

Similarly 

3v , . 3w , dv V- 1 

+ 

(2). 


3to , 3io , dw , dw „ Idp 



(8)- 


These are Euler’s Dynamlosl Equations. 


28. If the fluid be elastic we have to make use of the phyucal 
laws connecting pressure and density. Thus, if the temperature 
be constant, we have 

where « is a constant And if the changes that take place occur 
with such rapidity that there is not time for heat to enter or leave 
the fluid element, as is the case in the eiqNuisions and contractions 
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of air that result in the propagation of sound waves, then the 
relation is the ' adiabatic ’ one, 

JP = 

where 7 is a definite constant*. 

24. In the case of a h<|iiid, if 11 be the external pressure upon 
its surfiice and p the pressure of the liquid at the surface, we shall 
have (neglecting surface tension) 

/) = n, 

and therefore at all points of the free surface 

Dt~ l)t’ 

or if we suppose that IT depends only on the tunc* 
dp , dp dp dp dU 

26 Integration of the eqoatloni of motion. Wlien a 
velocity potential exists and the exteinal forces are dernabU* 
from a iiotential function, the ccpiatioiis of motion can always he 
iiitegiatcd. 

In this case u, v, w = - d^jdj., — d^jdy, — d^^di , 

and A', Y,Z = ~d V/dj-, ~ d V/dy. - d Vjdz . 

, , Du d^<(> d<l> d^d> 50 5-0 50 5-0 

therefore = - 5-^, + _ 3- . -h ^ 5 a -t- a ^ X , 

Dt d.vdt 5,< 5.C- vy drdy dz dxOs 

Dv 5^0 00 ^0 50 0-0 00 5’0 

Dt ~ dydi 0.1' 0.c5y dy dy^ dz dydz ’ 

Dw _ 0'0 00 ^0 50 5-0 d^ 0^ 

Dt dzdt d.r d.rdz dy dydz dz dz- 

And from the equations of niution 

(S - z) * + 1 rf,, - 0 . 

Therefore 

or, if q denote* the velocity, 

-cf^f + i(fo»-».(ir + ^dp = 0 * (1). 

Ot p 


* Art. 04r 
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Whence, assaming the existence of a functional relation 
between the pressure and the density, w^ get by integration 

; ( 2 ). 

where (7 is in general an arbitrary function of the time. It is 
possible, however, to regard this function of the time as contained 
in the term d^/dt. 

If the fluid be homogeneous and inelastic, the equation (2) 
becomes 

W 

If the motion be steady d^/dt — 0, and therefore 

^ + (4), 

P 

where C is an absolute constant. 


26. Bernoulli’s Theorem. Case of no Velocity Poten* 
tial. We may obtain a similar equation when a velocity potential 
does not exist Thus by considering the motion of a small cylinder 
of section k with its axis of length Ss along a stream line, if g be 
the velocity and S the component of external force per unit mass 
in direction of the stream line, 


pxSa ^ = picBsS — K^Ss, 


and in this case 
so that 



( 1 ). 


If the motion be steady dq/dt = 0, and if the external forces 
have a potential function such that S^ — dV/da, then by integrat- 
ing along a stream line, 

f^ + i3*+F-C7 (2), 

» P 

where (7 is a constant, whose value depends on the particular 
stream line chosen. This is BarnovllCa Thtoratn, 


27. In general, when no velocity potential exists, we make use 
of equations (1), (2), (3) of Art. 22 in order to find the pressure at 
any point. 


2—8 
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For instance, if a mass of liquid levolve uniformly without 
change of form or relative displacement, about a fixed axis, there 
is no velocity potential, but taking the fixed axis as axis of 
M — my, V * mas, tt» 0 ; 


hence from equations (1), (S), (S), Art 82, 


— »*«' 


and therefore 




/»3y 


0 = ,?- 


1 ^ 
~pda* 


^dp‘^Xdie+ ydy + £da + m* (xdx + ydy), 


as in Hydrostatiea, Art 28. 

For homogeneous liquid and conservative forces this becomes 


^ (a:* + y*) + V* constant 

P 

At first sight this equation may appear to contradict (2) of 
Art 26, but this is not so, for in that equation the constant C 
depends on the particular stream kne ; and in this particular case 
the velocity <9 is constant along a stream line, so that all the 
information we get from (2) of Art 26 is that in this case 

j—-h Via constant along a stream line. 


88 . When a velocity potential exists and the forces are coiiser- 
va;tive, the pressure is given by equation (2) or (3) of Art. 25. 

Take, for instance, the case given in Art 19 in which there is 
a velocity potential -c* 6 , while the velocity at distance r from 
the axis of a is c*/r. Let a be measured vertically upwards and 
gravity be the only external force, then equation (3) of Art 25 
becomes 


P 


— 

2 r* 


+ffa*0. 


If we take the pressure at the surface to be constant and 
assume that a is the value of a when r is infinite, we have for the 
equation of the surfooe 


2y(a^+y*)(o-»)«c*. 


89. BqmtloiM of motton by the Flux Xethod. 

The equations of Art 22 can also be obtained by considering 
the changes of momentum that take place within a definite region 
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of space due to the external forces acting throughout this r^on 
and to the fluid pressures on the boundaiy. 

Thus if I, tn, n are direction cosines of the outward-drawn 
normal to the element d8 of any closed surfime 8 drawn in the 
fluid and fixed in space, with the same notation the time-rate of 
increase of momentum parallel to the «-axis of the fluid inside 8 

is I pudxdydt, and this is composed of three parts : 

(1) the rate of increase of c-momentum inside 8 due to the 
flow of momentum across the boundary, viz. 

— jj pu(lu + mv + nw) dS ; 

(2) the rate of increase of s;-momentum due to the pressures 
on the boundaiy, viz, — JJ lpd8 , 

(d) the rate of increase of ^-momentum due to the external 
forces acting throughout the region 8, viz. jjj pXdsdydi, 

Hence 

jjj^-^^dadyds’B — JJ pu(lu + mv + nw)d8— JJ lpd8 

+ III pXdxdydz; 

and by transforming the sur&ce integrals into volume integrals by 
Green’s Theorem, we get 

and since this most hold for all ranges of integration within the 
fluid, we must have at every point 

l-^(pH) + ^(pu>) + ^(puv) + ^(puu,) = pX-^. 


But 


dy 

dp d{pu) 8(pt>) d{pw) 
dt'^ dw dy dz 


and if we multiply this by u and subtract, we obtain 
du , du , Bu du — Idp 


as before. 
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80. Lafrange** Squationa. 

Let a, b, c be the initial coordinates of a particle and x, y, z 
the coordinates of the same particle at time t, then a, b,c,taxe 
the independent variables and our object is to determine x,y,zm 
terms of a, b, c, t and so investigate completely the motion. At 
time t the component accelerations of the fluid element SxSySz 
are ^yjd(^,- d^zjd^, and if we assume the existence of a 

potential V for the external forces, we get as in Art. 22 
d'x dV 1 dp 
* dx pdx‘ 


yy ^ 8F 1 dp 
0t*“ by pdy’ 

3f ~ ~dz pdz' 

To deduce equations containing only differentiations with regard 
to the independent variables a, b, e, t, we multiply these by dxjda, 
dyida, dz/da and add, 


therefore 


0*y3y ^ 13p 

3t* 3a 3<* 3a dt* ha~ 3a p 3a 


Similarly 

and 


_bV 

3<* 36 3^* 36 3t* 36 36 p 36 

+ 3F 18p 

0t* 3c 3<’ 3c ^ 3t* 3c 3c p 3c 


These equations, together with the equation of continuity 
d(x,y,z) 

constitute Lagrange’s Hydrodynamical Eqtiations, 


31. Oauohy’s Xnteennls. 

Assuming that p is a function of p, differentiate equations (2) 
and (S) of the last article with regard to c and 6 respectively and 
subtract, and we obtain after writing u, v, w for dx/dt, dy/dt, dz/dt, 

3*a dx 3^^ ^^3y 3^^ yic 9 a . 

3f363c dtdcdb^^dbdc dtdcdb^ dtdbde dtdcdb~ 
In))egrate this equation with regard to t, and take ««, ic, as 
initial! values ; then 

36i3c 3c 36 36 dc 3c 36 36 dc 3c 36 36 3c ’ 

for initially dx/da = 1, dxfob « dxfdc *■ 0, etc., etc. 
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Now 


etc., 


du dudr dudjy dudz 
da ** dxda dzda ’ ® ’’ 

and making these substitutions, the equation b<‘Comos 

,x) 


I'dto _ d (!/,z) /0tt _ d( 2 , 

,dy dz) d (6, c) ^ dx) d (b. 

Writing 


/dv _ 9/A 9 (.r, y) _ ^ _ 9»o 
c) ^ W Py/ 9 {b, o) db dc 


dtu _dv_„j, du_^ 
dy dz *’ dz d-r 


. 9 „ 


we obtain the e/jiiations 


^d(y.z) , d(z.^-) , ^d(T,y) ^ 

^d(h,c)'*'^d(b,cr^d(b, c)~^“ 


^ 9 (c, y ) 9 (c, a) ^ 9 (c, a) ■ 
. 9 (^, a) 9 (z. .c) ^9 (a-, ?/) 

^d(a,b)'^^d(a.b)'^^dOt.b)' 


'Vo, 


■to. 


Multiply these equations by 9.c/9a, dx,'db, dx^dc respectively and 
add and take account of the equation of continuity 
pd(A y, z)‘d{(i, b, c)-p„, 

and we got 


Similiirly 


and 


_^dx ^ Vodx ^ 5,9.1' 
’p„9« podb''^ podc' 

.vo^n .to^jL 
p„ da ^ Pa db , Pa 9c ’ 

? = 

P Pa da Padb Padc 


f. 

P 

1 

P 


We noticcth.it when a velocity potential exists f =»; = 5=0, 
and from the foregoing equations it is evident that these quantities 
are .always zero if their initial values are zero 

As we have already stated, when a velocity potential exists 
the motion is said to be inotational and we therefore have the 
theorem that the motion of u fluid iindei conservative forces, if 
once irrotatwnul, is always irrotaiionul. This constitutes Cauchy’s 
proof of this important theorem firat enunciated by Lagrange. 

When a velocity potential does not exist, the motion is called 
rotational. The reason for the phraseology employed to distinguish 
the two kinds of motion is given in the following article taken 
from a paper by Stokes*. 

* Traut, Camb. Phil. Soe. vni. p. 287, or JJath, and Phy». Piiptii, i. p. 112. 
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S2. Plifrioal IntMpretatlon. 

Conceive an indefinitely amall element of a laid in motion 
to become solidified suddenly, and the fiuid about i^ be destroyed 
suddenly; let the form of the element be so iekea that the 
resulting solid shall be that which is the sim^dest with respect 
to rotatory motion, namely, that which has its three principal 
moments about axes passing through the centre of gravity equal 
to each other, and therefore every axis passing through that point 
a principal axis, and consider the linear and angular motions of 
the element immediately after solidification. 

By the instantaneous solidification velocities will be suddenly 
generated or destroyed in the different portions of the element, 
and a set of impulsive forces will be called into action. Let w, y, x 
be the coordinates of the centre of gravity G of the element at 
the instant of solidification, « + d/, y + y', x + s' those of any other 
point in it. 

Let u, «, w be the velocities of G along the three axes just 
before solidification, u', v', w' the relative velocities of the pmnt 
whose relative coordinates are a!, yf, /. 

Let u, V, w be the velocities of (?, u, , Vi , w, the relative velocities 
of the point (a;', y', z), and u. (T the angular velocities just after 
solidification. 


Since all the impulsive forces are internal, 

« = «, V = V, W*‘W, 

Also, by the conservation of angular momentum, 
Stn {y' (wi - «/) -/(», — »')} — 0, etc., 
m denoting an element of the mass considered. 

But «, = itz - {y'. 


, dll , 3w , , du , , . . , 

and similar expressions hold good for the other quantities. 
Substituting in the above equations, and observing that 
2(w»yV) = 0, 2(m»V) = 0, 2(m<r'y')-0, 
and =« Smy'* = Swix'*, 


we have 2 h|-|, 


Q du dw 


® OX oy 


We see then that an indefinitely small element of the fluid of 
which the three principal moments about the centre of gravity 
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are equal, if suddenly solidified and detached fix>m the rest of the 
fluid, will begin to move with a motion of teanslation only if 
uis + vdy + wds is an exact differential, but if this ezpressicm 
is not an exact differential the motion of the element will be 
rotational as well as trandational ; and this constitutes the reason 
for the nomenclature of Art. 21. 

The quantities f, 17, i are called the components of spin. The 
term molecular rotation has been used in this sense, but there is 
no connection between the rotations and the molecules. 


88. Assuming that the forces are conservative and p a function 
of p, we may write the equations of motion 

Du 3Q 

5t * d« pda~~ dx’ 

Dt'^~dy ~ pdy"* dp' 

'St dt pd*"‘ dz' 


so that 


JL ^ =A ^ 

dzDt^ at^ dy Dt ' 


therefore 


D 

Si \3y dzj dp dm dp dp dp dt 


djidv 

dtdx dtdp dt dt~ ' 


dv dw 


or by adding and subtracting ^ ^ , this equation may be written 


or 


^du dv , ^fdu , dv dw\ 

])t™^dx^^dx *3® *\,dx^dp^dt) 

Dt ^dx^^dx'^^dx 


,h«e 

dx dp dt 


but by the equation of continuity 


1 .^ 

p Dt 


+ 0 mQ. Hence we get 

St \p) ^ pdx^ pdx^ pdx’ 
Dt\p)'“ pdp^ p'dy"^ pdp' 


Dt \p/ pdt"*" pdt"*" p dt' 
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Also observing that 


dv 




By. 

the equations take the form 


dy ■*■ ^Bz ’ 


Lt^J pBx"^ pdy p dz 
JH KpJ ^ pBx^ pdy pdz f 
Dt \p) ^ pdx^ p By p Bz 


( 1 ). 


These equations for the case of p constant were given by 
Stokes* and Helmholtz f and were extended to the form given 
above by Nanson|. 


From these equations Helmholtz concludes that if in a fluid 
element 17, ^ are simultaneously zero, we also have 

D^IDt = DnlDt = D^IDt = 0 . 

Hence those elements of fluid xhtch at any instant have no rotation 
reniaw during the whole motion without rotation. The justification 
for this conclusion is found in Stokes's paper already c]ted§. Thus 
in equations (1) we may assume that dulBx, dvjdx, etc., are finite, 
and let L denote their supenor limit, then f/p, 97/p, f/p cannot 
increase faster than if they satisfied the equations 



and if wc put pfl = f + 97 + f, we have 

DniDt = SLCl, 

so that if n be not zero, by dividing by 11 and integrating we get 

ft = 


and no value of C other than zero will allow ft to vanish when 
t*0; but by hypothesis f, 97, f, and therefore ft also, are zero 
when < = 0 , therefore ft is ahvays zero. But ft is the sum of three 
quantities which evidently cannot be negative, therefore each of 


* Loe. cit. p. 28. 

f CrelleU Journal, 1858 ; P/iiI. Mag. xxziii. Fourtb Series, 1887, p 485. 

X Mmfngrr of Math, 1878, in. p 120, 

§ Also iS Math, and Phys. Paper*, ii. p. 36, or CanA, and Dub. Math. Journal, 
itL p. 315. ' 
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them must be zero. Aud as 17, remain zero when they satisfy 
(2), still more will they do so when they satisfy (1). 


34. Impulsive Action. 

If impulsive forces be made to act on a fluid, or if impulsive 
pressures be excited by a sudden change of motion of one of 
the boundaries, it can be shewn as in Hydrostatics, Art. 6, 
that the impulsive pressure at any point is the same m every 
direction and in the case of a liquid that the impulsive pressure is 
transmitted equally throughout the liquid. The incompressibility 
of the liquid implies infinitely rapid propagation of pressuial 
effect, so that an impulsive pressure can be produced mstan* 
taneously throughout the liquid. 

To find the relation between impulsive pressure and change of 
velocity. 

Let tr denote the impulsive pressure and X', Y', Z' the 
extraneous impulses per unit m«iss of fluid at the point (^, y, a). 
Let u, V, w and u', v' , w' denote the velocity components at this 
point just before and just after the impulsive action. Since 
impulses are measured by the change of momentum they produce, 
by considering a small parallelopiped SxSyBz with centre at 
(X, y, z), we get 

p (u — u) SxSySz = pX' SxBySz — SjvSySz, 


the last term representing the difference between the impulsive 
pressures on the two ends of area BySz. 


Therefore 




p (w' — w)stpZ' — ^ 




.( 1 ). 


If there are no extraneous impulses the equations are 
equivalent to 


— pin —u)da~ p{v' — v)dy — p{w' - w) dz, 

or if denote the velocity potential just before and just after 
the impulsive action. 


der^p ifidi'— dip ) ; 
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IHPULSIVB ACTION 


hence, by integration, when p a constant 

vasp^' -‘pi^ + C. 

The constant C may he omitted, as on extra {nreasure, constant 
throughout the fluid, would not affect the motion. 


86. Plqriiosl meanlnf ofweloot^ potential. 

From the last article we see that any actual motion of a liquid, 
for which a single-valued velocity potential exists, could be pro- 
duced instantaneously from rest by a set of impulses properly 
applied, and if the liquid be regarded as of unit density the 
velocity potential is the impulsive pressure at any point. 

We also conclude that when a state of rotational motion exists 
in a liquid, the motion could neither be created nor destroyed by 
impulsive pressures. 


86. When there are no extraneous impulses and p is constant, 
by differentiating equations (1) of Art. 34, and making use of the 
equation of continuity, we obtain 


3*cnr 0% 

a? 


0 


( 1 ). 


and the general problem of impulsive motion consists in ob- 
taining a solution of this equation to satisfy the given boundary 
conditions. 


37. It was pointed out by Stokes* that in selecting a solution to satisfy 
the given boundary conditions it is necessary also to note that the value of 
the fluid pressure, whether finite or impulsive pressure, cannot change 
abruptly from point to point in the fluid. He considers the foUomng 
eumple Suppose a mass of fluid to be at rest in a finite cylinder, whose 
axis coincides with the axis of s, the cylinder being entirely flUed and closed 
at both ends. Suppose the cylinder to be moved by impact with initial 
velocity C in the direction of x, then the velocities are given by 

«mC, 0, WbO. 

For these make ndx+v<fy+vdt an exact difibrential -<f^, where ip 
satisfies (1) of Art. 36 ; they also make the normal velocity equal to that 
of the cylinder over the boundaiy, and give a value for the impulsive 
pressure, namely C - Cpx, which does not alter abruptly. But if we had 
supposed that 0 was equal to -Cx-C'U^u-^y/x all the conditions would 
still have been satisfied, except that we should have obtained for the im- 
pulsive presBuie a value w=C"-~p C taD~> y/.v), in which the last term 

* Tram, Comb. PhiL Soe. vni p. lOfi, or Hath, and Phy$, Papm, i. p. 28. 
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altan <£brapt]y m taa~>jr/« puaea through the T«lue Se-. Hence the former 
waa the oorreot aohition oif the problem. 

This is also an illuatration of a theoran m shall have to diacusa later* 
nameljr that cydie irrotational motion cannot exist in simply oonneoted 
qsioe. 


38. The following examples will serve to illustrate the application to 
particular oases of the principles of hydrodynamics. 

(1) A quantity of Wfuid oeeupia a longtA Hof a ttraiqht tube of uniform 
maU boro, umitr tko action of a force to a point in the tube oarying fa« tike 
Hatamee from that point. It ie required to determine the motion and the 
preeture. 

Let p be the pressure and u the velocity at a d»tanoe u from the fixed 
point 0 ; and let s be the distance of the nearer firee surface from 0. 

The equation of continuity is 

hH[bXmtO. 


The equation of motion is therefore 


—I 

ht 



Integrate this equation with regard to x. 


therefore 




and p— 0 when x<^» and when «■>«-(- Sf, 

therefore 

But clearly a 

therefore i+p{t+l)mO, 

hence *+fa>jicos(V^+a}i the constants being determined by the initial 
position and velocity. 

Also 

- - Jp(**-z*)+p(a— a) (f+f), 
and thus the pressure at any point is determined. 

(S) A eertued tube AB of email eeetion hoe two aperturee doee to ite 
bate B in iehicA horitontal tubee are fitted, and the aperturee are oloeed by 
ualxee; a given height n of the tube AB ie filled with toater and the valvee are 
then epened. The areal eeetion of each horitontal tube being half that of the 
vertical tube, and the length of each greater than AB, it u required to determine 
the motion. 

Let s he the height above B of the free surface in AB at the time t, and 
d the distance from B of the free surface in each honsontal tube. 

Then the volume of liquid being constant 

s+f—a. 
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If p be the praesum and u the velooity measured upwards at a height x in 
AB, the equation of continuity is du/%r»0; and the equation of motion is 
therefore 



and by integrating with regard to x, 

Butp’KO when 

therefore p/p»«(y+0»/cr) (r- .v), 

and if p' ie the pnassim at B, 

Similarly if u' be the velocity in either lower tube p'jp=^i^du'l?t, 
therefore a'0M'/3<— (y+0i',7<) j 

But t(=i and u'^i'= -k, 
therefore 02 =0, 

and 20 A cos (< \/^/a+a)»a cos t by Liking the initial values of 2 and i 

The motion is therefore of einiple harmonic tyjie until the vortical tul* is 
emptied, which will take place after time ir/2 \fgiu 

(3) A mail of liquui turroundt a tolid sp/tttre of radttts a and its ovter 
mafoux, which u a concentric ephere of radivi b, » mhjcct to a given conetaiit 
premtre n, no ether forvet being in action on the liquid The eoltd ephere 
euddeidy ehrinke into a concentric ephere, it le required to determine the eitbee- 
qvent motion, and the impulnve action on the ephere. 

At time t, lotp bo the pressure and t’' the lelocity at distance ¥ from the 
centre ; then the equation of motion le 

I t> 

'ft r/ p P/ ’ 
and the equation of continuity is 

rV=f(t), 

therefore + ( 1 ). 

Let ^ r be the radii of the external and internal boundaries at time t, and 
V, V their velocities , these qiLintities ore functions of t only, and 

V=/t, 

Integrating equation (I) with regard to r' from r'mir to t'^R, vre get 
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' But 
therefore 


F{t)mt»9mIPV, 
,dv, 


F'(t)=^Srv^+i*~f‘ 

••ir^+r^dvldr. 

Hence - (zrifi + Arg) - 1) +ir* (l - ^)=n/p. 

Putting »® ■•> «, and multiplying by 8r>, and observing that ^-r*=6*-o*=o*, 
this becomes 

- {r - ■ 

Iiitegrotiiig a’e obtain 

3 p r* \r r)‘ 

Take r for the radius of the solid sphere, and let tv denote the impulsive 
pixwsure at distance r' ; then 

, i*ed'r' 

- p -pj- ; 

thorefoie, since sv=iO when /=H, 

gnes the iiiiiiulsivc pressure when r'—i 
The whole impulse on the aplioro 

=• 4irHsv = 4 irpr^v {R~r)IR, 

mid the w hole inonientuui destroyed 

= I iirr'*pe'dr' = Arrpr^v {R—r). 

The \elocity may also be obtained at once by help of the principle of 
eiiei-gj' 

For, the kinetic eiieitiy 

y* 47rr'*p»'*<ir' 

= 2irp y* d^ = 27rpr*i)* (p “ . 

mid the work done by tlie outor jircssure 


■/: 


4tr R^a(~dR) 

«= i^n-n (P - IP) = Jjrll («■' — r*). 

Hence the equation of enoigy gives us at once the expression for the 
velocity. 



82 


SXAMP&BB 


{OBAP. n 


EXAM^LSa 


1. If • bombihdl explode «t • greet depth beneath the aurfitoe of the 
■ea, prove that tiie impuUve preeaure at any point variea inveraefy aa the 
diatBOoe ftom the centre of the ahell . 


8. A atraight tube of email bore, ABC, ia bent ao aa to make the an|^ 
ABC lb right ao^ and AB equal to BC. lie end 0 ia dioaed; and the tube 
ia plaoed with the end A upwarda and AB vertioal, and ia filled with liquid. 
If the end C be opoied, prove that the preaaure at any point of the vertioal 
tube ia inatantaneonaly diminiahed one-half; and &id the inatantaneoua 
ohange of preaaure at any point of the horiaontal tube, the preaaure of the 
atmoephere bring net^eot^ 


S. Steam ia ruahing from a boiler through a oonioal [npe, the diametera 
of the enda of which are D and d; if K and e be the oorreaponding velooitiea 
of the ateom, and if the morion be euppoaed to be that of divergence from the 
'vertex of the oone, prove that 


V IB 


V-F« 
• “ , 


where £ ia the preaaure divided by the denaity, and auppoaed conatant. 


4 . An elaaric fluid, the weight of which ia neglected, obeying Boyle^ law, 
ia in morion in a uniform atraight tube; ahew that on the hypotheiia of 
parallel aeotimu the veloolty at any time ( at a diatanoe r firom a fixed point 
in the tube ia defined by the equarion 


. 0 
+ 






5. Air, obeying fioyle’a law, ia in motion in a unifbrm tube of mail 
aeotiw ; prove that if p be the denaity and v the velocity at a diatanoe » ftom 
a fixed point at the time t. 




fi. Two equal oloaed oylindera, of height o, with their baaea in the aame 
horiaontal pla^ are filled, one with water, and the other witii air of eurii a 
denrity ao to aupport a column A of water, A being hae than e. If a ctom- 
municariou be opened between them at their baaea, the bright w, to which 
the water rioea, ia given by the equation 

ca - cA lew — 0. 

c 

7. Water flowa ateatflly along a pipe of variable oroaa oection. If the 
preaaure be 700 millimetree of mercury at a place where the vrioeity ia 
100 oma per eeoond, find the preaaure at a place where the oroaa aaotion of 
the pipe ia twice aa large. [Trite the apeeifio gravity of meronry ISfl.] 

(Univ. of London, 1007.) 
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& tn the caw of a tteady motion oi an daatic fluid under no foroea the 
vetodtiee parallel to the axea at the point («, y, «) are proportional to y-fs* 
i+x, x-i-y ; prove that tiie aurfaoea ol oqual janaauie are oblate apheroidB^ 
the eooentridty of the generating ellipae being (M.T. 1878.) 


0. A apherioal ahdl of homogeneous gravitating liquid, having no initial 
motion, ia left to itself; find the preaauie at any point during the oollapse. 

10. A rnoM of homogeneous liquid is movmg so that the velocity at any 
point ia proportional to the time, and that the pressure is given by 


i<*(y>^+****+«*y^ ; 

P 

prove that this motion may have been generated firom rest by finite natural 
forces independent of the time; and shew that, if the direction of motimi at 
every point coincide with the direction of the acting force, each pcuiicle of the 
liquid describes a curve which ia the intersection of two hyperbolic cylindera. 

(M.T. 1877.) 


11. A given quantity of liquid moves, under no forces, in a smooth conical 
tube having a small vertical angle, and the distances of its nearer and forther 
extremities ftom the vertex at the time t are r and r* ; shew that 




?* 



- 0 , 


the pressures at the two sur&ces being equal. 

Shew also that the preceding equation results from snppoeing the vis viva 
of the mass of liquid to be constant ; and that the velocity of the inner surface 
is given by the equations 

F*-Cr'/r>(riT), 

C and e being constants. 


12. A portion of homogeneous fiuid is confined between two oonceutrio 
spheres radii A and a, and is attracted towards their centre by a force varying 
inversely as the square of the distance, the inner spherical surface is suddenly 
anni hilated, and when the radii of the inner and outer surfaces of the fluid 
are r and A, the fluid impinges on a solid ball concentric with their surfooes, 
prove that the impulsive pressure at any point of the ball for different values 
of R and r varies os 


13. A fine tube whose section it is a function of its length i, in the form 
of a closed plane curve of area A, filled with ice, is moved in any niauiier. 
When the ooqiponent angular velocity of the tube about a normal to its plane 
IS O the ice melts without change of volume. Prove that the velocity of the 
fluid relatively to the tube at a point where the section is K at any subsequent 
time when w is the angular velocity is 

2A(0-w)+A j j, 

the intend bring takoi once round the tube. (M.T. 1873.) 

3 


B.B. 
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14. A oentK of foroe attmotiiig invenaly m the squan of the diatanoe 
ia at the oentie of a aphenoal cavity within an infinite maaa of iaoompreaaible 
fluid, the preaauie on which at an infinite diatanoe ia or, and ia auoh that the 
woric done by this preaauie on a unit of area through a unit of length ia one- 
half the woric done by the attractive force on a unit of volume ot the fluid 
firom infinity to the initial boundaiy of the cavity ; prove that the time bf 
fillmg up the oavity will be 

a being the initial radiiu of the cavity, and p the denaity of the fluid. 

CM.T. 1874.) 


IS. A homogeneoua liquid la contained between two concentric sphencal 
Burfocea, the radiua of the inner being a and that of the Outer indefinitely 
great. The fluid ia attracted to the centre of theae aurfaces by a foroe ^ (r), 
and a conatant preaaure n ia exerted at the outer aurface. 

Suppoae (r) (r), and that ifr (r) vaniahea when r la infinite. Shew 

that if the inner aurface ia auddenly removed, the preaaure at the diatanoe r 
la auddenly diminiahed by 

Find ^(r) ao that the preaaure immediately after the inner aurface la 
removed may be the aame aa it would be if no attractive force exiated Alao 
with thia value of d* (v), find the velocity of the inner boundary of the fluid at 
any period of the motion. 


16. A atream iii a honzoiital pipe, after paaaing a contraction in the pipe 
at which ita aectional area la A, la delivered at atmoapheric preaaure at a place 
where the aectional aiea la B. Shew that if a aide tube la connected with the 
pipe at the former place, water will be auoked up through it into the pipe 

fhun a reaerroir at a depth ~ below the pipe , « being the delivery 

peraecond. (St John’a Coll 1896) 


17. A homogeneoua mcompreaaible fluid, encloaed in a boundary which cau 
change both in ahape and area, but not in volume encloaed, ia acted on by a 
force whoee componenta are 

reapectively ; when the time the fluid la at rent, and the preaaure 

■•/tplog^^^^^^* ; afterwarda the preaaure at the boundary la alwaya 


Ip log (**+y*+**+ay +y*+*») - pF(rt : 


prove that the componenta of the velocity will aiwayu be 
f(y+*). f(*+.r), 
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and that the curve deeoribed bjr the pertlde, whoee oooidinatee, when 
were yo> *»)> for its equatione 

\*o-y«/ \y»-*a/ ai+y+g ‘ 

(M.T. 1866.) 

18. An infinite mess of liquid acted upon by no fbroee is at rest, and a 
spherical portion of radius e is suddenly annihilated; the pressure tv «t an 
infinite distance being supposed to remain constant, prove that the pressure 
at the distance r fbom the centre of the sphere is instautaneously diminished 
in the ratio r-c . r, and that the cavity will be filled up in the time 



19. Shew that the rate per umt of time at which work is done by the 
internal pressures between the parts of a compressible fluid is 

where p is the pressure, and (u, v, to) the velocity at any point, and the inte- 
gration extends through the volume of the fluid* (St John's ColL 1898.) 

80. A sphere is at rest in an infinite mass of homogeneous liqmd of 
density p, the pressure at infinity being w. Shew that, if the radius R at the 
sphere vanes in any manner, the pressure at the surface of the sphere at any 
time IS 

1900.) 


21.. An infinite mass of homogeneous incompressible fluid is at rest subject 
to a uniform pressure n, and contains a sphencal cavity of radius a, filled with 
gas at a pressure mn ; prove that, if the inertia of the gas be neglected, and 
BoyWs law be supposed to hold throughout the ensuing motion, the radius of 
the sphere will oscillate between the values a and na, where n is determined 
by the equation 

l+3OTlog»-»»=0 


If m be nearly equal to 1, the time of an oscillation will be Sir 



p being the density of the fluid 


(M.T. 1869.) 


22. A mass of liquid, of density p and volume is in the form of a 
spherical shell ; a constant pressure H is exerted on the external aui&oe of 
the shell, there is no pressure on the internal surface, and no other forces act 
on the liquid ; imtially the hquid is at rest and the internal radius of the shell 
is 3c, prove that the velocity of the internal surihoe; when its radius is e; is 


(ColL Exam. 1904.) 



3—8 



KXAIOUBS 


[CHAP, n 

38. Investigate an expression for tlie change in an indefimtdy Aort tinia 
in the mass of fluid contained within a spherieal sur&ee of email ladioa. 

Prove that the momentum of the mass in the direction of the of a; is 
greater than it would be if the whole were moving with the velocity at the 
centre by 

1 Jfo* f0p3tt . 3p3u 3p3u 1 /0*s 3*« 3*«\1 

6 T isi a; + ^ s + * ^ 

(M.T. 1876.) 

31 An infinite fluid in which is a spherical hollow of radius a is initially 
at rest under the action of no forces. U a constant pressure n is applied at 
infinity, shew that the time of filling up the cavity is 

ir*o (p/n)* 8* {r (Tnnity CoU. 190a) 

35. A solid sphere of radius a is surrounded by a mass of liqmd whose 
volume is 4irc'/3, and its centre is a centre of attracting force varying directly 
ae the square of the distance. If the solid sphere be suddenly anmhilated, 
shew that the velocity of the inner surface, when its radius is », is given by 

i**»{(*«+«!«)*-*}=(2n/8p+2pc»/9) ((»»->*») (c«+:S»)* 

where p is the density, H the external pressure and p the absolute force. 

(M.T. 1881.) 

36. A mass of gravitating fluid is at rest under its own attraction only; 
the flree surface being a sphere of radios b and the inner surface a rigid oon- 
oentrio shell of radius a. Shew that if this shell suddenly disappear, the 
initial preseure at any point of the fluid at distance r from the centre is 

|l»rp*{b-r)(r-o) (^+l) . (Trinity Coll, 1902.) 

37. A spherical hollow of radius a initially exists in infinite fluid, subject 
io constant pressure at infinity. Shew that the pressure at distance r from the 
centre when the radius of the cavity is j; is to the pressure at infinity as 

8**f*+(a*-4»*)f*-(a*-4^),** . a**r*. 

(Trinity OoU. 1903.) 

38. A spherical mass of liquid of radius b has a conoentno spherical cavity 
of radius a, which contains gas at pressure p whose mass may be neglected ; 
at every point of the external boundary of the liquid an impulsive pressure v 
per unit area is appbed. Assuming that the gas obeys Beyle’s law, shew that 
when the liqmd first comes to rest, the radius of the inteiW spherical sorfMe 
will be 

a exp { - {b — a)}, 

where p is the density of the liqmd. 


(H.T. leoa) 
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39. A man of homograeoaa liquid, whole bounding aurfiweB am ooDoantiio 
qtherea, ii at rat under the action of no foroea in a gaa of nnilbnn praauie. 
If the praaure of the external gaa be anddenlj inoreaaed, determine the in- 
atantaneoua p raa ure in the liquid, and inveatigste the diflhrentia] equation 
for the Bubaequent motion of the liquid and the prennre inaide the abell at 
anj time. (GoU. Exam. 1885.) 

90. A volume lira* of gravitating hquid, of denaity p, ia initially in the 
form of a apberical ahell of infinitely great radiua If the liquid ahell contract 
under the influence of ita own attraction, there being no external or internal 
preaaure, ahew that when the radiua of the inner apherical aurfiaoe ia x, ita 
velocity wUl be given by 

F* = (af< + 2r»x + a**x* - 3i»» - ar*), 
where y ia the oonatant of gravitation, and (M.T. 1890.} 

31. A maaa of uniform liquid ia in the form of a thick apherioal ahell 
bounded by concentric apherea of radii a and h{a<h) The cavity ia filled 
with gaa the preaaute of which variea according to Boyle’s law, and is initially 
equal to the atmospheric pleasure n, and the maaa of which may be nqgleoted. 
The outer surface of the shell is exposed to atmospheric preasuru Prove that 
if the system la symmetrically disturbed, so that each particle moves along 
the line joining it to the centre the time of a small oscillation ia 

2«ra {p(b— o)/3n6}^, 

where p is the density of the liqmd. (Coll. Exam. 1896.) 


32. A maaa of perfect incompressible fluid, of density p, is bounded by 
conoentnc spherical aurfacee. The outer aur&ce is contained by a flexible 
envelope which exerts continuously a uniform pressure n and contracts from 
radius Bi to radius Rf. The hollow is filled with a gas obeying Boyle’a law, 
its radius contracts from c, to cj, and the pressure of the gas is initially p,. , 
Initially the whole qiaas is at rest Prove that neglecting the maas of the 
gas, the velocity (v) of the mner surface when the configuration (^, e^) is 
reached is given by 


1 

2 





(Trinity ColL 1908.) 


33. An infinite mass of fluid la acted on by a force pr~^ per unit maaa 
directed to the origin. If initially the fluid is at rest and there ia a cavity in 
the form of the sphere r=c in it shew that the cavity will be filled up after 


an interval of time 



(Trinify Ooll. 1906.) 


3i. Explain on general grounds why two pulsating spheres in a liquid 
attract each other, if they ate always in the same phase. (CoU. iBram. 1906.) 
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35. A spherical hollow of radius a exists in an infinite mass of fluid, whidi 
is at rest, the pressure at infinity being zero ; and a force per unit mass to the 
centre equal to at distance r, where n>l, begins to act. Shew that the 
time of filling up the cavity is 

as »><4. (Trinity ColL 1897.) 


38 A mass of liquid of density p whose external surfhce is a long circular 
(^linder of radius a, which is subjfect to a constant pressure n, surrounds a 
coaxial long circular cylinder of radius b The internal cylinder is suddenly 
destroyed, shew that if v is the velocity at the internal surface when the radius 
IS r, then 


. 2n(ft*-r») 

pr* log (r*+ a* — 6*)/r* ‘ 


(CrXi J£xam. 1894) 


37. Liquid is contained between two parallel planes , the free surface is 
a circular cylinder of rad' -i vhose axis is perpendicular to the planes. All 
the liquid within a coucLiitiiu circular cylinder of radius b is suddenly 
annihilated , prove that if er bo the pressure at the outer surface, the initial 
pressure at any point of the liquid distant r from the centre is 


logr— log6 
®^logo— logft’ 


(Coll Exam. 1896.) 


38 If tho uiotiun be in two dimensions and be referred to polar coordinates 
r and d, shew that the equations of motion are 


and 


du 

bt 

dv 

Ft 


du 

dv 


bu »* _ 1 

roO r p dr 

dv uv _ 1 bp 

r ^ p ’ r0fl’ 


where w and v are the component velocities along and perpendicular to the 
radius vector, and R B are the components per unit mass of the external 
forces in these directions. (Coll. Exam. 1801.) 


39. Prove that the difierential equations of motion for a firiotionless flmd 
are 

1 ^ ^bu bu , 9 h . 0 u 

p as- at " 

- ((bj*+® 8*)*- y +^^+«>s«i) *=o, 

and two similar equations ,«,«,«) being the components of the velocity at the 
time ( at the point x, y, t relative to moving axes having component angular 
velocittes wj. (M.T. 1881.) 
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40. The motion of an imoompreasible fluid is referred to rectangular axes 
vbioh are rotating with ooostant angular velooities fl|, di, 0t\ prove that the 

equation of continuity ^ equations of motion 

are 


and two similar equations, where U, V, W im the velocities relative to the 
axes, and 


<2«, U* + r*+ fr*-(d,*+d,‘+d,*) (**+y»+r*)+(d,ir+%+d**)*. 

(Trinity Coll. 1698.) 


41 If the motion is irrotational and the axes to which the motion is referred 
rotate with angular velocities d], dg, d>i shew that 

K+iy*+di(w— yie)+dj(x«)— *M)+dj(ya-*i>)-^ 

18 a function of the time. (M.T. 1898.) 
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PARTICULAR METHODS AND APPLICATIONS 


89. Motion in Two IMmeiudoxu. The Ourront Function. 


When the motion ie the same in all planes parallel to that of 
ley, and there is no velooity parallel to the x-axis, i.e. when u, v are 
fiinctionB of m, y only, and w — 0, we may regard the motion as two* 
dimensional and consider only the circumstances in the plane wy ; 
and when we speak of the flow across a curve in this plane we shall 
mean the flow across unit length of a cylinder whose trace on the 
plane xy is the curve in question, the generators of the cylinder 
being parallel to the s:*axis. 

The diflerential equation of the lines of flow in this case is 

vdx — ndy = 0 (1), 

and the equation of continuity is 

which shews that the left-hand member of (1) is an exact difler- 
ential. 


Let = C be the integral, that is, let 


U s ~ ^ 


and V ■« ^ . 
ox 


This function ie called the stream ftinotloii or the ovirent 
ftmotloit, and it is clear that the lines of flow are given by the 
equation 

where C ^ an arbitraiy constant. 


A property of the current function is that the difference of its 
values at points represents the flow across any line joining the 
points. 
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Ibr if (2» be an element of a carve and 9 the inclination of the 
tangent to the «-axiB, the flow acrosa the carve from right to left 

» J(v C 08 d - u sin fl) ^ ^ ^ 

where by ‘ from right to left ' we mean in relation to an observer 
placed on the curve and looking in the direction in which « in- 
creases, the axes being so placed that rotation from w towards y is 
counterclockwise. 

We might also define the value of the current function at 
any point P as the amount of flow across a curve AP where A is 
some fixed point in the plane, for this makes 


= f (v cos d — u sin d) ds 
= 1 (vdai — udy). 


And by varying the position of P, we get 

V ■» d^/dx and m ■= — 9V^/9y, 

in agreement with our former definition. Also it is easily seen that 
the velocity from right to left across any arc d« is 8^/d«. 

40. It is to be observed that the existence of the current 
function does not depend on whether the motion is irrotational or 
rotational. For the components of spin as defined in Art. 32 we 
have 

^ 1 /dw _ 1 fdu dw\ - 


A" 1 1 /^V' 

2 dy) 2 \da^ 9y*/‘ 


2 \dx dyj 2 \da? 9y*/‘ 

Hence in irrotational motion the current function has to satisfy 

^ + ^-0 

a<E* ^ 

41. Irrotational motion In two dimensions. 

When there is a velocity potential ^ we have 

s— —a 
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The equation of continuity is 

and as we saw in the last article, ^ must satisfy the same 
equation. 

The equations (1) shew that 

0a gfl! 0y gy ™ ’ 

so that the &milies of curves 

^ a const., yjr = const. 

out orthogonally at all their pomts of intersection. 

These conditions are satisfied by taking ^ to be a function 
of the complex variable a + ty 


Thus if we write tf> + iyfr= f{x + iy), we have 
S + ’' to 


and 
so that 


«.<! ^ 

ga oy oy 


. 0 ^ 

* 0a 0a ' 

dyfr 
0a ’ 


Such functions are called conjugate functions ; and we see that 
if are two conjugate functions, a possible form of irrotational 
motion is obtained by taking the curves ^ const, to be curves of 
equi-velocity potential, and the curves ^const. to be stream lines. 


42. In the theoiy of functions of a complex variable, if z 
denote the complex variable x + iy, and w the function 4> + i‘^, 
the relation w — /(z) imph'es that w has a definite differential 

coefficient with respect to x or that the limit of as 

s' tends \to s is independent of the path by which the point s' 
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and if this is to approach a definite linut as &e and 
independently of the ratio &e:Sy,we must have 


aero, 


dy dy \3® ^ 8®/ ' 


Hence, as before, 


and ^ 

8® By dy~ 8®’ 

and we have for the value of the differential coefBcient 


dw_d^ 

d£!~3®'*'*8®™8® *8y’ 


It follows that any relation of the form w=‘f{e), or 
if> + / (« + ty), represents a two-dimensional irrotational 

motion, in which the magnitude of the velocity at any point is 
Idwl 


given by 


dz 


For 

dw\ 


UM 


80 VV 


4 




= velocity. 

Also, if the curves 6 = const., ^ = const, are drawn, and 


denotes the arc of the 
curve ijr intercepted between 
^ and <I> + Sf^, the velocity at 
P where ^ and intersect 
being normal to the curve <f> 

is — Similarly if Ss, be 

the arc of the curve ^ inter- 
cepted between and -|- 8^,' 
the velocity at P as measured 
by the rate of flow across Ss, is 



8 «,' 



43. Since the conditions = ^ are also satisfied 

8® dy ay ox 

by the relation 

it follows that from any given two-dimensional form of irrotational 
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inotiaii (Huo^er imay be deduced by intexcdkaugixig tbe lines of 
equi'Valoci^ potential and the stream linea 

II the motion be referred to polar coordinates, ^re have 
er OX ay ay ax 


r V9w 9* dff) ‘ 


<dy 


44. As an example of the foregoing theory we might take 

10 = A**, 

or ^ + i^/r=-A(x + iy/, 

giving ^ = A (ir* — y*) = const., 

and = 2Axy = const., 

for the lines of equi-velocity potential and the stream lines. These 
are two iamilies of rectangular hyperbolas. Inasmuch as the axes 
esO, ysO are parts of the 
same stream line ^«0, we 
may take the positive parts of 
the axes to be ngid boundanes 
and thus obtain a foil repre- 
sentation of the steady motion 
of liquid in the angle made by 
two perpendicular walls. 

The velocity at any point 
■s I dw/ds I s 1 2As I 2Ar, 

and varies directly as the 
distance from the intersection 
of the walla 



Before considering further qxamples we shall discuss some 
oases of liquid motion arising from what are known as * sources ’ 
and ‘sinb,’ taking first the general case of motion in three 
dimenaioi^ 
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46. SoaroM and Sliiki. 

If the niotio 9 of a liquid oonaiats of symmetrioal mdial flow in 
all directions proceeding from a point, the point is called a simple 
source. If the total flow across a small surfiioe surrounding the 
point is 4nrm, m is called the stxength of the source*. 

If 4 he the velocity potential due to a simple source of strength 
m in liquid at rest at inanity, the velocity at distance r is 
smd the flow across a sphere of radius r is — 4irr*9<jk/8r, 

therefore = 4irm, 

dr 

leading on integration to ^ » m/r. 

A source of negative strength, or inward radial flow, is called 
a stnX;. 

A source or sink implies the creation or annihilation of fluid 
at a point. Both are points at which the velocity potential and 
stream function become infinite, and they are to be regarded as 
due to the exigencies of analysis rather than as physical realities. 

46. Doublets. A combination of a source of strength m and 
a sink of strength - m at a small distance apart, where in the 
limit m is taken infinitely great 
and Sa infinitely small but so that 
the product m 6s remains finite and 
equal to is called a doublet of 
strength ft ; and the line Ss taken 
in the sense from — m to + m is 
called the axis of the doublet. 

To find the velooittf potential 
due to a doublet. Fig. s. 

Let A, B denote the positionB of the source and sink and P be 
any point. Let BP *= r, AP = r + 6r, and suppose AP to make an 
angle 6 with the axis of the doublet Then by superposition, which 
is justified by the linearity of all equations that have to be satisfied, 

Ass ^ \ ^ wt6r 

r'^r + 6r"* r* 
mSscosd ttcosd 8 /1\ 

P 

* Soma wnten daT ae the strength of the sonree to ba the quantitj of liqaid 
ptodnoed in nnit time, thna making the nait souroa dr times m huge aa the one 
m hare daiinad and introdnaing s qmhot is/4r Instead of the at nasd in the text. 
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The oomponeiite of velocity are 

“ ^ along the radius vector, 


and — ^ perpendicular to the radius vector, in the 


rdfi r* 
sense of 0 increasing. 


47. Sources and Sinks In Two Dimensions. 

In twQ dimensionB a source of strength m is such that the flow 
aeross say unall curve surrounding it is 2‘irm.* 

If ^ be the i^locity potential due to such a source the How 
across a cirele of radius r is - 2eTd^/dr, so that 

— 2irr^ = 2wm, 

dr 

therefore ^ a — m log r (1). 

The curves of equi>velocity potential obviously are concentric 
circles. We may obtain the stream function from the considera- 
tion that ^ + ^ is a function of x + tp, or of re", and smce 
^ — m log r, we must have 

^ = -m0 ( 2 ), 

and the stream lines ore (as is otherwise obvious) straight lines 
radiating from the ongin. 

The relation between v> and £ for a single source is therefore 
w — — mlogr, 

and for sources of strengths nii, m,, m„ ... situated at the points 

*“Oii Oil ••• 

w * — Wh log (z - o,) - ni, log (z — a,) — vh log (« — a») ... 
leadingto ^«~Smlogr and — 
where r denotes the length of the radius vector drawn from the 
source of strength m, and 0 denotes the inclination of this radius 
vector to any fixed direction. 

48. To take a simple case, let there be a source of strength m 
at the point (a, 0) and a sink of strength — m at the point (— a, 0). 

f* 

Then ^ — m log p , 

and ■^ac—m(0—0'); 

* 8m footnote on f. 4S. 
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SO that ilie stream lines are circles passing from sonioe to sink, 
and the lines of equi-velooity potential are the orthogonal ftmily 
of drcles. 

Since in this case 

z — a 


to » - m log 


therefore 
dw 
dz " 


r + a 
2ma 


(s — a)(s + a)’ 


and the velocity ■ 


dw 

dz 


2ma 
' fy • 



y 


jr 


L 

-m C 

m X 


Fig. 6. 

49. Donblete In Two DimenslonB. 

Referring to the figure of Art. 46, and with the same notation, 


we have 


^ = m log r — TO log (r + 6r) 
= — TO log (1 + Sr/r') 

»= — TO Sr/r 

a At M COB S 

— mi8Cos9lr<^ , 


where ia the strength of the doublet. 

The curves ^ const, m this case are clearly circles touching 
the y-axis at the origin. 

We may obtain the stream function from the consideration 
that ^ is a function of « + iy, or fy*, and the form of ^ 
suggests that 


so that 


- /ar"'(co8 ^ 1 sin 6f), 

, iimx6 

= 

• »• 


Hence the stream lines are circles touching the jc-axis at the 
origin. 

The relation between w and z for a single doublet of strength 
H at the origin directed along the ^v-axis is therefore 


w 



and if the doublet makes an angle a with the «-axis, we have 

z 


or 


V)t 
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If the doublet be at the point jr>i the relation becomes 

MS** , 


w< 


t — a 


and for any number of doublets ot strengths ihi fh> tht ••• situated 
at sso,, 0 ,, Oi, ... and making angles a„ o^, ... with the «-exie 


w 


e—a 


60. Images. If in a liquid a sur&oe 8 can be drawn across 
which there is no dow, then miy ^tems of sources, sinks and 
doublets on oj^naite sides of this surface may be said to be 
images of one another with regard to the surfiu». And if the 
surfime 8 be regarded as a rigid boundary and the liquid removed 
from one side of it, the motion on the other side will remain 
unaltered. 


01. To find the mage of a ample source with regard to a 
plane. 

If there are two equal 
sources of strength m at A 
and B on opposite sides of and 
equidistant from the plane 
OF, the normal velocity at P 

— — -^rcoe OAF 
AjP* 

+ -^^waOBP^Q, Fig. 7. 

that is, there is no flow across the plane. Therefore the image of 
a simple source with regard to a plane is an equal source equi- 
distant from the plane. 

Cor. The image of a doublet with regard to a plane is an 
equal doublet symmetrically placed. 

621* To find the image of a source with regard to a sphere. 

Let a be the radius of the sphere, /(> a) the distance of the 
source from the centre 0, m the strength of the source and B 
the inverse point of A. We may regard the velocity potential as 
compos^ of two parts, viz. a part ^ due to the source alone when 
the sphi^ is not present, and a part ^ due to the presence of 
the spbete ; this latter part will be the velocity potential of the 
required image system. 
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lUoQg 0 as origin and OA as axis, we have at any point 
P(r.B) 

— mjAP = m (r* +/' - 2»^co8 0)~^ 




where ^«>cos and P« is Legendre’s coefficient of order n. This 
expression holds for all values of r less than /. 

Since the motion is symmetrical about OA and the velocity 
potential has to satisfy Laplace’s equation we may assume for ^ a 
series of the form 

We then have the condition that the velocity normal to the 
0 

sphere is zero, i.e. ^ (^i + ^) = 0, when r = a. 


Therefore ^ 2 l(n + l)^P,*0, 

j \ J 0 a 

for all values of 6, so that 

^0 = 0 and An = nma”*^/(n + 

Therefore ^ = 

V » V Pn 

"* f n + 1’ 

or if OS — c = aV/i and we add and subtract a term, 

^ ma c" D wio * o’* P» 

" / tr»+>» + r 

The first term = ”*** , , and is therefore the 

/(r* + 0 * — 2rc cos^)* 

velocity potential due to a source of strength maff at B. 

Now for a source of unit strength at any point on OB at 
distance X from 0, we have a velocity potential 

X = (t^ + X* - 2rX cos = 2 ^ P„, 

/ A m \n+i p 

xdX = 2 

0 0 » » + 1 

Therefore the second term in viz. 

ma • c* P_ TOO. /* J, m [<' 
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and this is the velocity potential due to a continuous line distribution 
of sinks of strength — mja per unit length extending from OUtB. 

Hence the required image consists of a source of strength ma/f 
at the inverse point B, cuid a line sink of strength — m/a per unit 
length extending from the centre to the inverse point*. 


63. To shew that the image with regard to a sphere of a 
doublet whose axis passes through the centre is a doublet at the 
inverse point. 


Begard the doublet as a source m at ri and sink — m at A', 
where 0A=f, AA' — hf end 
mSf= ft. 


The image of m at ri is 
majf at B and a line sink of 
strength — m/a per unit length 
from 0 to B. 

The image of —m at A' is 
-mal{f+b/) at F, that is 



— malf + maSf//* at F ; and a line source of strength m/o per 
unit length from 0 to B'. Compounding these we get a doublet 


Pig. 8. 


of strength ^ . BB', a source ma ^ and a sink — ^ BF, all 


a 


ultimately at the inverse point. But 0B=a*lf, therefore 
BF = so that the source and sink cancel one another and 


there remains only the doublet of strength 


^*8/ or ma at 


the inverse point in the opposite direction to the given doublet. 

Wcj might also obtain this result without assummg that of 
Art. 52^ by supposing the image to be a doublet of strength m' at 
B and '^hen determining the ratio of m' to m in order that the 
velocity formal to the sphere should be zero. 


54. lijmagei In Two Olmen^na. 

It is ^y to see that the image of a simple source with regard 
to a line tin the plane of motion is an equal source equidistant 
from the Ime, ^nd that the image of a doublet is an equal doublet 
symmetrically placed with regard to the line. But we must 
* W. M. Hioki, PhO. Ttom. 1880. 
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remember that as our two-dimensional motion is the motion of a 
liquid occupying three dimensions, what we call a simple source is 
a line source perpendicular to the plane of motion, and by the 
image of the simple source with regard to a line we mean the 
image of the line source with regard to a plane parallel to itself, 
the image being an equal line 
source equidistant from and 
parallel to the same plane. 

With regard to a circle, if we 
have a simple source m&t A and 
place an equal source m at the 
inverse point B the velocity at P 
normal to the circle 

= cos OP A + ~ cos OPB. 

But cos OPB — cos OAP = {AP + OP cos PBA)IOA 
BP BP 

Therefore 

normal velocity = cou OP A + jjp + cos PBA = ^ . 

Hence if we place a sink — m at 0 the normal velocity will be 
zero, so 'that the image system consists of an equal source at B 
and an equal sink at 0*. 

If we place sources of strength m sA, A and B and an equal 
sink at 0, the equations of the stream lines are 

mB + mff — mff' — constant, 
where B, ff, ff' are vectorial angles at A, B, 0. 

For any point P on the circle we have 

B + ff-r-^PAX + PBA-POA 

= OP A + POA + PBA - POA 

so that the circle is a stream line and this verifies that for this 
arrangement of sources and sink there will be no fiow across the 
boundaiy, 

* Kirohhoff, Am, Phyt, Chem, 1846. 

4—2 
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Oor. In like manner the imi^ of a two-dimensional doublet 
at A with regard to a circle is another doublet at the inverse 
point B, the axes of the doublets making supplementary angles 
with the radius OBA. This is clear from the figure and it is also 
seen that the moments o^ the doublets at B and A are in the 



Fig. 10. 


ratio BB':AA\ or if a is the radius of the circle and 

OA^f. 


56. OonJugate FnnotionB. 

As a further example of the use of conjugate functions let us 
consider the relation 



Fig. 11. 


This may also be wntten 
to e — m log 


(x — g) (g H;- a) 
(g-vi)(e + ia)’ 


so that Ax= — til log^^, 

and y/rss — m(ff, + 0,—fit — 04 ), 

where the symbols are used as in the figure and A, A', B, B' aie 

the points (a, 0), (- a, 0), (0, a), (0, — a). 


ooNJcoAix rvudaiosB 


64-06} 


The circle ASA'B' is the stream line — W/2, as can be 
seen by takii^ P on the circle, and the axes are the stream line 

From Art. 47 we see that the motion could be produced by 
equal sources at A, A' and eqtial sinks at B, B' all of sfirength m. 
And it is clear that the axes or the circle or both might be taken 
as fixed boundaries, and we have thus solved the problem of the 
motion in the quadrant, inside or outside the circle, due to an 
equal source and sink at the ends of the radii. 


The velocity at any point may be found by compounding the 

components due to each source and sink, or more simply as the 

, - dvs 

value of -r- . 
dz 

Thus we have after a little reduction 


dw 4»ixa' 

dz i^ — a* 

4wia* r (cos 6 sin ff) 
r* COB 45 — + if* Bin 45 ’ 


so that the velocity = 


dw 

dz 


4ima?r 

(r* + o’ — 2r*o’ cos 45)^ 


We may also observe that 

dw _ 47nxa' 

dz~ (x — o) (x + o) (x — to) (x + lo) ’ 
so that we also have the velocity 

I dw I * 4?na’0P 

I dz I “PZTPAVPPTM ' 


66. It is sometimes convenient to use relations of the form 

zm.f(w). 

If ^ + iy^ IS a function of x + iy it follows that x + iy is a 
function of ^ 

Thus if ^ + i'^—f (x) r=f(x + iy), then by differentiating with 
regard to ^ and ^ in turn we get 


and 
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Therefore 

Again if 
therefore 


and - 

dy/r ' 

w-/( 2 ). then l=/'(s)~. 


dz - /dto 
dtti * / dA ‘ 




dA 


, so that 


dz 

dw 


But if q denote the velocity 

|dw 
9 = 

Also, from above, 

dz _ 1 dx .dy 

dw~f{z)""^,^''^' 
Therefore . 


? - ■ ""“"'y ‘ (s?)’ + (^y ■ 


or 


ix 3y dx dy 
drjr d<l> ’ 

d(x,y) 

We also notice that 

^ 1 1 

d«i 3tt5 d<f> .d^y — M + n' 

■JT ^ ^ 

dz 


U + IV 


dz 3x 

BO that — ^ is a vector in the direction of the velocity whose 
modulus is the reciprocal of the velocity*. 

67. Now consider 

A = c cosh w, 

or a: + »y = c cosh + ly^), 

so that a « c cosh ^coa yfr, y = c sinh ^ sin yfr. 

By eliminating and ^ in tom we get 


a-® «’ 

F -L £ » 

cosh’ ^ sinh* ^ 


= c', 


and 


=0®, 


cos*'^ sin’'^ 

equations which define ^ and ^ respectively as functions of x and 
y, and by giving different values to ^ and to in these equations 
we get the curves of equi-velocity potential and the stream lines> 

* XirohhoS, Ueehamk, p. 291. 
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These are confocal ellipses and hyperbolas. The foci (± c, 0) 
correspond to the values ^ 0, ^ nir, and the velocity q is given by 

= c sinh v) = c sinh (<f> + 

and at the foci this is zero, so that the velocity in the correspond- 
ing motion would be infinite at the foci. 

If we take the hyperbolas yjr = const, as the stream lines, the 
stream line •\fr = nir will be the part of the .v-axis outside the foci 
and this might be made a rigid boundary, so that we should then 
have the case of liquid streaming through a slit of breadth 2c in 
an infinite plane, but the results of the theory could not be realized 
in practice because the theoiy makes the velocity infinite at the 
edges of the slit 



Steady motioii — Efflux of Uquld. 

68. We shall now consider some further application of the 

equations of motion, particularly cases of I 

steady motion, that is motion in which the 
velocity components at any point are inde- 
pendent of the time. As we have seen in 
Art. 26, in this case, for a liquid, we have 
the equation 

£ + Jg«+F=(7, 

where C‘ may be an absolute constant, or 
a constant depending on a particular stream 
hne. This equation shews that neglecting 
the external forces the smaller the pressure 
the greater the velocity and vice versa Thus 
in the case of water flowing through a pipe 
if the pipe is narrowed the velocity is 
increased and the pressure is consequently 
diminished This is an important pnnciple. 

A practical application of it is seen in jet 
exhaust pumps, one of which is shewn in 
fig 12, the air being sucked in at the narrow 
portion of the jet. 

69. Consider the case of a vessel kept 
constantly full of water and having a 
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horizontal orifice in its base from which the water issues at a 
uaifonn rate. Let ii, a be the areas of the free surface and the 
orifice, U, u the velocities at the free surface and the orifice,' and h 
the depth of the orifice below the free surface. 

If z be measured downwards from the free surface Vm-^gz,ao 
that 

^ + iq*-ffz^C. 

And if n denote the atmosphenc pressure, at the free surface 
P 

and at the orifice — + ^u^ -^h = C, 

BO that u* S3 £7^ + tgh. 

But the condition of continuity of the water requires that 

AU = au, 

therefore w* = 2ghA •'/(A ' — a^), 

and if the orifice be very small, the ratio a/A may be neglected, 
and u* ss 2gh approximately. 

This IS Torricelli’s Theorem. 

If the vessel be not kept constantly full, the motion ^will not 
be steady, but when the orifice is very small compared to the area 
of the free surface of water the motion may be taken as being 
approximately steady, and the expression •J{2gh) may be employed 
as the velocity of the issuing liquid 


60. The Clepsydra. 

On this hypothesis we can find the form of a vessel of revolution 
with a small aperture at its lowest point so that the surface of the 
water in it may descend uniformly. 

At time t let x be the height of the free surface above the 
onfice, vy* its area, and o- the area of the orifice. Then, approxi- 
mately. 


velocity at the orifice = ‘J{2gx ) ; 
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but if {/' is the uniform velocity at the free surfitce 

irj^U =9*JigiB, 

therefore y* « ® or y* = a*ar 

gives the form of the vessel required. 

This is the theory of the Clepsydra or ancient water clock. 

61. The Contracted Vein. 

When liquid issues through a small orifice in the thin base of 
a vessel, it is observed that the issuing stream is not cylindrical, 
but, near the orifice, is contracted so that its sectional area is less 
than the area of the orifice, and afterwards the stream expands. 
The ratio of the area of the section of the ‘ contracted vein ’ to the 
area of the orifice is called the coefficient of contraction and it can 
be shewn that this coefficient is greater than *5 and less than 
unity. 

Neglecting external forces suppose liquid of density p to be 
escaping through an orifice of section a m the bottom of a vessel 
in which the pressure is p, to a region in which the pressure is pt. 
Theoretically the velocity acquired in passing from pressure pi to 
pressure p, is given by 

iP9’=Pi-po (1). 

At the edge of the orifice <r the pressure is po, but in the 
interior of the area of the orifice the pressure is somewhat higher. 
The actual velocity of the liquid in the plane of the onfice is 
therefore q at the edge, but falls off somewhat towards the interior. 
It tbllows that the actual rate of discharge is less than <rq and this 
for two reasons. First because the velocity at the edge is not 
perpendicular to the plane of the onfice, and it is the resolved 
velocity that determines the discharge, and secondly because the 
mean actual velocity itself falls short of q. 

If a be the area of the section of the jet at a place where the 
velocity at every point of the section is parallel and uniform, and 
therefore b^ equation (1) equal to q, the discharge is <rq; and 
since this is less than aq it follows that a is less than <r, or the 
coefficient of contraction is less than unity. 

The quantity of momentum carried away by the jet in unit 
time is pa'q^ and the force generating this momentum is the force 
necessary to hold the vessel at rest. If the whole interior sarfiuse 
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of the vessel were subject to the jnessure this force would 

have no existence. 

But on account of the orifice the equilibnum of pressures is 
disturbed and a force (pi—p^v is uncompensated. But this 
assumes that the internal pressure would be uniform and equal to 
Pi over the whole of the bottom of the vessel, whereas at the edge 
of the ondee itself it is and for a sensible distance will vai^' 
between p* and pi, we may therefore call the force that produces 
momentum (pi — p^) (o- + da), where da is a small positive 
quantity. 

Hence — {Pi~ P«) (*>■ + da), 

but iP9^”Pi-Po. 

therefore a' (a + da), 

or the coefficient of contraction is greater than *5. 

This discussion is based on that given by Lord Rayleigh *. If 
the hole in the vessel be replaced by a thin tube projecting into 
the interior of the vessel and the tube be long enough for the 
sides of the vessel to be sufficiently removed from the region 
of rapid flow to allow the pressure on them to be treated as 
constant, da is evanescent and a' = i a. This form of opening is 
known as Bonla’s mouthpiecef. 

An exact method of treating the problem regarded as a problem 
in two dimensions was developed by Kirchhoff;! and discussed in 
detail with numerical results by Lord Rayleigh § We shall have 
more to say on this subject in Chapter vi. 

62. Efflux of Oosei. 

For a gas the steady motion equation is 



Consider the effiux of gas from a vessel in which the pressure 
is Pi and density p, to an atmosphere of density pt at pressure p« . 
In practice the adiabatic law will hold true approximately, so that 

* Phil. Hag, ii.^p. 441, 1876, or Scientific Papen, i. p. 207, and a letter to 
Jingiueenng, Apl. 10, 1876. 

t iUmoiret de VAead. dee Scieneet, 1766 
i Meekaaik, e. xxii. 

X Loc. eit. 
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p-^Kpy. 

by 


Neglecting external forces the velocity acquired is given 

^ Px r ^ P\ 


or 


^ y /j>i PoN 
pj' 


?* = 


27 Pi 
7-1 Pi 



which IS the usual formula for the efflux of gases. 

It follows that a diminution of pressure p„ accompanies an 
increase of velocity and vice versa, and this is the explanation of 
a common experiment which is performed as follows : One end of 
a tube is fitted into a hole in a disc of cardboard, the end of the 
tube being flush with the surface of the cardboard , if a piece of 
paper is placed over this end of the tube, blowing through the 
tube will cause the paper to remain in contact with the card : but 
as soon as the current of air ceases the paper falls off. 


63. We shall conclude this chapter with an application of the h3qx>theaM 
of ' parallel sections,’ which is that when liquid is flowing out from a hori- 
zontal aperture in the base of a vessel, the velocities of all ]>articleB in the 
same honzoiital plane are the same. We suppose that the vessel is being 
emptied by the flow and it is required to determine the motion. 

At time ( let be the vertical space through which the surface of the 
liquid has descended from its original level 
A' the area of the section at the surface Z the 
area of the section at a depth 2 below JB, a- that 
of the orifice A' ; U, u, v the velocities at the 
surface, the unfice and the level of z The 
equation of motion is 

dv , dv 1 dp 

Also from considerations of continuity 
au<^XU= Zv , 

and X IS a function of a-, Z of z, v of z and (, a of t and w of t, and (/“dx/dt ; 
therefore 

00 <r 0 « 

ft^Zdt' 
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lirhenoe 

du f d» , \ ahi^ „ , p 

At time t, when *=j;,_p— n and Z<bX\ also, h being the depth of the 
orifice below AB, when (•sA,pnlI and ^=>ir, therefore 


Now 


04 0w0a —04 <n60tt 

0t *" 0* 0#“' jr3»’ 


therefore |*^+ 

an equation of the form 

a«* 

+04*»=^ (A — *), 


which determines 4 and therefore V in terms of x, and, from the equation 
dxjdt^ U, w6 can obtain x in terms of t The quantity of fluid which has 

escaped in time t from the beginning of the motion is j ^ Zdt, or so 

that f Zdfatt I udt, 

Jo Jo 

If <r IS very small compared with the values of 2 we may neglect 

IT* ftifr 

o*/A-*and 

and as a rough approximation, we have 

«*=2p(A-a;). 


EXAMPLES. 

1. Liquid is streaming steadily aud irrotationally in two dimensions in 

the region bounded by one branch of a hyperbola and its minor axis determine 
the stream lines. (St John’s Coll. 1901.) 

2. Withm a rigid circular boundary of radius a there is a source of 
strength m at a point P distant b from the centre ; at X, V, the extremities 

' of the diameter through P, are equal sinks. Find the velocity potential and 
stream function of the (two-dimensional) fluid motion. 

(St John’s Coll. 1900 ) 

3. In the case of two-dimensional fluid motion due to a simple source A 

outside a circular disc prove that the asymptotes of the stream lines all pass 
through the same point and are parallel to the tangents to them at the 
point A. (Coll. Exam. 1905.). 

A Find the Cartesian equation of the lines of plane flow, when fluid is 
streaming from three equal sources situated at the comers of an equilateral 
triangle ; and make a rough sketch of their configuration. 

(St John’s Coll. 1896.) 
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5. Find the atteam Amotion of the two>dimenaional motion due to two 
equal sounea and an equal aink midway between tiiem ; aketofa the atream 
linea and find the velocity at any -point 

In a region bounded by a fixed quadrantal arc and its radii, deduce the 
motion due to a source and an equal sink situated at the ends of one of 
the bounding radii. Shew that the atream hue leaving either end at an 
angle a with the radius is 

f*sin(a+d)«»o*8in(o— d). (M-T. 1911.) 


6. Find the hnes of flow in the two-dimensional fluid motion given by 

Prove or verify that the paths of the particles of the fluid (in polar 
coordinates) may be obtained by ehminating t from the equations 

r cos («< +6)- X(i=rmn(nt+e)-y^‘=nt - yo)- 

(Coll. Exam. 1908.) 

7. X denoting a variable parameter, and / a given fimctum, find the 

condition that f(x, y, X)>=0 should be a possible system of stream Imee 
for steady irrotatiunal motion in two dimensions. (ColC Exam. 1893.) 


8. If a homogeneous hquid is acted on by a repulsive force from the 
ongin, the magnitude of which at distance r from the origin is /ir per ubit 
mass, shew that it is possible for the liquid to move steadily, without being 
constrained by any boundaries, in the space between one branch of the 
hyperbola x*—y*=a* and the asymptotes, and fiind the velocity potential. 

(GolL Exam. 1902.) 


9. In the case of the two-dimensional fluid motion produced by a source 
of strength m placed at a point S outside a rigid circular disc of radius a 
whose centre is 0, shew that the velocity of slip of the fluid in contact with 
the disc is greatest at the points where the lines joimng S to the ends of the 
diameter at right angles to OS cut the circle ; and prove that its magmtude 
at these poiuts is 

2w OS/{OS*-a^ (ColLExam 1908) 


10. A source of fluid situated in space of two dimensions, is of such 
etrength that fiirpp represents the mass of fluid of density p emitted per 
unit of time. Shew that the force neoessary to hold a circular disc at rest in 
the plane of the source is 2trpii*a*lr {r^ -a*), where a is the radius of the d isf 
and r the distance of the source from its centre In what direction is the disc 
urged by the pressure? (MT 1893.) 


11. Between the fixed boundaries 9=iw and there is a two- 

dimensional liqmd motion due to a source of strength at t^e point 
(rtao, dixO), and an equal sink at the point (r»6, d-U). Shew that the 
stream function is 

I 


-mtan"' 


1 ( r*(a*-ft*)8i n4d 

\r*-f-*(<r*+6*)cos4d-fo*6*/ " 


(ColL Exam. 1901.) 
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12. A two-dimensional liquid motion is due to a aouroe of stiength m at 
the point whose polar coordinates ms (a, 0) and a sink of equal strength at 
the point (b, 0), between the fixed boundaries and 6=>— Shew that 

the velocity at (r, d) is 

4m(at-bt)r» 

(r*- 2«M ooe 4d +a*)^ (r*- a6*r* cos 4d +6>)i 

(Trinity Coll. 1906.) 

13. Prove that for liquid circulating irrotationaUy in the part of the 

plane between two non-intersecting circles the curves of constant velocity 
are Cassim’s ovals. (St John's Coll. 18M ) 

14 Between the fixed boundaries d»^ir and 6= -^n- there is a two- 
dimensional liquid motion due to a source at the point (rme, 0=a), and a 
sink at the origin, absorbing water at the seme rate as the source produces it. 
rind the stream fimction, and shew that one of the stream lines is a part 
of the curve 

r*8m3o=«^Bin3d (MT. 1901.) 

15. What arrangement of sources and sinks will give nse to t)ie function 
«i«log(s— a*/*)? 

Draw a rough sketch of the stream lines in this case, and prove that two 
of them subdivide into the circle r=^a, and the axis of y 

(St John’s Coll. 1911 ) 

13. An area A iq bounded by that part of the x-axis for which x>a and 
by that branch of which is in the positive quadrant. There is 

a two-dimensional unit source at (a, 0) which sends out liquid uniformly 
ID all directions Shew by means of the transformation w=log(j^—a*) that 
m steady motion the stream lines of the liquid within the area A are 
portions of rectangular hyperbolas Draw the stream lines corresponding 
to ^=0, in- and jrr. If p^ and pf are the distances of a point F within 
the fluid fixim the points (±a, 0), shew that the velocity of the fluid at 
P IS measured by iOPjpypt, 0 being the origin. (M.T 1904 ) 

17. Find the velocity potential when there is a source and an equal sink 

inside a circular cavity and shew that one of the stream lines is an arc of the 
circle which passes through the source and sink and cuts orthogonally the 
boundary of the cavity (ColL Exam 1894.) 

18. Prove that, in the two-dimensional liquid motion due to any number 
of sources at points on a circle, the circle is a stream line provided that 
there is no boundary and that the algebraic sum of the strengths of the 
sources is zero. 

Shew that the same is true if the region of flow is bounded by a circle 
which outs orthogonally the circle in question (St John’s Coll. 1908.) 

19. In the part of an infinite plane bounded by a circular quadrant 
AB and the productions of the radii OA, OB, there is a two-dimensional 
motion dut to the production of liquid at A, and its absorption at B, at 
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the uniform rate la. Find the velooit/ potential df the motion; and shew 
that the fluid which ieaueB from d in direction making on angle p with 
OA follows the path whose polar equation is ’ 

r»a sin^ 2d[cotM+^/(oot*/(+co8ec*2d)]^, 
the positive sign being taken for all the square roots. (M.T. 1902.) 


20. In the case of the motion of hquid in a part of a plane bounded by a 
straight line due to a source in the plane, prove that if mp is the mass of fluid 
(of density p) generated at the source per unit of time the pressure on the 
length 21 of the boundary immediately opposite to the source is leas than that 
on ap equal length at a great distance by 


1 i««p 

2 ir* le 


taii”*- 

e 



where e is the distance of the source from the boundary. 

(St John’s Coll 1898.) 


21. Within a circular boundary of radius a there is a two-dimensional 
liquid motion due to a source producing liquid at the rate m, at a distance f 
from the centre, and an equal sink at the centre Fmd the velocity potential, 
and shew that the resultant of the pressure on the boundary is 

pmV>/{2a*,r(a»-/*)}, 

where p is the density 

Deduce, as a limit, the velocity potential due to a doublet at the centre. 

(St John's Coll. 180S.) 


22. Use the method of images to prove that if there be a source m at the 
point (sp) in a fluid bounded by the lines 9—0 and 9—w/3, the solution is 

-»i»log{(r»-*o’) (**-*b'% 

where (Coll. Exam. 1906.) 

23. A source S and a sink T of equal strengths m are situated withm 
the space bounded by a circle whose centre is 0. If S and T are at equal 
distances from 0 on opposite sides of it and on the same diameter A OB, shew 
that the velocity of the liquid at any point P is 

PA.PB 

OS PS.PS'.PT.Pf' 

where 5 and T' are the inverse points of iS and T with respect to the circle. 

(Coll. Exam. 1901.) 


24. Within a rigid boundary in the form of the circle 
(«-f- a)*-b (y — 4a)*= 8a* 


there is hquid motion due to a doublet of strength p at the point (0, 3a), with 
its axis along the axis of y. Shew that the velooity potential is 


fa ^-3° y-3a ~| 

'*L (*-3o)*+y*'^**+ (y+8o)*J’ 


(ColL Exam. 1903.) 
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SB. The intenal boundary of a liquid is compoaed of the two orthogonal 
oinleB and Sy^l. A uource producing liquid at the 

rate m is placed at one of the pouts of inteisectiou (s>»l); shew that the 

complex of the fluid motion is ^ log {s (^+l)/(fe 1}*}, and that the two circles 

are the only stream bne possessing double pointa (Coll. Exam. 1910.) 

SB. In two-dimensionAl irrotational fluid motion show that, if the stream 
lines are oonfocal eUipses 

*'/(a* + X)+p*/(6*+X)=l, 
iJfs'A log(V<**+X+V6’*+X)+^, 

and the velocity at any point is inversely pipportional to the square root of 
the rectangle under the focal radii of the point (Coll. Exam. 1894 ) 


S7. Liquid flows steadily and irrotationally in two dimensions in a space 
with fixed boundanes the cross section of which consists of the two lines 
fi= curve f*oo8 6d=>K^; prove that, if V w the velocity of the 

liquid in contact with one of the plane boundaries at unit distance from their 
intersection, the volume of liquid which passes per unit time through a circular 
rug m the plane d»0 is }ir Va* (a*+12a*c*+8et), where a is the radius of the 
nng, and e the distance of its centre from the intersection of the plane 
bouudaries. (Coll Exam 1896 ) 


28 Shew that any two-diraensioual irrotational motion of a liquid may 
, be transformed into any other by multiplying the velocity of each particle 
of the fluid by e’’ and turning its direction round through an angle Q, where 
P, — Q are suitably chosen conjugate functions of x, y (Coll. Exam 1906 ) 

29. In a two-dimensional liquid motion <f> and ^ ore the velocity 
potential and current function ; shew that a second fluid motion exists in 
which yfr IS the velocity potential and — ^ the current function; and prove 
that if the first motion be due to sources and sinks, the second motion 
can be built up by replacing a source and an equal sink by a line of 
doublets uniformly distributed along any curve joining them. 

(Coll. Exam 1899 ) 

30. A line source is in the presence of an infinite plane on which is 
placed a semi-circnlar cylindrical boss , the direction of the source is parallel 
to the axis of the boss, the source is at distance c from the plane and the axis 
of the boss, whose radius is a. Shew that the radius to the point on the boss 
at which the velocity is a maximum makes an angle fi with the radius to the 
source, where 

d=cos~> - ■ (CJoll Exam 1907.) 

V2(a*+c*) 

31. A source and a sink, each of strength p, exist m an infinite liquid on 
opposite sides of, and at equal distances e from, the centre of a rigid sphere 
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of ndiuB a. Shew that the velocity potential V may be expressed in the 
form 


V= 


2/* 

0 


2 

«b0 






6 being the vectorial angle measured from the diameter of the sphere ota 
which the source and sink he, and r<e; and find an expression for V when 
r>e. (M.T.1900.) 


32. If a fluid be in motion with a velocity potential log r, and if the 
density at a point fixed in space be independent of the time, shew that the 
surfaces of equal density are of the form r*(log( — i)-s‘^/(d, p); where p is 
the density and r, r, d the cylindrical coordinates. (ColL Exam. 1897.) 


33. A. single source is placed in an infinite perfectly elastic fluid, which 
IS also a perfect conductor of heat ; shew that if the motion be steady, the 
velocity V at a distance r from the source satisfies the equation 



d_V 

ar 


2c 

r ’ 


and hence that 



(Coll. Exam. 1905 ) 


3i; If fluid fill the region of space on the positive side of the x-axis, which 
is a rigid boundary, and if there be a source m at the point (0, a) and an equal 
sink at (0, h), and if the pressure on the negative side of the boundary be the 
same as the pressure of the fluid at infimty, shew that the resultant pressure 
on theboundaiy isirpm*(a-fi)Va&(a4'a), where p is the density of the fluid. 

(ColL Exam. 1906.) 

36. Prove that in the steady irrotational motion of a liquid ^ ^ > ^here 

q is the velocity at any point of a stream line, r is the radius of curvature of 
the stream luie and is an element of the principal normal drawn towards 
the centre of curvature. 

Hence shew that, when a nver passes round a bend, the velocity is greatest 
on the inner side of the bend and that the surface slopes up from the inner to 
the outer side. (ColL Exam. 1911.) 


36. An infinite mass of liquid is moving irrotationally and steadily under 
the influence of a source of strength p and an equal sink at a distance 2a from 
it. Prove that the kinetic energy of the liquid which passes in unit time acrosh 
the plane which bisects at right angles the line joimng the source and sink is 
f irpp*/o*i p being the density of tihe hquid. (Coll. Exam. 1896.) 

B.'n. b 
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37. Dnw the itraui Udm ^-0^ ud Mane of tha iatotiMdiato 
■tMam liAM iter t&e motion given by the aqimtioa 

M’m w+i^. (Tnmtj C!oU. ISBfi.) 

38. Tnuw the etreem hum along which ^—0 end ^ diminishes firom + ao 
to -« in the two cases 

(1) *+iy-2(^+i»* 

(8) jf+«y-(^+»V'-i)*+(^+«f+i)*. 

end indicate roughly the form of the stream lines for which ^ has a positive 
value. (Uiiiv of London, 1900.) 



CHAPTER IV 


GENERAL THEORY OF IRBOTATIONAL MOTION 


64 In this chapter we shall examine in general terms the 
nature of irrotational motion and the circumstances under which 
it is produced. In the first place let us analyse the most general 
type of displacement of an element of fluid. 

Let u, V, w be the components of velocity of the particle at the 
point P whose coordinates are a, y, z. Then the relative velocities 
of the particle at P' whose coordinates are £ + y + Fi x + i at 
the instant considered will be 


du du , Btt 
Bv 

dw , dw dw 


•(»). 


neglecting squares and products of x, y, i. 


If we put 
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3v 
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U.(2), 


the last equations may be written 

tt * «* + fcy + j* + iju - fir 

w = yx +/y + « + ftr - ij« 


.(8X 


6—8 
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Thtifl the relative motion in the most general case consists of 
two parts: a motion in the direction of the normal to the snr&ce 

a»l* + if* + c*‘ + ^^ + 2^*x + 2Aays- const (4), 

and a rotation of which the component angular velocities are 
17 , S'. The former motion is called a, pure etrain*, it is such that 
lines drawn parallel to any one of three mutually perpendicular 
directioos (the axes of the quadric (4)) undergo elongation at a 
nniftnrm rate. Thus if the equation of the quadric referred to its 
principal axes be 

o'x'» + 6 'y' + o'«'»- const, 

the velocities due to the pure strain, parallel to the axes, are 

n'»o'x', T'®iy, w'-c'a', 

so that a', V, & are the time-rates of elongation of lines parallel to 
the axes of a!, y', s'. If there is no change of volume, as in the 
case of a liquid, it is clear that a', V, c' cannot be independent; in 
fact we have 

o' + 6'-Hc' = o+6 + c 


du dv dw 
3® 3y "** ds 


= 0 . 


Hence the most general displacement of a fluid element 
consists of a pure strain compounded with a rotation; and this 
analysis of the motion is unique, for if we were to compound 
together a pure strain and a rotation both arbitrarily assumed and 
endeavour to adapt them so as to result in a given displacement 
of a fluid element, the equations to determine the axes of the 
strain-quadric and the components of spin would be exactly those 
we have used above. 


In accordance with Art. 32, 17 , ^ are the components of spin, 

and if they are all zero the motion is irrotational, and in this case 
the relative displacement of a fluid element consists of a pure 
strain only. 

I 66. Flew and CHrculation. If A, P be any two points in a 
wid the value of the integral 


oe 


J (uda-i-vdy+wdf). 


* Foil a tnUstdiMOMion of tbiirabiMtiw Kelvin and Ttit,Na(itrstPMIoM9ky, 

Arte. UMMUS, w Lore, MethemaHeal Tkeorg if MlarHeity, Chap. 1. 
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takeb along any path from to P is oallad Hhe fiow along that 
potfc Jrom A to P. 

When a velocity potential exists, the Bow from ^ to P is 




= — ^P- 


The Bow round a closed curve is called the efroulntlon round 
the curve. If a single-valued velocity potential exists the circulo* 
tion ‘round any closed curve is clearly zero; and we shall See 
presently that if the velocity potential is many-valued there are 
closed curves for which the circulation is zero, though it is not 
zero for all such paths. 


66. Btokaa*s Theorem. 

We shall now shew that the circulation round any closed curve 
drawn in a Buid is equal to twice the surfoce integral of the 
normal component of spin taken over any surfoce having the 
curve for boundary, provided the surfoce lies wholly in the Buid: 
Le. we shall prove that 


ludic + vdy-¥wdz^2 fJ(l(+tn^ + nOdS, 


where I, m, n are direction cosines of the normal to the elemmit dS 


of the surfoce and the other symbols 
have the usual meanings; and 
throughout this theorem sense of 
circulation on the surfoce is to be 
associated with the positive direction 
of the normal to the surfoce by 
the right-handed or the left-handed 
screw convention according as the 
axes of coordinates are right-handed 
or left-handed. 



Fig. 14. 


In the first place we observe that any surfoce can be divided 
up into small areas by drawing a net-work of lines across it as 
in the figure; and if we take the sum of the circulations round 
each mesh of the surfoce, the Bow along all lines common to two 
meshes will be taken twice in opposite directions, so that tiie 
result will be the circulation round the boondaiy. 
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Now with the notation of Art. 64, let the point («, y, t) be 
a point P within a mesh and let (c+x, y + j, a + s) and 
(«+z+dk, ) be points P',*P" on its boondaiy. The circu- 

lation round tibe mesh is then 

/((a -Hi)d« + (» + T)dy + (w + w)*}, 

and substituting from (3), Art. 64, this becomes 

/{(tt + a* + Ay+ya + u«-{y)d*+ ••• + •••} 
or /d{iae+ify+w*+i(a, 6, <^/,y,A)(«,y, ■)*} 

+ Ai -*dj) + ii (md* -**) + {: (xdT -yd*)}. 

The former of these integrals taken round the mesh is clearly 
aero, and in the latter (,ii,f^axe constants fur the mesh, being 
values at a definite point P, and their coefficients are twice the 
projections on the coordinate planes of the area PP'P", hence if 
d8 denotes the area of the mesh the circulation round it is 

2(lf + »Mj + nf)dSf. 

By summation we get the circulation round any closed curve 

+ »M7 + ut)di8. 

Hence the theorem follows as stated. 

The proof that we have given above is stated in terms of 
hydrodynamical ideas, but the theorem is one of pure analysis 
and is true for any functions u, v, w which are continuous and 
differentiable thron^out a region including the ranges of in- 
tegration*. 

In the language of vectors the theorem is expressed by saying 
that 2$, 2 i 7 , are components of a vector 2c» which is the ' curl ’ 
of the vector q whose components are u, v, va. Thus 20 is the 
curl of q, when the surfoce integral of the normal component of 
20 ove^ any surfisce is equal to the line integral of the component 
of q round the boundary. And the result may be written 

t)- carl (<*.«. w)- 

* This tbsox«iii,8WMnUylau>vaMS(okM’sThMram,ilnt»p|wmi in print at 
a f BttiioB ttt br StokM in the Bmith't Prite Bxamliiation in 1864, bat it oeoan 
in aMtai from Kelra to StokM dated SxHtj 8, 1860. Bm StokM, Jfath. Mid Phyt. 
PajMSii V, ip. 881 lootnote. StedtM howorar appeals to haes prlocitp ia tbs OM of 
fbo vsetor W^ioh ia the aabjeet of the aufiM intsgial. 
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67. Hie foregoing theorem will still be true for a sor&oe 

vhieh is bounded by more tl^ 
one closed curve; as for example* 
the shaded ares in the accom- 
panying figure, provided the 
ciiculations round the boundary 
curves are taken with proper 
signs. We can see this by re- 
garding the boundary as a con- 
tinuous curve ABCADBFDA 
and observing that the total 
flow along AD and DA is zero. !*• 

68. Irrotattonal Motion. 

If 9 , C are all zero, that is, in the case of irrotational motion, 
the circulation round any closed curve is zero, provided that the 
closed curve can be regaled as the boundary of a surfiice every 
part of whi<ih lies within the fluid. When this is the case the 
curve or circuit is said to be redvcibhi that is, it can be contracted 
to a point without pasaing out of the fluid. If the circuit be 
irrtdveiM0 we cannot conclude that the circulation is zero. Thus 
if the last figure represents fluid filling the space between two 
infinite cylinders, the circuit ABC is irreducible, but it will still 
be true, as in the last article, that the circulations round ABC 
and DEF are together zero if the motion is irrotational, so' that 
the circulations in the same sense round the circuits ABC and 
DFE are equal, whence it follows that the circulation in all 
drcuita going once round the inner cylinder in the same sense is 
constant and the same for all We s^ll have more to say on this 
point later under the heading of multiply-connected space. 

69. Oonatnngy of Oirculntlon. 

Let AB be any line of particles in the fluid and moving 
with it 

Let P, Q be two consecutive points on the line; (x, y, z), 
(c + Sc, y+6y, z-pfis) their coordinates; u, v, vt the velocity 
components at P and u+flu, v + fiv, to+Sw those at Q. Then 
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D&b 

But must be the aseomponent of the rehitive velocity of 
I/t 

the points P, Q ; that is DSafDt » Bu. 

Hence + 

and similar equations in v, w. 

If the external forces have a single-valued potential 12 we get 
by addition 

^(t<8« + »Sy + wSx)*-S12 -^ + iS?*, 
where 9*a=«*+i^ + w*. 

And by integration along the line from A to J3 

^ |J^ (tt dar + vdy + wd*)J - j* - 12 - 1 ^ j ^ . 

This gives the rate of change of flow along any line moving 
with the fluid. 

If there be any mtegrable functional relation between the 
pressure and density and we make the line a closed circuit the 
right-hand side of the last equation vanishes. Whence it follows 
that the circulation in any dosed path moving with the fluid is 
constant far all time. This is true whether the motion be 
rotational or irrotational, the only assumptions being that the 
external forces are conservative and that there is a relation 
between the pressure and the density. 

The foregoing proof is due to Kelvin*. 

70. From the theorem of the last article it is easy to deduce 
the theorem of the Permanence of Irrotational Motion proved 
in Art. 31. For at any instant at which the motion of a fluid is 
irrotational the circulation in ail reducible circuits in the fluid 
vanishes, but the circulation in any such circuit is constant for all 
timeiand therefore remains zero. Hence, at any subsequent time, 
by Art. 66, 

jj (l^+uifi + nl^dSmO, 

* ‘On Vortex Motion,’ Tnuu, Boy. Soe. Bdxn. xxv. 1869; sUo Jfatfe. mA Pkyi. 
Paptn, IT. y. 49. 
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when the integration may be taken o^er any sor&oe 'lying wholly 
in the fluid, and this requires that 

f-17-r-O 

at evezy point in the fluid, so that the motion is always irrotationaL 


71. Olaaalfloation of ragiona of spao*. A region in which 
every closed curve can be contracted to a point without passing 
out of the region is called a airaply-oonneettd rtgion. Otherwise 



Fig. 18. Fig. 19. 


the space is multiply-comiected. In any multiply-oonnected space 
it is possible to draw at least one section of the region, or insert 
one barrier, having a closed curve for boundcuy, without breaking 
up the apace into disconnected regions. A region of space for 
which one such barrier can be drawn is said to be doubly- 
coimected. If n -> 1 such barriers can be drawn, that is, if n such 
barriers must be drawn in order to break up the region into 
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diwanBMted parts, the region is n-ply connected or of eon* 
neetivity n. 

A region bounded by a single sar&ce such as a sphere or 
eUi paaid or the space between two dosed surfiioes one within the 
otiiw such as concentric spheres is singly-connected, for e^eiy 
closed curve within it is reducible and no barrier can be drawn 
aeress it without dividing it into two disconnected regions as is 
seen in fig. 16. But the space inside an anchor ring is doubly- 
eoiBeeted, for one barrier can be drawn without dividing the space 
into disconnected regions (fig. 17). 

Pig. 18 represents an anchor ring and another tubular region 
communicating with it, forming a triply-connected region ; and in 
like manner fig. 19 shews a quadruply-connected region. It will 
be seen that in each of figs, 17 — 19 the maximum number of 
barriers have been inserted without dividing the region into 
disconnected parts. 

In the same way the space outside the regions shewn in 
figs. 17, 18, 19 are respectively doubly-, tnply- and quadruply- 
connected, thus for the space outside the anchor ring a barrier 
might be drawn filling the opening of the ring, for such a barrier 
would be bounded by a closed curve and would not divide the 
external space into disconnected portions; and similarly for the 
other figures. 

When in a multiply-connected region all barriers have been 
inserted that can be inserted without dividing the region into 
disconnected parts, if these barriers are regarded as temporary 
boundaries the region will have been reduced to a simply-con- 
nected one. This will be obvious from a study of the figures. 

72. Circuits in a given region may be called reconcilable or 
itreeoimlaUe, according as they can or cannot be deformed so as 
to coincide with one another without going out of the region. In 
miB|ily-oonneeted space all eircuits are reconcilable and reducible. 

We oui shew that in n-ply connected space n — 1 independent 
itieconoilable and irreducible circuits can be drawn. For in a 
deublj-eonneeted space such as an anchor ring (fig: 17) one such 
euQoit can be drawn and it cuts the one barrier. And it is clear 
firom 'figa 18, 19 that for every region added to a multiply- 
coBBccitod space, which adds unity to the degree of coimectivity 
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and therelim inereaaea the namber of poanble banien by vaily, 
one new dreuit can be drawn paanng through the new battier 
and not reconcilable with any eziating eircait Hina m fig. 18, 
which repreaenta a triply-connected region, two anoh cirenita can 
be drawn, and ao on for any degree of connectiTity. 

7S. OyoUc Oonetaata. The circulation in a circuit which 
croaaes only one barrier in a mnltiply-conneoted region and croaaea 
that barrier once only ia constant. For in fig. 20, which rqneaenta 
part of a multiply-connected region, XY being the barrier, the cir- 
cuit ABECDFA ia a reducible one 
and the circulation in it is there- 
fore zero, and aa the flow along AB 
and that along OB are ultimately 
equal and o{^ioaite when A coin- 
ddea with B and B with 77, 
therefore the drculationa in closed 
drcuits BECB, BFAB are equal 
and opposite; or the circulations 
in any two such circuits taken in 
the same sense are equal to a 
constant k, and if the circuit 
crosses the barrier p times in the 
same sense the drculation will be 
pK. K is called the cyctio constant of the circuit. 

In the same way if «(, be the qydio wmstanta of 

the n — 1 irreducible circuits of an n-ply coimected space, the dr- 
culation in any compound circuit will be +pw>*+ ••• 
where p, denotes the ezoeaa of the namber of crossings of the 
barrier in the podtive sense over the number of crosdnga in the 
negative sense. Motion in which the drculation in every drcnit 
does not vanish is called cyclic motion. 

74 Nntuwef the FroUms to be dlsousoad. The types of 

irrotational fluid motion that we shall be concerned with chiefly, in 
what follows, may be clasdfied thus: 

(i) A finite mass of liquid is enclosed within a given boundary 
and posdbly limited internally by other boundaries. Liquid motion 
is set up by giving a definite motion to one or mine of the 
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botmdaxies, or applying given impalaes to one or more of the 
boundarieg. 

(ii) An infinite mass of liquid is limited intemEdly the 
aur&ces of one or more bodies, and either 

(fl) the liquid is at rest at infinity and the bodies are in 
motion; or 

{ff) the liquid has a uniform constant velocity at infinity, 
and the bodies are at rest or in motion. 

We propose to prove the determipatenesa of these problems ; 
i.e. that a definite liquid motion will result fiom definite motions 
of the boundaries, or from the application of definite impulses to 
the boundaries. 


As we have seen already, irrotational motion implies the exist- 
ence of a velocity potential ^ which satisfies Laplace’s equation 


^ ^ 
difi dy* 


0, or = 0 ; 


and the solution of any problem in irrotational motion depends on 
finding a solution of the equation = 0 that will give the correct 
values to the normal velocity d<f>fdn, or to ^ which may be taken 
as a measure of the impulse, over the boundaries. In this respect 
the problem is akin to the general problem of electrostatics. 


We do not propose to prove the existence of a potential 
function that will satisfy given boundary conditions, but we shall 
prove that if the problem has a solution it is a definite one ; so 
that, in any particular case in which we have found a solution 
that fits the circumstances of the case, we shall know that since 
only one solution is possible our solution is the right one. 


We shall begin by proving a theorem of Green's which is of 
fiindamental importance in physical investigations. 


76. Oreen’s Theorem*. Let functions of w, y, z 

which with their first smd second derivatives are finite and single- 
valued throughout the region considered ; and let 8 denote a closed 
surfeoe bounding any singly-connected region of space and dn an 

* O. Oreen, Euay on EUetrieUy and Magaetim, 1838; or Uathmatieai Paptrt 
(«d. Vmtn), p. 3S. 
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77 


elemeat of the nonnal at a point on this boundaiy drawn into the 
region considered, then 


= _ dS-jl 

* _ 1 dS-||f^'Vyd»dyds 


.( 1 ); 


where the sur&ce integrals are taken over the closed surfiace S and 
the volume integrals throughout the space enclosed. 



To prove this, integrate || ^ dxdydt by parts, integrating 

along a prism of section dydz which intersects the surface in 
elements dSi, dS, where the inward-drawn normals have ^-direction 
cosines li, I,. 

The result is 

Jj [* "■ f f S ’ 

where [<^^1 dyds- fidSi 

4^*' ids 

where in this exjvession d8 is taken to include the two elements of 
area at the end of the prism. 
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Henee 


and hj similar treatment of the remaining terms of the first ex- 
prenion in (1), and remembering that 


,af , . 0^' 0f 

we the first expression equal to the second ; and by inter- 
changing ^ and ^ it becomes equal to the third. 


76. The statement of the theorem needs modification if the 
given region includes discontinuities in the values of <ft, or their 
first derivatives. But the theorem is still true if we surround the 
point or suifisce of discontinuity by a closed surface and exclude 
the enclosed space firom the region of integration, provided that the 
remaining space is singly-connected and we include in the surfitee 
integralB integration over the extra surfiice or surfimes that we have 
introduced. 


77. Dndaotiona flrom Or«nn*s Thtoram. 

We shall now make some deductions from Qreen’s Theorem, 
but we remark at the outset that many of these are capable of verj' 
simple independent proof. 

(i) Put a constant. Then 

and if ^ satisfies Laplace’s equation, we also have 

If denote a velocity potential this result means that the total 
flow of liquid into any closed region at any instant is zero. 

(ii) If are both velocity potentials, 



a reeiprockl theorem which has a physical meaning if we bear in 
mind that,\if p denotes density, p^, p^' denote impulsive pressures 
that would produce the motions instantaneously and d^/0n, d^'jdn 
are the velocities of the boundaries at which these pressures may 
be supposed to be applied. 
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(iii) Put Then, if ^ is a veloeity potential, 

Hence if 9 be the velocity and p the density of the liqnid, we 
have for the kinetic energy of the liquid within 8 

hp f I l^dxdydt = - ip gj dS. 

Since ptft 18 the impulsive pressure that would set up the motion 
instantaneously from rest, and — d^/dn is the inward normal velocity 
at the surface, therefore the last result is an example of the 
theorem that the kinetic energy set up by impulses, in a system 
starting from rest, is the sum of the products of each impulse and 
half the velocity of its point of application. The result also shews 
that the kinetic energy of a given mass of liquid moving irrota- 
tionally in simply-connected space depends only on the motion of 
its boundanes. 


78 For the present we shall consider that ^ is the velocity 
potential of a liquid in singly-connected space. From (iii) of the 
last article we see that; if the boundaries are at rest or if ^ 0 

over the boundary, we must have 

JJJ q^dxdyds — 0, 

so that 9 = 0 at every point. Hence irrotational motion is impossible 
in a closed singly-connected region with fixed boundaries. Also if 
a closed vessel full of liquid which moves irrotationally is suddenly 
brought to re.st the liquid is also brought to rest. 

79. T/ieiv cannot be two different formis of irrotational motion 
for a given confined maas of liquid whose boundaries have preserved 
velocities Or are subject to given impulses. For if two such motions 
are possible let ^1, ^ denote their velocity potentials, then at all 
points of the boundaries either 8^/8n — 8^i/8n, or else But 

— will also satisfy Laplace’s equation and represent an irrota- 
tional motion in which either the boundary velocity — ^)/0a 
18 zei-o or is zero over the boundary. Hence in this case, by 

the last article, the liquid is at rest, or ^ is constant eveiy- 
whei'e. Therefore the two motions are the same. 
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80. Mmu Potential oper Spherical SurtlAoe. 

If a region lying wholly in the liquid be bounded by a spherical 
snrfiice the mean value of the velocity potential over the surfiuse is 
equal to its value at the centre of the sphere. 

For if denote the mean value of ^ over a sphere of radiut r, 
we have 

where da is the solid angle which the element dS subtends at the 
centre of the sphere. 

Therefore 

and the last integral is zero by Art. 77 (i), so that is independent 
of the radius r ; consequently the mean value of is the same over 
all spheres having the same centre, and by continually diminishing 
the radius we get that this mean value is the same as the value of 
^ at the centre. This theorem is due to Qauss. 

81. We shall now extend the last theorem to the case in which 
the region in which the motion takes place is periphractic, that is 
bounded internally by one or more surfaces. 

Suppose that a sphere of radius r in the liquid encloses one or 
more closed surfaces and that the total flow across these surfaces 
into the given region is AwJlf. There must be accordingly an equal 
flow outwards across the sphere so that 

ffdij 47rJlf 

where da has the same meaning as before. 

This may also be written 



and by integrating with respect to r, we get 


or 


( 1 ). 
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where C is constant with respect to r, but has yet to be proved 
independent of the position of the sphere. 


Supposing the liquid to extend to infinity and to be at rest 
there, let the sphere be displaced a small distance Sx in any 
direction without altering its radius, then the consequent change 
in ^ is 


8a; 


&B 


47rr* 



ox 


Hence dC/dx is equal to the mean value of dif>/dx taken over 
the sphere. But d^/dx vanishes at infinity and so does its mean 
value over an infinite sphere; therefore dC/dx is zero when the 
sphere has a very large radiua But C is the same for all spheres 
having the same centre, therefore C is not altered by displacing 
the sphere, and the result (1) is true for all spheres provided they 
lie within the liquid and enclose the same internal boundaries*. 


82. From the last two articles it follows that the velocity 
potential ^ cannot have a maximum value at a point within the 
liquid, for if there were such a point and a sphere be described 
with this point as centre the mean velocity potential over this 
sphere would be less than at its centre. Similarly there cannot 
be a point at which 0 has a minimum value. 

By the same argument the velocity cannot have a maximum 
value within the liquid. For we may take the axis of x in the 
direction of the resultant velocity so that it is represented by 
d<^/dx Since d^/dx satisfies Laplace's equation the foregoing 
theorems will also be true when we write d^/dx for hence the 
velocity cannot be a maximum or mmimum within the liquid It 
may however have a minimum numerical value, for as we shall see 
later the value may be zero at some point or points of the fluid. 


83. Liquid exctending to Infinity. 

When the liquid extends to infinity the arguments of Arts. 
78, 79 cannot be applied directly without examining the value of 

over an infinite boundary surface; for, though the 

velocity may vanish at infinity, it does not necessarily follow that 
this integral vanishes when taken over an infinite area. 

* Kirohhoff, Meehamk, p. 191. 


// 
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As a first step in this discussion we shall make a further 
deduction firom Green’s Theorem. 


If «l>, both satisfy Laplace’s equation, within a region bounded 
by a surface S, we have 



Let P be any point within the region, and put ^\jr, where 
r is the distance from P. Since becomes infinite at P we must 
exclude P from the region to which the theorem (1) is applied by 
surrounding it by a surface, say a sphere of small radius e and 
surface 2. This surface must be added to the range of integration, 
and we get 

Since <22 « ^dm, where da is the solid angle subtended at P by 
<22, therefore the second integral tends to — 4nnf>f. as e tends to 
sero, where denotes the value of <f> at P. For the same reason 
the fourth integral tends to zero with e Hence we have 



Now consider an infinite mass of liquid bounded internally by 
certain finite surfaces S and let us apply the last result, taking 
for external boundary a sphere 2 of large radius B with its 
centre at P. We have for any point P in the liquid 









r on 



1 




Assuming that the total fiow of liquid across the internal boundaries 
is zero and that the velocity vanishes at infinity, by Art 81 the 
third ihtegral is a definite constant (7. And the total flow acroes 
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the sphere S is also zero, so that the fourth integral is zero. 
Therefore 




<’>• 


Now let P move to an infinite distance from the inner boundaries 
8, the integrands then tend to zero and the range of integration 
is finite, so that the integrals vanish and we see that the velocity 
potential 0 tends to a definite constant limit at infinity, when the 
velocity vanishes at infinity *. 

Now apply Art. 77 (iii) to the space between the inner 
boundaries 8 and a sphere S of large radius B and we get 

/// q^dxdyds^-lf <l>^^d8-jj 

Also because of the constancy of the whole mass of liquid 



and on the sphere 2 as its radius increases ^ tends to a constant 
limit C, therefore 

[[[ q*dasdydz^- II 

where the sur&ce integral extends to the inner boundaries only. 

Hence if the inner boundari^ are at rest, or if ^ — C « 0 over 
the boundaries, we get 

III q*dxdyd* ^0, 

so that 9^0 everywhere. That is, irrotational motion is impossible 
in a liquid at rest at infinity unless its iimer boundaries are in 
motion. 


84. Further, if the value of 3^/8n, or of is prescribed over 
the iimer •boundaries there is only one motion possible. For if 
two dififorent motions of the liquid were possible having equal 
values of d^/dn or of ^ at each point of the boundaries, let ^ 

* Iteaaaot iMMaiimadtfaat^inutbeooiutaDtatiiifliiltFifitaipMe-dwiTStifM 
aQ vanish thaM. ForsBMBpla,if ^alogr than 9a/9rsl/r and vaaiahasaif-^as, 
but ^ baooBMS indnite. 
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denote their velocity potentials; then ^ ^ satisfies * 0, and 

is also the velocity potential of a motion giving sero velocity or 
mating ^ - C zeio over the boundaries. Hence as in the last 
article the velocity in this case is zero everywhere, that is the two 
motions are the same. 


86. Referring to Art. 74 we have now only to consider the 
case in which the liquid has uniform constant velocity at infinity ; 
and the determinateness of the problem in this case follows ficom 
the consideration that the problem of the relative motion is not 
affected by imposing on the whole mass of liquid and its boundaries 
a velocity equal and opposite to the velocity at infinity. The 
liquid is then at rest at infinity and it follows from the last article 
that if the velocities of the boundaries are prescribed or if given 
impulses are applied to them there is only one possible motion of 
the liquid. 


86 . MTitiimnm Klnotlo Energy. 

If a mass of liquid be set in motion by giving prescribed 
velocities to its boundaries, the Kinetic Energy in the actual 
motion is less than that in any other motion consistent with the 
same motion of the boundaries. 


Let T be the kinetic energy of the motion of which ^ is the 
velocity potential, and T, the kinetic energy of any other possible 
state of motion in which the velocity components at (x, y, z) are 
«!,«;]. These components must satisfy the equation of con- 
tinuity 


^1 9w, . 


( 1 ). 


and give the same normal boundary velocity as in the other motion, 
which condition is expressed by a relation 


Ztti 4- mVi + nft», * + mv -f nw (2). 

Now 


7 .- 


^ * ipfff “ \pj U(v*+iP+to*) dxdydz 

»ip jlj{2u(ui~’u)+ . + ..,}d«dydl». 



xiiniic SMKBor 


85 


84 -^] 

But, by an integcation similar to that used in the proof of Green's 
Theorem, 

jjj + »(», — ») + «»(», — w)j dxdydz 

= - JjJ|^'(u, dxdydz 

“ ^ («i - «) + «» («i — ») + n (wi — w)] dS 

+ ///^ («!-«) + 

— 0, from (1> and (2). 


Hence 

Ti - T=^p jjj {(it, - u)* + (», - »)• + (Wi - 1 »)'} dxdydz 
= a positive quantity. 

Hence the theorem follows. This theorem is due to Lord Kelvin*, 
and was subsequently generalized by him so as to apply to all 
dynamical systems started impulsively from restf. 


87. Kinetic Energy of an Infinite BKaei of liquid 
moving iirotstlonally. 

We have, as in Art. 83, 

jjf ifdxdydz jj (if>-C)^dS, 

where C is a constant and the surface integral extends to the inner 
boundaries of the liquid ; and, if the total flow across the inner 
boundaries is zero, 

so that the kinetic energy is 

88. Irrotational motion in multiply>conneeted space. 

We have seen in Art. 73 that the circulation in any circuit 
in an (n -(• l)ply-connected region is of the form 

Pi«l + Pi** + . . . + Pn*« (1). 

* Comb, and Dub. Math.' Journal, 1848, p. 99, or Math, and Phyt. Peyfen, i. p. 107. 
Salvia and Tait, Matural Phdotofhy, i 819. 
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where tiie «’b are the cyclic coostants of the » irreducible cirouits, 
and the p’s are integers. 

If — J (udx + vdy + wdz) (2) 

be the flow along a path from a fixed point il to a variable point 
P, the value of ^ depends on the particular path; because, if 
ABP and AGP are two paths, the circulation round ABPCA is 
not generally zero. Hence ^ is indeterminate or many-valued to 
the extent of the addition of an expression of the form (1 ). 

By displacing P parallel to the axes in tom we obtain from (2) 
tt* — — 3^/3y, w = — d^/dx; 
and these are single-valued expressions whether <f» be multiple- 
valued or not. 


89. KsItIb’s Modlfloation of Ohwen’s Thoorom. 

In our proof of Green’s Theorem in Art. 75 we assumed that 
were single-valued functions in the region considered, but if 
either be a many-valued or cyclic function the formula needs 
modification. Thus, if we suppose to be cyclic, the second ex- 
pression m (1) Art 75 must be corrected so as to take account of 
the indeterminateness of We can do this by supposing all the 
barriers that are necessary to reduce the region under consideration 
to a singly-connected space to be inserted : then we may regard ^ 
as single-valued throughout this region and the correction to be 
made consists therefore in including in the range of the surface 
integral both sides of each of the barriers. 


If dffr be an element of area of one of the barriers and /c, the 
corresponding cyclic constant, we have to take JJ (f> do-,. 


over 


both sides of the barrier. The values of being taken in 

on 

opposite directions on opposite sides of the barrier, are equal in 
magnitude but opposite in sign at corresponding pomts; while the 
value of ^ on the positive side of the barrier exceeds the value 
on the negative side by the cyclic constant «r,., so that the contri- 


bution of this barrier to the surface integral is k taken 


once over the barrier. 
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Hence the theorem becomes 

dar -jfj 4>V*4,’dxdydz ...(1). 


No extra terms arise because of the indeterminateness of <f> in the 
last integral, if we suppose that ^*^' = 0, for the 'indeterminate 
part of ^ 18 a constant. 

It 18 clear that the coefficient of each k is the total flow in the 
positive direction across each barrier due to a velocity potential ^ . 

If we assume ^ to be cyclic with cyclic constants k(, k^, etc., we 
get another relation similar to (1) in which tf> are interchanged 
and Kr 18 written for Kr. 


90 Binetlc Energy of Cyclic Zrrotatlonal Motion. 

If we put <f>' = m the last article, and take ^ to be a velocity 
potential we get for the kinetic energy of the motion 

(i,. 

This, assumes, of course, that the barners do not obstruct the 
• motion of the liquid, but move along with it. 

If the liquid extend to infinity as in Art. 87, we must replace 
the first term on the right by 

-yjji<f>-0)^^dS ( 2 ), 

where (7 is a constant and the integral extends to the internal 
boundaries of the liquid, the C term being omitted if the total 
flow across these inner boundancs is zero. 


91. Oeterminateneu of IrrotationBl motion In multiply- 
connected space. If the cyclic constants k,, /Cg, ... *.-» are given 
and the boundary velocities, we can shew that the motion is deter- 
minate. For supposing the space to be rendered simply-connected 
by the introduction of suitable barriers, let there be two possible 
motions represented by velocity potentials which both have 
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the same cyclic constants. Then ^ — 4> will be a velocity potential 
having no cyclic constants, i.e. the velocity potential of an acyclic 
motion, in which, in addition, the velocity is zero at all boundaries. 
Hence by Arts. 79 and 84 the two motions are identical. 


92. Example. Let us take, as an example, two-dimensional irrotational 
motion in the space between two coaxial circular cylinders; and suppose that 
the velocity at distance r from the axis is e^/r at right angles to the radius 
vector 

> 

We have seen in Art. 19 that the velocity potential is given by 


A=— c*tan“*2^. 

s 


This IS a many-valued function, the region being doubly-connected, and the 
cyclic constant is — Sire*, so that the circulation in any closed path is »k 
or -intu?, where n is the number of times the path embraces the inner 
cylinder. 


To find the Kinetic Energy of the liquid contained between unit lengths 
of the cylinders we may proceed directly taking 


I ^2wrd(r = >rpc*log6/o, 


where a and h ore the radii of the inner and outer cylinders ; or we may shew 
that we get the same result from the expression (1) of Art 90 The first 
integral in that expression is zero because d^/dn vanishes over the fixed 
boundaries. 


For the second integral, j barrier a plane 

through the axis of the cylinder, the velocity perpendicular to the' 

bamer, is then the whole velocity cP/r, and the integral becomes 

-K I - efr = — ICC* log bla, 

Jar 

so that the energy, being times this integi-al, <=trp<^ log bja 


93. Motion regarded ae due to eourcee and doublet!. 

Referring to the theorem represented by equation (2) of 
Art 83, VIZ 


it follow s fruui Arts. 4^, 46 that the velocity potential at P is the 
same as if the motion in the region bounded by the sur&ce 8 were 
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due to a distribution over 8 of simple sources with a density 

per unit area, together with a distribution of doublets 

with axes pointing inwards along the normals to the sur&ce of 
density ^/4nr per unit area. 

Now let a closed surface 8 be drawn in a liquid and let 
denote the velocity potentials of possible motions inside and outside 
8 respectively, with the condition that <f/ vanishes at infinity. If 
P is any point inside 8, we have 

Also since P is not within the region of velocity potential (f/ 

where dn, dn' are drawn inwards and outwards from the surfiice 8, 
so that d/dn = — 3/3n'. Then by addition 

If we take ^ at the surface 8, we have 




and, if we take 


Bn 


we get 


9l 


( 3 > 


Equation (2) shews that when the velocity potential is con*, 
tinuous but the normal How across 8 is discontinuous, the motion 
inside 8 might be produced by a distribution over the surfiice of 

simple sources of density — per unit area. 


Equation (3) shews that when the normal velocity across the 
surface is continuous, but the velocity potential discontinuous, the 
motion inside 8 might be produced by a distribution over tlie 
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0 orfiaee of doublets with axes along the normals inwards of density 
(^ — ^')/4w per unit area. Such a distribution might he called a 
dmible sluet. 


MISCELLANEOUS EXAMPLES. 


1. Explain the meaning of the term rotatumal aa applied to fliud motion : 
and determine the character of the circulatory motion of fluid, round a straight 
axis, which is not rotational. 

Shew that, in such a case, minute bubbles of air in the circulating fluid will 
be saeked in towards the axis. (St John’s Cull 1896 ) 

X When a body immersed in a fluid executes penodic vibrations it appears 
to exert an attraction on other bodies at rest in the fluid Give a general 
explanation of this phenomenon. (Coll. Exam. 1903.) 

3 Prove that if the velocity potential at any instant be X^r, the vdocity 
at any point y+ij, relative to the fluid at the point (x, y, z), where 
are small, is normal to the quadnc constant, with centre 

at (x, y, *) (Tnnity Coll. 1897 ) 

4. Prove that if 



and y, V are two similar expressions, then }idx+itdy+yds is a perfect difibr' 
ential, if the forces are conservative and the density is constant 

(Coll Exam. 1902 ) 

' 5. Shew that, if a heterogeneous incompressible liquid moves irrotationally 
imdhr the action of conservative forces, the surfaces of equal pressure and equal 
density coincide ; and that o homogeneous liquid cannot move irrotationally 
under the action of non-conservative forces (Coll. Exam 1901 ) 


6. 'Shew that the theorem, that under certain conditions, the motion of a 
frietioidesa fluid, if once irrotational, will always be so, is true also when each 
particle is acted on by a frictional resistance varying as its velocity. 

^ (Coll Exam ) 895 ) 


7. Tf p denote the pressure, T the }>otential of the external forces and q 
the velocity of a homogeneous liquid moving irrotationally, shew that V*q^ is 
positive; and V*p is negative provided that V*V=0, Hence prove that the 
velocity cannot have a maximum value and the pressure cannot have a 
mmimura\ value at a {Mint lu the Ulterior of the liquid (Cull E.\ain 1900} 


8 Shew that in the motion of a fluid iii two dimensions if the coordinates 
(k. If) of an qlemout at any time be expressed in terms of the initial coordinates 
(a, b) and thq time, the motion is irrotational if 


0(a, 6)^0(a, 5)* 


0 . 


(Cull. Exam. 1903.) 
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9. Prove that, if 

where a, b, e, I, m, n are funotione of the time and a+b+0’=0, inotaitioiial 
motion is possible with a free surfsoe of equi-pressuxe if 

(f+a*+d)«*^“*, (n+(!*+c)e*^“« 

are oonstants. (Coll. Exam. 1908.) 

10. Shew that if the velocity potentud of an irrotational fluid motion is 
equal to 

A (j(*+y*+**) - * e tan-> I , 
the lines of flow lie on the series of surfaces 

(a!*+y*)*. (Coll. Exam. 1899.) 

11. A thin stratum of moompressible fluid is contained between two 
concentric spheres ; shew that the velocity at any point is equivalent to the 
components 

Sind dw’ 3d 

along the meridian and parallel respectively. Also if the fluid be homogeneous 
and the motion irrotational, prove that 

30 1 ^ 1 30 ^ 30 

S3 ~ sin d 3« ’ Sin d 3w " S3 ’ 

and deduce that 0 + 10=/^ (e*** tan ^d). (St John’s Coll. 1906.) 

12. In the case of irrotational motion in two dimensions, on the surface of 
a sphere, shew that the velocity potential is of the form 

r being the radius of the sphere and x, y, t the coordinates of a point referred 
to rectangular axes through the centre of the sphere. 

(Coll. Exam 1893.) 

13 A rigid envelope is filled with homogeneous fiictionless liquid shew 
that It IS not possible, by any movements applied to the envelope, to set its 
contents into motion which will persist after the envelope has comq to rest. 

(St John’s Coll 1898.) 

14. A space is bounded by an ideal fixed surface 8 drawn in a homogeneous 
incompressible fluid satisfying the conditions for the continued existence of a 
velocity potential 0 under conservative forces Prove that the rate per unit 
tilne at which energy flows across 8 into the space bounded by aS* is 

where p is the density and 3 m an element of the normal to d8 drawn into the 
space considered. » (M.T. 1908.) 
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18. Deduce from the ]»indple that the kinetic energy aet up fa a tninimntti 
that, if a maee of incompreaeible liquid be given at reet, oompletelj filling a 
doaed veeeel of any shape and if any motion of the liquid be produced suddenly 
by'giving arbitrarily prescribed normal velocities to all the points of its bounding 
auifime subject to the condirion of constant volqme^ the motion produced is 
irrotationaL (Kelvin and Tait) 

16. If g is the resultant velocity at any point of a fluid which is moving 
iiTotationally in two dimensions, prove that 

(Univ. of London, 1911.) 

17. Shew that the curvature of a stream hne in steady motion is 



where jp, p, g are the pressure, density and velocity of the liquid, V the potential 
of the extnnal forces, and dv k an element of the principal normal to the 
stream Ime, and hence obtain the velocity potential of the two-dimensional 
irrotational motion for which the stream hues are oonfooal ellipses. 

(CoU. Siam. 1900.) 

18. If in an infinite mass of homogeneous fluid in equilibrium under finite 
fluid, pressure only, an infinitely long right circular oyhndrioal column be 
suddenly annihilated, prove that no motion will take place. (M.T. 1876.) 

19. Incompressible flmd of density p is contained between two coaxial 
circular cylinders, of radii a and b {a < h), and between two rigid planes per- 
pendicular to the axis at a distance I apart. .The cylinders are at rest and the 
fluid IS circulating in irrotational motion, its velocity being V at the surface 
of the inner cylinder. Prove that the kinetic energy is irpa*f r’log(6/a). 

(Trinity ColL 1896.) 

30. Liquid of density p is flowing in two dimensions between the oval 
curves where r„ r, are the distances measured from two 

flxed points, both of which he inside toth curves . if the motion is irrotational 
'and quantity q per unit time crosses any hne joining the bounding curves, 
then the kinetic energy is irpy*/log(6/a). (Trimty ColL 1896.) 

21. Liquid extendmg to infinity contains a number of sohds fixed or movmg. 
If 4 be Uie velocity potential of that part of the motion of the liquid which k 
due to the lohds, shew that ^ is acyclic, and that 



taken over a sphere at infinity, is sero. 

Find the general form of the velocity potential 

If the liquid contains no vortices, but occupies a multiply-connected region, 
and has a cyclic motion, which is zero at infinity, what k the most (^neral 
form (d the velocity x>otentialI 

Shew tiiat imevery case the assigned form gives the only possiUe velocity* 
potential. (Dublin Univ. 1907.) 



CHAPTER V 


SPECIAL PROBLEMS OF IBBOTATIONAL MOTION IN 
TWO DIMENSIONS 

• 

94 . In Chapter ni we introduced the stream functicoi ^ for 
motion in two dimensions and fonnd expressions for it in certain 
cases. We propose now to make use of it for the determination 
of two-dimensional irrotational motion produced by the motion of 
a cylinder in an infinite mass of liquid at rest at infinity. For the 
sake of simplicity we shall suppose the cylinder to be of unit 
length, and the liquid and the cylinder to be confined between two 
smooth parallel planes at right angles to the axis of the cylinder. 

The stream function must satisfy Laplace's equation 
at all points of the liquid and must also satisfy the bounduy 
conditions as follows : 

(1) At infimty the liquid is at rest so that d^/Bec’i^O and 

(2) At any fixed boundaiy the normal velocity must be zero, 

or the boundaiy must coincide with a stream line 
= const. 

(3) At the boundary of the moving cylinder, the normal com- 

ponent of the velocity of the liquid must be equal to the 
normal component of the velocity of the cylinder. 

We have the following special forms of condition (3). 

If the cylinder has velocity U parallel to the «-axis we get at 
the boundaiy (fig. 22) 

u cos d + V sin 17 cob d, 

where B is the inclination of the normal to the d;-axis. This 
is equivalent to 

rjBy 

dy da dx da “ u ’ 

-d^t— Udy. 


or 
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H«ioe by integration along tbe boundaiy 

•^ = _£7y + 4 (i)i 

where is a constant. 

Similarly if the cylinder has velocity V parallel to the y-azis 
+ B (ii). 

And, if the cylinder rotates with 
angular velocity « about a parallel 
to its axis through any origin 0, we 
have 

u cos ^ + V sin ^ — «y cos ^ sin 

or 

d^dv d^frdo! dy dx 

"~0y<is 3«ds* 

so that, by integration along the boundary 



(«• + y*) + & (iii). 


96. CHrottlar Oyllndar. 

The solution of the problem indicated in the last article, viz. to 
determine a two-dimensional irrotational motion satisfying given 
boundary conditions, has been effected ii;i a limited number of 
oases ; and the method of solution has frequently been an inverse 
one. That is to say, instead of a direct investigation of a solution 
of K 0 that would satisfy given boundaiy conditions, known 
solutions have been studied to see what kind of boundary con- 
ditions each would satisfy and tbe problems have not been 
formulated until after their solutions had been obtained. As an 
example let us consider the motion represented by the functional 
relation 

w * Cmt^ 

Q 

or ^-f-tVr — -(cos^ — tsin^). 


n» • • Osintf , a a . 

This gives ym — , and if we take this value for ^ m 

the boundaiy equation (i) of the last article we have 

(7sind rr ' a , A 
UrvxaB +A. 
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This equation represents a &mily of curves, and if we put 
^ = 0 and O ss Ua*, the family includes a circle of radius a. 
Hence 


» • a j. a 

■dr = sm 0, ® = — cos 0 

T f. ’ r ^ 


are respectively the stream function and velocity potential due to 
the motion of a circular cylinder of radius a moving with velocity 
V parallel to the ic-azis; the origin being always on the axis of the 
cylinder. 

We observe that the velocity potential and stream function are 
the same as for a two-dimensional doublet of strength {7a* on the 
axis of the cylmder in an infimte mass of liquid. 

The case of liquid streaming with general velocity U past 
a fixed cylinder of radius a may be deduced from the foregoing 
case by imposing a velocity — V parallel to the «-axis on both the 
cylinder and the liquid.- The cylinder is then reduced to rest and 
we have to afld to the velocity potential a term Ux to correspond 
to the additional velocity, that is UramO', hence a term {Train 6 
must be added to so that 

£T^r + ^^ cos = {T sm 6. 

Hence the equation (r — a’/r) sin 6 const, represents the stream 
lines relative to the ci/linder, and this is true whether the cylinder 
be moving or at rest. 


96. Another method of solvit^ problems of the same class is 
to find a velocity potential that will satisfy the given boundary 
conditions ; i.e. to find a tjt that will satisfy V*^ s 0 at every point 
of the liquid, and make the normal velocity — d^/dn assume the 
proper values at the boundaries. 


In this connection it is useful to remember that in polar co- 
ordinates in two dimensions Laplace’s equation takes the fbrin 


0r* r 3r ^ r* 36* 


« 0 , 


and that it has solutions of the form 


r"oooatf, r"ein«<?. 
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where n ie anj integer, positive or negative. Hence the sum of 
any number of terms of the form 

cos n6, sin nO 

is also a solution. 


Reverting to the problem of liquid streaming past a fixed 
circular cylinder, with the notation of the last article, the uniform 
stream in the negative direction of the a;>axis is represented by 

£/«= Ur COB 6 

and we have to add a term or terms to represent the disturbance 
due to the cylinder. Since the disturbance vanishes at infinity 
these terms can only involve negative powers of r. 


The boundary condition is when r=:a‘, and if we 

assume that 



<l>=Ur 

cos 6 + 

— 008^ 
r 

this leads to 

U~Ala> 

= 0, or 

A^a'U, 

whence as before 


! 0»\ 

cos 6, 

and the conjugate 

function 




U\ 

( “"'l 

Bin 6 . 


97. Two Ooaadal Oyllndera. As a further example let ns 
consider a problem of initial motion. Let a cylinder of radius a 
be surrounded by a coaxial cylinder of radius b, the space between 
the cylinders being filled with liquid. Suppose the cylinders to 
be moved suddenly parallel to themselves in directions at right 
mglea with velocities U, V respectively. 

The boundary conditions for the velocity potential Are : 

(i) when r=o, ^^—Uom6, 

0T 

(ii) when r = 6, Ksin^. 


To satisfy these assume that 




, a B I I 


D 
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then — — 008 ^ — ^sin0, 

and — Ksin^^ ^4 - ^008 ^ — ^ain^, 


for all values of P. Hence 


A-?.-V. C-l-O. 

^-f-0, c-l—v, 


from which we get 

and the conjugate function 


It must be remembered however that these equations only 
represent the motion at the instant when the cylinders are 
coaxial. 


98. liquations of motion of a clrcnlar cylinder. 

Reverting to the case of Art. 95 — a cylinder moving in a 
liquid at rest at infinity — we have to calculate the forces acting 
on the cylinder owing to the presence of the liquid. If the 
extraneous forces have a potential A and act on the cylinder and 
liquid alike their resultant effect is, from Hydrostatical considera- 
tions, a force equal to the difference between tbe forces exerted on 
the cylinder and the liquid displaced, i.e if v, p are the densities 
of the cylinder and liquid the resultant extraneous force is 
(ff — p)lcr times what it would be if the liquid were not present. 
Omitting the extraneous forces, the pressure is to be found from 
the equation 

( 1 ) 

Ua* 

Now in the expression ^ cos 0, the origin is moving with 

velocity U, whereas d^/dt in (1) is the rate of increase of ^ at 
a fixed point of space. If the space coordinates were referred to a 
fixed otigm, d<^/dt would be a partial diffbrential coefficient, but* 
when the origin moves fixity in space does not correspond to 

7 


B.H. 
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constancy of coordinates, and therefore 90/df is obtained by a 
differentiation in which r and 0 change as well as t. Hence 


dA dUa* . Ua* „dr Ua* . - 
-;iss-Tr--cosfl ^ cos o sm 8 


dt dtr'^'' 

where in consequence of the motion 
of the origin 
dr „ 
dt 

Therefore 


df 



dt~dtr 
and g’ s= U*a*fr*. 

The resultant force on the cylinder in the direction of motion 

is then —j*' ap cos 8d8 

^dU ^,dU ... 

( 2 ). 

where M' is the mass of liquid displaced by the cylinder (of unit 
length). 

Hence, if M denote the mass of the cylinder, the equation of 
motion is 

M = - iff ' ^ ^ (extraneous force if no liquid 


or 


dl 


Mi”. 


dt 

M <r — p 


dt M+M' " a 


were present), 

(extraneous force if no liquid 
were present). 


that is — (extraneous force if no liquid were present). 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous forces iij the ratio <r — p a-+ p. 

Result (2) implies that if the cylinder were to move with 
uniform velocity the resultant pressure set up by the motion or 
the resistance to motion would be zero. This is, of course, con- 
trary to experience, but the discrepancy might be explained by the 
hypothesis of a region of * dead water ' moving along behind the 
cylinder, with a surface of discontinuity separating it from the rest 
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of the liquid, while the foregoing analysis assumes continuous 
motion throughout the liquid. This question is treated more fully 
in the next Chapter. See also Art. 133 following. 


99. We may also obtain result (2) of the last article from the 
prmciple of energy. The kinetic energy of the liquid is given by 

integrated over the whole ^ey-plane omitting only the section of 

cos 0 

the cylinder. And since ^ - , therefore q* = U*a*lr*, and 


-w:/: 

= ^Trpa*0*-- 


UW 


r* 


rdddr 


Hence the presence of the liquid may be considered to increase 
the effective inertia of the sphere by an amount M'. And if X 
denote the force parallel to the axis of x. 


d 


^ {{MU* + {M'U*) ™ rate at which work is being done 


so that 

or 


„dU 


= xu, 

= 2r. 

= X-M 


,dU 

~Si’ 


BO that the pressure of the liquid, apart from any extraneous force 
acting on it, is equivalent to a force —M'dUjdt opposing the motion. 


100. Circulation about a moving cylinder*. To com- 
plete the discussion of irrotational motion of a liquid about a 
moving cylinder, we must include the possibility of cyclic motion, 
since the liquid occupies a doubly-connected region. The solution 
is completed by adding to the velocity potential and stream 
functions terms that will correspond to a constant circulation « 
about the cylinder. Such terms are given by 

%IC %fC 

“'“^logx, or ^-H>fr = ^(logr + id), 
that is = 

* See Lord Bayleigb, ‘ On the Irregular Flight of a tennis ball,’ 31eu. of Hath. 
1877, or 8ei. Paper*, i. p. 844. Also Gieenhill, Iteu. of Hath. 16M. 


7—8 
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Hence the complete expieaeions, for the cylinder moving vith 
veloeily U, are 

Ua* a I Ua^soiQ k , 

And, if the direction of motion make an angle e with the 
«-azi8, we have 

Ua* . kB 

COB(d-e)-^. 

BO that 

3^ tla* . Ua * . . Ua* . ..k .. k6 

— C 08 (d-«) — —rcosiS^e ) — 

where 

f = — If COB (d — «), 

and 4»^Bic(tf-e). 

For in the figure 
dr--00'ooe(d-€) 

■t— Udto(m(6 — e), 

and dd = OPO' — 00' sin (^ — e)/r 

*» Ifdt sin (tf- e)/r. 

Therefore, on the cylinder r = a. 



d6 

W 


Again 


I7oco 8(^ — e)+ £^co82(^ — «) 

+ Od sin (d — e) e — sin — e). 

Ua* .n y 
^--^oos(^-e). 


and 




• //I \ * 


therefore, on the cylinder r — a, 

Hence the pressure on the cylinder due to the motion being 
given by 

?-■*•(«)+ 
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the force oppoaing the motion is 

[ peoa(^—e)adfi=^‘>rpa*U'; 

J 0 

and the transverse force tending to increase e is 

ftw _ 

— I p sin (d — «) ad0 =*KpU— vpa*Ui. 
J 0 


If, as before, M denote the mass of the cylinder and M' a wpa*, 
and there are no extraneous forces, the equations of motion are 

(M + M') Ui = Kp U. 

Therefore U is constant and i = *p/(-4f + M'), so that the pathf 
of the centre of the cylinder is a circle of radius (Jlf+ Jf') Ujttp, 
described in the sense of the cyclic motion. 

Now let ar, y be the coordinates of the centre of the cylinder, 
and u — i, v^y its component velocities, the forces retarding 
motion are then seen to be vpa*u, vpa?i due to the kinetic 
reactions of the liquid and xpv, — Kpu due to the circulation. 

Hence if <r be the density of the cylinder and the extraneous 
forces are of the nature of gravity in the direction of the y-axis, 
the equations of motion are 

ir<xa*u = — irpa}u — Kpv 

and • 7 rcaS)^ — 'irpa*v-¥Kpu + ir{<r~p)a*g, 

or u + nv = 0, 

and v — nu=g'. 


The solutions of which are 

tt = — y'/n — c sin {nt + a), 

V - c cos (nt + a), 

BO that « = iCo — — + - cos + «)i 

n n 

y“y. + ^ein(nt + a), 
which represent a trochoid. 


The transverse force depending on ciroalation constitutes the 
mathematical explanation of the swerve of a ball in golf, tmois, 
cricket or baseball, the circulation, of the adr being doe through 
fiiction to the spin of the ball. 
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101. Ooi^ugate Funotloiu. KUlptle Cyllndan. 

Suppose that we have a relation 

«'“/(■»). or ^ + »>=/(®+»y); 

and that in addition 

or + 

80 that X, y are conjugate functions of 17. Then <f>, are also 
conjugate functions of y. For, the elimination of z gives a 
functional relation 

W^XC?). or ^ + »V" = X(f + »’?X 
from which we obtain 

^ ^ ^ ^ 


Since 


and 


8 ^ 

8« 8f8a!^8ij8a! 

8^ 8^8f d(f>dti ^ 

”af8y 8178^’ 


therefore, by squaring and adding and remembering that 
8f 817 j ^ ?5 

a®’ 


we 


or 




dw 

dz 


dw 


(fs 


Similarly we can prove that 

8®* 8y* 18P a«7*j Id* 

Qeometrically, if we draw the curves ^ » const., ^ const, and 
Szi, Bzt denote elements of inter- , 

oepted between ^ and <f> + and / / 

of ^ intercepted between and 
^ + Siyfr, we have 



r~ 

ttj 



If 1 





.*»> 


and 




> the same expressions. 
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Though for the curves f » const., ij const, the corresponding 
relations are of course 

d«s ‘ 

Now assume that 

« + ty=cco8h i^ + iri), 
so that x = c cosh ^ cos t), 
and y = c sinh f sm ti 

We may give f all values from 
zero to infinity, and 17 all values from 0 to 2w , then 
^ s: const, and 17 = const. 

represent confocal ellipses and hyperbolas respectively, the distance 
between the foci being 2c , and 17 may be regarded as elliptic 
coordinates of any point in the plane. 



102 Elliptic Cylinder. 

In dealing with elliptic cylinders, it is useful to observe that 
the equation 

4.^-0 

has solutions of the type 


cosh 

sinh 

exp 



(»»?); 


and that e“"* must be used when vanishing at infinity is required, 
i e. when the liquid extends to infinity. For confocal ellipses the 

COS 

form (A cosh wf -f J?sinh (*7) used. 


To determine the stream function when an elliptic cylinder 
moves in an infinite liquid with velocity U parallel to* the axial 
plane through the major axis of a cross section 

Let the cross section be the ellipse **/o* + = 1 - This is 

the same as ^ a a, if a as c cosh a, 6s=csinha. 

The boundary condition is 

^s=— { 7 y + constant, when f =0. 
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Assume that ^ + Aer<t+*^, 

so that — A0~f sin r). 


Then at the boundary f we must have 

— Ae"*sinij = — £7b8mha8inJ7 + 5 
tor all values of 17. This requires that and A = UctT' sinh a. 
Hence 

^ = - U'ce ^~^ sinh a sini; 

is a stream function which will make the boundary of the ellipse 
a stream line, when the cylinder moves with velocity U. 


Also 
therefore 
and so 


c«“8inha='i>e‘ = 
f^-Ub 
Ub 


/0 + 6 . . 

V ^^5* 

/rt + h _t 


( 1 ). 


To examine whether this is a correct solution it is easy to 
verify that it makes the velocity vanish at in6mty. 


If the cylinder moves parallel to the axial plane through the 
minor axis of its cross section with velocity V, we get in like 
manner 


and 




cos 

sin 


V 

V 


( 2 ). 


The forms of these results are the same for all confocal ellipses 
and therefore this last result includes the case of a plane lamina 
of breadth 2c moving at right angles to itself in the liquid , the 
ellipse in this case reducing to the straight line joining the foci 
and the formulae becoming 

•f’ = Fc«~* cos 11, 
yc«“*8un;. 

But these -equations would make the velocity infinite at the 
edges (f s 0, 17 a 0), and therefore cannot represent real conditions 
In practice, with a flat elliptic cylmder, the velocity round the 
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edges would be so &st that the fnction would cause eddies in the 
liquid and alter the character of the motion*. 


103. Liquid streaming past a Used elliptic cylinder. 

This case may be deduced from the last by superposing on the 
liquid and cylinder a velocity equal and opposite to that of the 
cylinder. Thus when the general velocity of the stream iB — U 
parallel to the major axis, we must add Ux to the value of and 
Uy to the value of ^ ; so that 


and 


Ub 


/a + b 

V a-b 

fa + l 

V a~l 


e“fcosi7+ U Vo* — 6* cosh f cos 17, 
0 sini; + JT Vo* — 6’ sinh f sin t). 


104. Blllptlc cylinder rotating in an Infinite mass ot 
liquid at rest at Infinity. If a be the angular velocity the 
boundary condition is 

Vr=i«(a!*+y*) + C; 

or, putting jb = c cosh f cos 17 and y >= c sinh f am tJi 

^Ir = (cosh + cos 217) + C, when f * a. 

Assume that ^ + i'^ = 
so that = Ae~*^ cos 217. 

Hence at the boundaiy ^ = a, we must have 

ile~*‘ cos 2»7 = J«c* (cosh 2 e + cos 217) + C 
for all values of 17. And this is the ease, provided 
A » J«tfc*«*‘ and C 7 = — i»c’ cosh 2 e. 

Therefore yfr = cia 217 gives a stream function which 

makes the boundaiy of the ellipse a stream line, when the cylinder 
rotates with angular velocity «u. 

Since e^** = (o + by, we may Mrrite the results 
J « (a + 6)* s" cos 2 i 7, 
and iw(a + by s"** sin 217. 

It is easy to verify that the velocity vanishes at infinity. 

* See the nest Chapter on Diteontinucvi Uotion; aim Lamb, Quart. Journal, sit. 
p. 40, 1877 ; or Hydrodynamiea, p. 79. 
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106. Any of the previous motions may be superposed. Thus 
if the elliptic cylinder be moving parallel to itself with velocity v 
in a direction making an angle 6 with the major axis of the cross 
section, we have from Art. 1U2 


^ = V e~i {b cosf)COB6 + a sin ri sin 0), 

and y^=i — v e - f (6 sin i; cos ^ — o cos 1 / sin 0). 


106. Circulation about an elliptic cylinder. 

If in the last case the irrotational motion is cyclic, with 
circulation k round the cylinder, we can take this into account by 
means of the function 


To verify that this gives the 
correct value to the circulation, we 
have that the circulation 

taken round the cylinder. 




Hence if in addition to the velocity v of the last article the 
cylinder also rotates with angular velocity w, and there is a 
circulation k about the cylinder, we have 


cos d + osini; Sind) 


+ (a + 6 )> e~^ sin — 


and — w,^^.^e“^( 6 sini;co 8 d-<icosi 7 sind) 

+ i® (a + 6 )* s"** cos 2»7 + ^ 
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107. KliMtie Energy. In any of these cases of a cylinder 
moving in liquid at rest at infinity, the expression for the kinetic 
energy is, as in Art. 87, 

where the integration is now round the perimeter of the cylinder 
and we are supposing as before that the liquid is confined between 
two smooth planes at unit distance 
apart. But — d^/dn is the normal 
velocity outwards, and d^fr/da is the 
normal velocity inwards, so that 
d«f>jdn=dy^/ds, 

and therefore 28. 

r=-ipjif>dyfr. 

As on example consider the rotating elliptic cylinder of 
Art. 104, bounded by the ellipse f — a Here we have on the 
boundary 

J <0 (a,+ by cos 

and ^ = 4 ®(o + 6 )*e^* 8 m 2 ?;, 

so that 7 ’= 3 ^/aw’(a + 6 )‘«~“ sin* 217 ^ 1 ; 

gives the kinetic energy of the hquid. 

108. A parabolic cylinder moving along the oxie of its 
section with velocity U. 

Let the parabola be r (1 + cos 0) 2 u, 

or r^cos|5 = o^. 

Assume that w = Az^, 

or that ^ = Ar^ (cos ^ 0 + » sin 

The boundary condition is — I/y + B, so that on the surface 
we must have 

— I7r sin ^ + B » sin for all values of 9. 

This will be satisfied if B = 0 and A = — 2Ua^. 

Therefore ^ — 2 ITb^r^ cos if. 

and — 2 £roirisin if- 
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The curves of equi-relocity potential (f> ■ constant are therefore 
confocal coaxial parabolas ; and the stream lines jfr sa constant are 
an orthogonal confocal system of parabolas. 

109. Uqiiid contained in cylinders. In oases of two- 
dimensional motion of liquid contained in a cylinder moving 
parallel to itself, we have the same set of conditions at the surface 
of the cylinder as when the cylinder moves in the liquid. 


For translational velocity U' parallel to a, 

— Uy + const (i). 

For translational velocity V parallel to y, 

+ const (ii). 

For angular velocity to, 

J « (a;* -t- y*) + const (iii). 

As examples let us consider the following ; 

(1) Let 


or ^ = — Ux, — Uy, 

This represents a motion satisfying the boundary condition (i) 
whatever be the form of the boundary; and the velocity at every 
point of the liquid is —d^/dx or U, so that the liquid m the 
cylinder moves as if solid, and by Art. 79 this is the only motion 
possible in simply-connected space. 

(2) Let — »'As*, 

or ^ = Ar'sin2d — Ar* cos 2d 

-2A»y, =-A(a!»-y*). 

Let us adapt these forms to the boundary condition (iii), 
assummg the hquid to be contained in a rotating cylinder. At 
the boundary we must have 

I® («• 4- y*) - -F - - -d («• - y), 

or (i« + A)®*-l-(^« — A)y* = jB. 

Hence the boundary of the section may be an ellipse 

a* -h A) B h* — A ) 

o*-6» 


provided 
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Therefore 

. o»-i* , , , - 

(**-»*) 

determine the motion of the liquid in the rotating elliptic cylinder 
referred to fixed axes momentarily coinciding with the axes of the 
cross section. 

If q denote the velocity, 

/a*— 6*\* 

Hence the kinetic energy T of unit length is given by 

If we require the motion of the liquid relative to the cylinder, 
we may proceed thus: The velocities in space of the particle, 
whose coordinates are {x, y) referred to the moving axis of the 
cross section, axe A -ay and y + <mb ; therefore 



3^ a*-6* 

and 

3^ o*-i» 

so that 

2o' 

and 

26» 

Hence 

4o*6* 

which leads on 

integration to 



and therefore 

b „ . / iab ^ \ 

It follows that the motion is simple harmonic motion; the 
paths of the particles being ellipses similar to the boundary 


ellipse deacribed in time w (a* + l^)Jabm. 
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Or, to get the relative motion, we may impose on the whole 
system the an gu la r velocity a reversed.' That is, we must increase 
by — ^ 0 ) (x* + y’). This makes 

«o’ 6 * /«• y*\ 

shewing that the stream lines are similar ellipses. 

(3) Andther simple case is that of a rotating prism whose 
section is an equilateral triangle. For this we take 

w = t.4s*, 

or (ftss — At* sin 36, ^ = Ar* cos 36’^A(af — Sxf/*). 

The boundary condition (iu) gives, m this case, 

A (*• — 3«!y*)«^a)(j!* + y*) + jB, 
to be satisfied at all points of the boundary. 

To include the line a! = am the boundary, we must take 
Aa* = iwa‘ + 5, 

and —3Aa=’^m, 

so that the equation becomes 

— Sajy* + 3a (a;* + y*) = 4a’, 

or (x — a) (® — V3y + 2 a) (® + V3y — 2 a) = 0 . 

These three lines form an equilateral triangle with its centre 
at the origin ; and the motion of liquid in a pnsm having this 
triangle for section and rotating with angular velocity 0 is given 
by 

A = ^ r’sinSd, ■^ = — ^ r'cosSU. 

^ 6 a 60 

110 The stroam function has been determined for the motion of liquid 
produced by moving cylinders of a great variety of forms. We have discussed 
some of the simplest cases very fully and shall now merely make a list of other 
cases with references to shew where the investigations may be found 

1. Rotating rectangular pnsm or box. Stokes, Trant Camb Pkd. Soc. vm. 
at Math and Pkyt, Paper*, 1 . p. 60. Ferrers, Quart. Journal, xv p. 83. Gieenhill, 
ibid. p. 144. Basset, Bydrodynaitdet, I. p. 96. 

2. Rotating semicircle. Hicks, Meee. of Math viii. p. 42. 

3. Rotating quadrantal sector of a circle. Greenhill, ibnd. p. 89. 
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4. Rotating sector of a circle. Stokes, Tran». Camb. Phil. Soe. vin. or 
Math and Phy$. Papert, i. p. 306. Greenhill, Meu. of Math .x. p. 83. Basset, 
Bydrodynamiei, i. p 98. Lamb, Hydrodynamict, p. 83. 

6 Rotating rectangle bounded by two concentric circular arcs and two 
radii. Greenhill, Meu of Math. ix. p. 35. 

6 Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart. Jowmal, 
XVII p 227. 

7 Rotating arcs of two confocal parabolas, ibid. 

8. Confocal elliptic cylinders — translation and rotation Greenhill, Quart. 
Journal, xvi p. 227, and Etieyel. Brit. Art. Hydromeehaniet. 

9 Rotation and translation at inverse of an ellipsa Basset, Qttart Journal, 
XIX. p. 190, XXI. p. 336, and Mydrodynamies, i. p. 102. 

10. Rotation and translation of a lemniscate. Basset, Quart Journal, xx. 
p. 234, and Sydrodynamict, i. p. 106. 


111. We shall conclude this Chapter with the solution of an example ; « 

An elliptic cylinder, temi-axe* a and h, is hdd with its lenyth perpendicular 
to, and ite major axis making an angle i with, the direction of a etream, of 
velocity V Prove that the magnitude of the couple per unit length on the cylinder 
due to the fluid preiiure u up (a* - b*) v* sin 6 cos 6, and determine ite tense. 

(Math. Tnpos, P^rt 1 . 1903.) 

We may deduce expressions for the stream function and velocity potential 
from Art 103, or we may obtain them directly thus. 

Lot cosh{f+tij — (a+il8)}, 

so that C 08 h(f— a)oos(i/-/3) 

and A sinh - a) am {rj— j3) 



This makes V'^O ovei the ellipse |=<a, so if we can determine A and /3 
so that the velocity at infinity will be the given velocity we shall have found 
the correct forms for 0 and 


and 


We have rr cosh | cost;, y=csinh| 8 ini 7 , as before; so that 

d<f> 

?x 

d(p 

dx 


g^= ^cBiiihf cos ij+^c cosh ^ sin i;, 
—^c cosh ( sin e sinh | cos ■; 


Therefore 


dy' 

A sinh ({ - a) cos (ij - /3) = ^ c sinh g cos i; + ^ c cosh f sin ij. 
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At infinity ite have £ infinite ; eo dividing by and patting (^ao , these 
equationa become 

Ae-«oo8(if-/3)-* ^cooBij+^cnni;, 


and 




— ^«-«Bin(ij-/9)= -gcBinij+^cooBij. 


Hence, at infinity, 

— vcoed— 



^o-'e~»coB/S, 


and 


— veindae 


- Jfi->«-*sinA 


Therefore A’^voea and so that the velocity potential and stream 

function are 

^-*e«*cosh(^-a)eo8(i;-d)l 
ifr =■ vee* sinh (f — a) sin (i; - d)J 


Now in steady motion, if p denote the pressure and p the density, 

and the couple tending to set the cylinder broadside to the stream is 

j p.OF.dt^ 

where OF is perpendicular to the normal to the element d». 



rin the ellipse m the notation of the Calculus 

dtjd/^^nA. of curvature^:— rclr/dp 


in this case, and 


OF-dpId^-^ 

.-Jprdr^-iJ^p^dn 

i -^p fiqcfi;. 


Hence the couple 



Ill] 


KXAMPLE8 


113 


— „iie*o{eo8h2(|-o)— cos2(i;-tf)}/{co8h2f-c0827}. ... (3), 
and, taking the value on the ellipse we got the couple 

jo oosh 2a - cos 2i> 

= ipi>*c2e*“ / — i-jr-- 

Jo cosh 2a — cos 2^ 

omitting tenns which vanish on integration, 

=i^p»*c*f**sin 2tf 1“ j cosh 2a + cos 27 r^— — — tt'I ' ^7 

^ j <1 ( cosh 2a -cos 2>if ' 

W 

7 cosh 2a + J sin 27 — smh 2a tan ~ ■ (cosh a tan 7) J 


e*“ sin 26 j^7 


= 2 sin 26 (cosh 2a — smh 2a) 

•=jrp»*e* sill cos fl 


Wc note that the value given for y// in (2) also becomes zero along the 
hyperbola 7«d, so that this hyperbola is a stream line , the point (f =a, 7=^) 
where it meets the cylinder being by (3) a point of zero velocity This stream 
line strikes the cylinder at nght angles and divides the whole stream into two 
parts which pass the cylinder on opposite sides 


EXAMPLES 


1 An infinite circular cylinder of radius a is in motion in homogeneous 
fluid which extends to infinity and is at rest there Shew that at any moment 
the pressure at a point of the fluid at distayce r from the axis of the cylinder 
exceeds the hydrostatic pressure by 





where /] is the component acceleration of the centre of the cylinder in the 
direction of r, tt| and i>| are the component velocities in and perpendicular to 
that direction. (Trinity Coll 1904 ) 


2. In the case of the two-dimensional motion of a liquid streaming past a 
fixed circular disc, the velocity at infimty is w in a fixed direction where u is 
variable Shew that the maximum value of the velocity at any point of the 
fluid 18 2u. Prove that the force necessary to hold the disc at rest is 2mii, where 
m IS the mass of liqmd displaced by the disc (Coll. Exam. 1907.) 

8 


R H. 
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3. Shew that when a cylinder moves uniformly in a given straight line in 
an infinite liquid, the path of any point in the fimd is given by the equations 

dz IV tfo' To* 

dt~{z-VtY' 

where F— velocity of cylinder, a its radius, and s' are s;+ty, ty where 
X, y are the coordinates measured from the starting point of the axis, along 
and perpendicular to its direction of motion, (ColL Exam. 1897.) 

4 The space between two fixed coaxial circular cylinders of radii a and 
and between two planes perpendicular to the axis and distant c apart, is occupied 
by liquid of density p. Shew that the velocity potential of a motion whose 
kinetic energy shall equal a given quantity T is given by A6, where 

tcpA*elogbla=T 

Work out the same pixiblem for the space between two confocal elliptic 
cyhnders. (St J ohn’s Coll. 1903 ) 


5 A circular cylinder of radius a is moving with velocity U along the axis 
of x; shew that the motion produced by the cylinder in a mass of fluid at rest 
IS given by the complex function 

iB=<f>+i\lf=-a*UI(z- Ut), 
where z— v+iy. 

Find the magnitude and direction of the velocity in the fluid , and deduce 
that for a marked particle of the fluid, whose polar coordinates are r, 6 re- 
ferred to the centre of the cylinder os origin. 


1 ^ aW 
rdt * ak ” 


7 “"'i (r-^8ind=6. 


Hence prove that the path of such a particle is the elastic curve given by 




where p is the radius of curvature of the path (St John’s Coll 191 1 ) 


6 An infinite cylinder of radius a and density u is surrounded by a fixed 
concentnc cylinder of radius b, and the intervening space is filled with liquid 
of density p. Prove that the impulse per unit length necessary to start the 
inner cylinder with velocity V is 

^j^^j{(<r-l-p)6*-(<7--p)o>}F (TnmtyColl 191'2) 


* 7. A stream of water of great depth is flowing with miiform velocity F over 

a plane level bottom. An infinite cylinder, of which the cross section is a semi- 
circle of radius a, lies on its flar side with its generating lines making an angle a 
witn the undisturbed stream liii' Prove that the resultant fluid pressure per 
unit length on the curved surface is 

2an — J pa F* sin* a, 

where n is the flmd pressure at a great distance from the cylinder. 

(Trinity ColL 1896.) 
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& The space between two infinitely long coaxial cylinders of radii a and b 
respectively is filled with homogeneous liquid of density p and the inner 
cylinder is suddenly moved with velocity U perpendicular to the axis, the 
outer one being kept fixed. Shew that the resultant impulsive pressure on a 
length I of the inner cylinder is 

irpa>f^^*£/; (M.T.188S.) 

9. Verify that the stream functions for uniform streaming parallel to the 
a.xes past a solid, bounded by those parts of the circles 

(i;+l)»+y=2, (a:-l)»+y‘=2 
which arc external to each other, are 

~ (Tf i)»+y» " 

and w,- j, ^ I 2(^+1) ■ 2(^-1) . 

and, when the stream is inclined at an angle a to the line of centres, find the 
equation to the stream line that divides on the solid. (M.T. 1894.) 

10. The cross section of an infinitely long cylinder is composed of the 
greater segments of two equal circles, each of which passes through the centre 
of the other Shew that if this body be in motion with velocity V perpen* 
dicularly to the plane through the axes m incumpiessible fluid which extends 
to infinity and is at rest theie, the velocity potential consists of two terms 
due to a line doublet along each axis, and that the kinetic energy of the fluid 

“ f '/o where if is the mass of the fluid displaced. (M.T. 1895.) 

l\5ir T 6 VO 

11 Shew that the motion of a liquid stream past the elliptic •disc 
**/a*+yV6**-l, the velocity at infinity being parallel to the axis of ar and 
equal to V, can be represented by the relation 

^+ 1 ^ = F {os - 6 Vr* - c*}/(ei - b), 

where c=,Ja*-b‘ and z^x+ij/ (Coll. Exam. 1905.) 

12 An elliptic cylinder, the semi-axes of whose cross section are a and 6, 
IS moving with velocity U parallel to the major axis of its cross section, 
through an infanite liquid of density p which is at rest at infinity, the pressure 
there being IT. Prove that in order that the pressure may everywhere be 
positive 

pf7*<2a*n/(2a6-l-6*). (M.T. 1906.) 

13. In the two-dimensional irrotational motion of a liquid streaming past 
a fixed elliptic disc **/o*-i-y*/6*= 1, the velocity at infinity being parallel to the 
major axis and equal to F, prove that if 

*+»y“C cosh (f -|-»ij), 
a'— (‘ae* and aacccosbo, issicsinha. 


8^S 
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the velocity at any point is given by 

. l„ a+6 sinh*({-a)+8in’9 

a-h’ Binh*f + 8m'‘i} ’ 

and that it has its maximum value V (a+b)/a at the end of the miner axis. 

(OolLExam 1899) 

14. Obtain an expression for the stream function of the two-dimensional 
motion produced in an infinite liquid by the motion through it of an elhptic 
cyhnder, which has a velocity of translation V in a direction making an angle 
X with the miyor axis. 

Shew that the kinetic energy of the hquid between two planes perpendicular 
to the generators of the cylinder, at unit distance apart, is 

JirpF*(6*co8*X+o*8in’‘X) (St John’s Coll 1901) 

15. Shew that with proper choice of units the motion of an infinite liquid 
produced by the motion of an elhptic cyhnder parallel to one of its principal 
axes 18 given by the complex function 

w=e“^, where z»2co8b^ 

Deduce the formulae 

and trace the curves <f) = const., ^ = const , indicating which parts are of 
physical interest (St John’s Coll 1909) 

16. Prove that the relative stream lines of the liquid bounded by the 
hyperbolic cylinders 

4?(x-y)-a*=0, y(.rH-y)-6*=0 

are the quartic curves 

{x (ar - y) -o»}{y (a: +y)- 6*} = constant (M T 1881) 

17. If liquid be contained between two confocal elhptic cylinders, and two 

planes perpendicular to the axes, prove that if the outer cylinder lie made to 
rotate about its axis, the inner will begin to rotate with 8ech2 (jS-a) times 
the angular velocity of the outer cyhnder, supposing c cosh a, c siiih a the semi- 
axes of the inner cylinder, and c cosh /S, csinh )3 of the outer , neglecting the 
inertia ot the cyhnder. (M.T. 1881 ) 

18. An elhptic cylinder is placed in a steady stream which at infinity makes 
an angle a with the major axis of the cylinder. Shew that on the elhpse the 
pressure is greatest at the points where the stream divides, and least at the 
points where the fluid is moving parallel to the stream as it meets the nllgMA 

(trinity Coll 1906.) 

19. Prove that when an infinitely long cylinder of density «r whose cross 
section is an elhpse of semi-axes a, 5 is immersed in an infinite liquid of 
density p the square of its radius of gyration about its axis is effectively in- 
creased by the quantity 

P 

8<r ab ' 


(Univ. of London, 1907.) 
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20. Determiue the character of the two-dimensional Quid motion inside 
the elhpse (a, b), for which the stream function is + 

pressure at each point in the cross section when there is no field of force. 

(St John’s ColL 1901.) 

21 An infinite elliptic cylinder with semi-axes a, 6 is rotating round its 
axis with angular velocity u, in an infinite hquid of density p which is at rest 
at infinity. Shew that if the fluid is under the action of iic forces the moment 

dn 

of the fluid pressure on the cylinder round the centre is ^wpc*^, where 

(ColL Exam. 1909.) 

22. The space between two confocal elhptic cylinders (og, and (oj, 6]) 
and two planes perpendicular to their axis is filled with hquid. If both 
cylinders be made to rotate about their common axis with angular velocity 
the kinetic energy of the motion set up is 

J if«’ (6, Og - 6o ai )/(ai Oo - M («i ^i - «o6o), 

Jlf being the maas of the liquid, and 2c the distance between the foci. 

(St John’s Coll. 1900) 

23 An elliptic cylinder whose semi-axes are c cosh a, p sinh a is divided in 
two by a plane through the axis of the cyhnder and the major axis of its cross 
section An infinite liquid of density p streams past the cylinder, its velocity U 
at infinity being uniform and parallel to the major axis of the cross section of 
the cylinder Shew that in consequence of the motion of the liquid the pressure 
between the two portions of the cylinder is diminished by 

pc I7^e*sinh a {2 cosh a-fe’^siiihalogtanh^a} 
per unit length of the cylinder (M.T 1898.) 

24 A fixed elliptic cylinder whose pnncipal axes are ccosb/S, csinh/9 is 
surrounded by infinite liquid in which there is a source of strength m at the 
point c coshy, 0, prove that if /3 is very small the stream function of the 
motion IS 

, . , 8in|sinhi} mSsinf 

^=i»tan“‘ - -I — —7— H j-T 

cos I cosh i; - cosh y cosh (y -hi;)- cos f 
where x+ty=eooa{$-iii). (Coll. Exam. 1900.) 

25. Homogeneous liquid streams past the infinite parabolic cylinder 

co8^6=a\ the velocity at infinity being V in the negative d'rection of the 
axis of X Prove that the velocity potential 's 

-VrcoaO+S FaM cos ^6, 

and that the resultant pressure on the cylinder per unit length is wpa F*, the 
pressure at infinity being taken to be zero. (ColL'Exam. 1906.) 



118 


EXAMPLES 


[OHAP.V 

98 A long drcular cylinder moves through an infinite liquid, which is at 
rest at infinity, with a velocity u at right angles to the axis. If the cross 
section is not quite circular but has for equation 

r»a(l+(COsnd), 

where < is small, shew that when the motion is parallel to the axis of x, the 
approumate value of the velocity potential is 

{ Ct ^ 

^cosd + *-^-jC 08 (n+l)tf-* — -tTfCos (n- 1) )■ . 

(Coll Exam 1901 ) 

27. A fixed cylinder whose base is any one of the leniniscates rr'=i;>, 
where e is any constant and 2a the distance between the points S, S' from 
which r, r' are measured, is surrounded by an infinite mass of water in steady 
irrotational motion , shew that the stream lines are all lemniscates of the 
same system, and that the \elocity along a stream line at any point varies as 
the distance from the centre 

Prove also that the polar coordinates (referred to the centre) of a fluid particle 
in terms of the time since it was at the vertex of its path are giien by 

j^»=:a*cn(^t)+c’dn(/if), 26 =a.miit, 

where p is a constaut, and the modulus is a‘/c^ (M T I8fil ) 

28 If {, 9 be conjugate functions of x and y, such that the curves for 
which ( IS constant are closed ovals surrounding the origin, then the kinetic 
energy and moment of momentum of homogeneous fluid of density p contained 
between two curves (j and (j, which are rotating with unit angular velocity 
about the origin, can be expressed in the form and Mk^ resjiectively, where 

taken round the boundaries (M T 1896 ) 

29. Shew that the angular momentum, of a two-dimensional motion of 
a homogeneous fluid, about an axis jierpciidtcular to the plane of the motion, 

is p the integral being taken round a cross section of the containing 

vessel, where w is the perpendicular fh>m the axis to the qornial of the cross 
section, p 18 the density and ^ the velocity potential 

If the vessel be rotating with angular velocity a, and /<», 7oai are the 
angular momenta about the axis of rotation, and the line of centroids of the 
cross sections respectively, find an expression for /-/g in a form which does 
not deiiend on the shajie of the vessel. (M T 1897 ) 

30 If liquid move inside a thiii shell between two plane laminae, shew that 
a correspondiog motion in a thin spherical shell can be obtained by inverting 
the stream hnes m the first motion with regard to any origin, and find the factor 
by which the velocities must be multiplied to transform one motion into the 
other. 
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A source and an equal sink are placed at two points of a thin spherical 
shell Shew that the equipoteiitial and stream lines on the sphere are small 
circles (ITniv. of London, 1908.) 

31. A thin sheet of incompressible fiuid moves on the surface of a sphere 

of unit radius Shew that the velocity potential and stream function are 
conjugate functions of the Cartesian coordinates of the stereographic projection 
of any point , and that if the boundary move as a rigid curve on the sphere 
and its ans of instantaneous rotation cut the sphere in 0, the stream function 
at any point P of the boundary differs from a cos OP by a constant, where » 
is the instantaneous angular velocity of the boundary. (M T 1896 ) 

32. A long elliptic cylinder is moving parallel to the major aus of its cross 

section with uniform velocity U through fnctionless liquid of density p which 
IS circulating irrotatioually round the cyhnder. Prove that the maintenance 
of the motion requires a force upD per unit length of cylinder to be applied at 
light angles to the direction of motion, where k is the circulation round the 
cylinder (M T. ii. 1910 ) 


33 A hollow vessel of the form of an equilateral triangular pnsm, filled 
with liquid, IS struck c.\centncally by a given blow in a plane peqiendicular to 
the axis and bisecting the three edges , find the initial motion of the vessel 

(MT.1887) 


34. What IS the nature of the motion in the neighbourhood of the origin, 
when, /(«) being continuous finite and one-valued in that neighbourhood, 


( 2 ) 


dw 

m 

dt ~ 

's'* 

dw 

m 

dt z 

dw 



+/(*), 


m and Jf being real! 


(Univ of London, 1911.) 


36 Find the steady motion in two dimensions of an incompressible liquid, 
such that the stream lines are all ellipses similar to 

.»*/<** +y*/6*= 1, 

which IB possible under the action of external forces whose components at the 
point ley are Y=B^y, where A and B are constants. 

(Dublin Univ. 191 1.) 
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THE USE OF CONFORMAL REPRESENTATION. DISCONTINUOUS 
MOTION FREE STREAM LINES 

112. Conformal Itepresentatlon. 

If f + ii?=/(ic + ?V), or t=f{z), 

and we take (f, jj) and («, y) to be rectangular coordinates of points 
in two planes which we may call the t plane and the z plane, then 
the point (f, 17) m the t plane corresponds to the point (a;, y) in the 
z plane, and the functional relation between t and z implies 
(Art 42 ) that at an ordinaiy point the ratio Ujhz of small 
corresponding elements tends to a limit which is independent 
of the direction of Sz. This establishes the similanty of the 
corresponding infinitesimal elements of the two planes, though 
corresponding finite areas of the two planes are not similar. 
Such a relation between the two planes is called the conformal 
representation of either plane on the other 

It is to be observed that the similarity of infinitesimal elements 
of the two planes will not hold good at points at which dtjdz is 
zero or infinite, as for example at a branch point of a multiple- 
valued function Thus, the ongin is a branch point in the t plane 
of the function 

and as z describes a circular arc of angle a round the origin, 
t describes an arc of angle so that corresponding elements of 
the planes are not similar. 

Now let there be two areas occupied by a fluid in motion Let 
17 be the coordinates of a point 11 in one, and x, y the coordinates 
of a corresponding point P in the other. Let <^, be the velocity 
potential and current function of any motion within the chosen 
area in the t plane given by 
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and let the boundary be ^7) “ const. If we substitute 

for It their values in terms of x, y, we get a relation 

and, if 7 j) = Ft(^, y), the corresponding boundary in the 

z plane is {x, y) — const. Hence the same functions ^ and ^ 

are now the velocity potential and stream function of a motion 
in the z plane with a boundary y) = const. 

113. It is clear that f, y are themselves the velocity potential 
and stream function of some motion in the z plane, and if we write 



we may call A the velocity of the transformation, and as in Art. 101 
we see that 

veloc. of P = A X veloc of IT. 

Thus the actual velocities at corresponding points may be com- 
pared The directions of motion at corresponding points make 
equal angles with corresponding lines in the areas. 

Since d^dy = (| ^ - ^ 1) dxdy = h^dxdy, 

corresponding elementary areas in the t and z planes are m the 
ratio A® 1 Hence the kinetic energies of the two fluids that 
occupy corresponding areas are equal Thus the whole kinetic 
energies of the two motions are equal, but differently distributed 
over the areas of motion. 

114 If a source const in one fluid there will be a source at 
the corresponding point of the other fluid. This follows at once 
from the fact that is the same at corresponding points in the 
two fluids, so that jd^ taken along corresponding arcs of curves 
must have the same value That is, the flow across corresponding 
arcs is the same. At a pair of corresponding points at which t and z 
possess no singularities a small curve surrounding one corresponds 
to a small curve surrounding the other, and / difr round either curve 
represents the flow across it Hence to a source at one such point 
must correspond a source of equal strength at the other. But 
care must be taken at a zero, infinity or branch point of the 
function that t is of z or that z is of t. A source will always 
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oonespond to a source but the strengths may differ; thus in the 
case t ma gi, since a semicircle round f = 0 corresponds to a circle 
round z = 0 and the flow across both is the same, if there be a 
source of strength ’m at 2 = 0 the corresponding source at < = 0 
must be of strength 2m. 

If a doublet of strength rn exists in the z plane at a point 
which occasions no singularity in t there will clearly be a doublet 
at the corresponding point in the t plane, the axes of the doublets 
will be in corresponding directions, le. they will make equal 
angles with any two corresponding lines through the points, and 
the strength m' of the doublet m the t plane will be given by 
m'/m = I dijdz | = h, 

for the strength of a doublet is the product of the strength of a 
source and an infinitesimal length 


Example. Coneidpr the tranafonuation 

0<ic <1. 

If we nee polar coordinates r, 0 in the z plane and p, x m tho t plane, this 
relation may be written 

BO that x ‘=*^> 

Suppose there to be liquid in the z plane bounded by the real axis, i.e 
from to 0=sir. The oorresponding boundanes in the ( plane are 0=0 
and 0= KIT. 

First let the motion in the z plane be due to a source of strength m at the 
origin, then 

— m log z 

The coiTOspoiiding motion in the t plane is therefore given by 

1 

= — logt, 

and this represents motion due to a source of strength m/x at the origin in 
an area of the t plane bounded by 0=0 and 0=ar 

Secondly if the motion in the z plane is due to a source m at e—a, we 
must introduce an equal source at the image point a' with regard to the real 
axis in order to make the real axis a stream line. Then we have 

-mlog(z-a)(z— tt'). 

If b=a* and V=d* be the points in the t plane corresponding to a and a' the 
motion in the t plane is given by 

1111 

^ - fn log (t* - 6* ) (<« - b '* ). 
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To investigate the form of this expression in the neighbourhood of the 
point 6, we write tmb+dt, and it is easily seen that the variable part of 
reduces to — mlogi< or — j»log(t— 6). Henoe it follows that in this 
case the motion in the t plane is due to a source of strength m at b. 

116. e may use this method, by proper choice of formulae 
of transformation, to deduce the motion with a complicated 
boundary from that with a simpler boundary Thus to find the 
motion of a fluid with sources or doublets P,, P„.., within an 
infinite area on the z plane with a boundary P* (m, y) == 0. First 
suppose the sources and doublets removed and try to find a steady 
acyclic motion of fluid with the same boundary. If this can hie 
done, let f , ij be the velocity potential and stream function, so 
that ij IS constant along the boundary P,, say = Then use 
S,V os the formulae of transformation and the boundary P, trans- 
forms into the straight line = « and the area of motion transforms 
into the infinite area on one side of this line. Now replace the 
sources and doublets Pj, Pj, . and corresponding sources and 
doublets Il„ Oj, . . in the t plane. The motion in the t plane due 
to the sources and doublets n„ Hg, ... can generally be inferred by 
placing single images for each on the other side of the line 17 = 
and so we obtain <f> + in terms of ^ + ii} for the motion in the 
t plane, and substituting for f , 17 m terms of x and y we get (f> + 
in terms of x + iy giving the motion in the z plane due to the 
sources and doublets Pj, Pg,.... 


116 Examflbs. 1 To find the motion %n the ipaoe bounded by x^Q, 
y==0,y^b due to a source at the ongin. 

We want a solution of 
9*17 3 * 1 / 

that will make ■/ consUnt when y=0, or 

y^b. 

It we put i/=./(.r)sin we get 

a** 6* 


80 that 

and we shall have y =«0 when ar-O if B= - A. 


O 


Fig SO. 


x 
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Hence funk ^ ain 

and the ooigugate function ie 

fadooah^ oos^; 

ao that <— f+iil*.4oo8h^(ar+»y)=^l ooshy 

transforme the given boundary into the straight line i}=0 ; and the point 
(mtA, 7 B >0 corresponds to x— 0, y«aO. 

If we place a source of strength m at this point, we have for the motion in 
the t plane* 

-»al<)g(/— j1). 

Therefore the motion in the z plane is given by 



or omitting an additive constant 

4+*^” -2mlogsinh||; 

and it 18 to be observed that since the straight boundary in the t plane 
corresponds to a right angle at 0 iii the t plane, the motion in the z plane is 
due to a source of strength 2m 


2. Verify that, tf r, t be real poeUtm cmietante, 

*=*+ty, a=pe% 

the zteady motum mtttde both the circlet 0, ^+y^- 2nr=0, due 

to a doublet at the point t=a, outtide both the cirelee, of etrerigth p and 
inclination a to the axis of x, it given by putting equal to 

vihere z^sog tz the inverse point to z^ a with regard to either one of the circles. 

(M.T. 1896 ) 

A unit doublet at 0 directed along Oy makes 


<ft+iifr^z~^ «* 
X 


x+iy 


. y+i'.f 
V+y*’ 


(Art 49) 


and the stream lines include the two gi\en circles. Hence the 

tiunsfonnation 


<=-, or {+»,= 


y 


y+tx 

V+y«' 


X 

'“ar'+y*’ 

makes the given circles correspond to straight lines ij= - 1/2«, ij= l/2r in the t 
plane, and the space between these Unes clearly corresponds to the space outside 
the circles. 

To coirespond to the doublet of strength p at z^a we must take one of 
M ..f ffc- 1 _ wng-ftcosg 


strength p ^ 


. at the point tem(+in=~ , 
r • ' o p 
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To get the direction of this doublet in the t pkne, iro observe that the 
doublet n hi a makes an angle a with 0» 
and therefore makes an angle 

with the circle of the same coaxial family 
that pas s es through a ; and this circle 
transforms into a parallel to 0( m the 
( plane so that the doublet in the t plane 
makes an angle -In’ —(2/9— a) with 0^. 

We have then to take the images of 
this doublet in the two boundaries m the 
t plane, and if Oo be the image of a m the 
r circle the first image in the line is at and it is easy to shew 

that the images that are parallel to the original doublet are at the points 



a c a e 


-±-, etc 

€t C 


and those which make the supplementary angle with 0( are at 


/=-, -±-, 

oo “o c 


»' 2t . 

-± --, etc 

Oj c 



Hence for the whole set of doublets 






\ a a e a c 

a c a c j 

' i<-- < — +- 

'a# a# e o* c 

«0 C Oo c J 
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For the motion in the x plane, we write t**i/g, and making use of the 
ezpauBion for cot a the ezpreasion for takes the reqmred form. 

117. The applications of conjugate functions of the kind 
described in the foregoing Arts. 112 — 115 appear to have been 
first suggested in a paper by Routh*, which includes the case ‘of 
vortices as well as sources and doublets in the liquid The actual 
transformation effected in Ex. 1 of the last article will be seen later 
(Art. 124) to be a simple case of a general transformation applicable 
to all rectilineal polygons. 

118. Discontinuous Motion. 

In any hydrodynamical problem, we have a necessary physical 
condition, that the pressure cannot be negative , but in any steady 
motion, apart from external forces, we have 

where C is a ccmstant, so that the theory apparently ceases to 
represent actual facts whenever the velocity is so large that the 
nght-hand expression is negative. For example, from Art 98, we 
may deduce that for the rectilinear motion of a cylinder through a 
liquid, with velocity U, to be represented correctly by 
^ + tiff == Ua* (cos 0 — i sin 0)fr 
it IS necessaiy that the pressure at infinity shall exceed 
Agam in Art. 57 we have a case in which the velocity apparently 
becomes infinite; and in the case of liquid streaming past an 
elliptic cylinder, discussed in Art. 1 11, it is clear that by decreasing 
the eccentricity we can make the velocity near the ends of the 
major axis increase indefinitely. The same is true whenever a 
sharp edge protrudes into a stream , and the explanation of the 
apparent discrepancy may be that hitherto our equations have 
assumed the motion to be continuous whereas when an obstacle 
with sharp edges hinders the flow of a scream there is actually a 
region of ‘dead water’ behind the obstacle, which region is 
separated from the rest of the stream by a well-defined surface 
composed of stream lines, over this surface the pressure is constant 
and there is a discontinuity in the tangential velocity or a jump 
in its value as we cross the surfacef. 

* ‘ On some applications of oon]agate fnnotions,’ Proc. L. ii. S. 18S1 

t This idea of disoontinnity was enunciated by Stokes, ' On the Critical Yalnes 
of the Bums of Periodic Senes,’ Tram. Comb. Phtl. Soc. viu. or Hath, and Pkyx. 
Papert, i. p. 310, os a possible explanation, on the hypothesis of the existence of a 
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119. We propose to consider, in this Chapter, some cases of 
this kind of two-dimensional motion, such as the flow of liquid 
through an aperture, and the impact of a stream on a plane 
lamina. Such problems have recently acquired a new interest 
because of their relation to Aerodynamics. The earliest solutions 
of problems of this nature were by Helmholtz*, and Kirchhofff 
who developed a general method of treatment applicable to 
cases in which the fixed boundaries are rectilinear, and where 
there may also be surfaces of constant pressure which may 
be free surfaces of the liquid or surfaces separating a portion of 
liquid at rest from the remainder of the liquid. The given fixed 
boundaries are portions of stream lines, the other boundaries 
may be regarded as free stream lines and the solution of the 
problem will determine their form and position. Along the fixed 
boundaries the direction of the velocity is known but not its 
magnitude, and along the free stream lines, the pressure being 
constant, the velocity is constant in magnitude though its direction 
is not known 


120. In any particular case it is our object to find a suitable 
relation between w and it, i.e to express ^ and ^ in terms of x 
and y. When we have found the equation of the stream lines, 
•^=5 const, it will of course include the equations of the fixed 
boundaries 


For this purpose KirchhofiT introduced the intermediate function 




dz _u-\-iv 
dw~ 5* ’ 


(Art. 56) 


= e**lq, 

where 6 is the inclination to the o^-axis of the velocity g; so that 0 
is constant along a fixed boundary and q is constant along a free 
stream line. Kirchhoff then shewed how, by conformal repre- 
sentation, to obtain a relation between w and this function {^, and 


perfect flmd. The idee has been adopted by many other writere, but Lord Kelvin 
was etrongly opposed to it and wonld only admit it in the ease of free surfaces such 
ae the enrfaoe of a jet of liquid, insietmg on the alternative existence of a region of 
negative pressure with the coneequenoe that the fluid separates itself from contact 
with the solid. See Nature, l. 1884, pp 524, .549, 573, 597, or Math, and Phyt. 
Paper*, it. p. 216. One of the objections of Lord Kelvin hae been met by M. Brilloniii 
in Ann ehmie et phyt. (8), 22, (1911), pp. 488-40. 

* * Ueber diecontinnirliche Flussigkeitebewegnngen ,’ Berlm, Mctia tiberielUe, 1868. 

t Orelle, 1869. See also Meehanik, Chape, zzi, zzii. 
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the elimination of (^between this relation and dzjdw ~ — gives on 
integration a relation between w and z. 

121. In oar two-dimensional problem we have a certain region 
on the z plane bounded by stream lines, that is, lines for which yfr 
18 constant, so that the corresponding region on the w plane will 
be bounded by straight lines parallel to the <f> axis. The method 
that we shall use for obtaining the relation between w and z 
consists in making two intermediate transformations*. Thus con- 
sider the function 

ft = log {;■= log q~' -I- i 0 . 

Since the figure in the z plane is bounded by lines for which 
either d is constant or q is constant, and we may by suitable choice 
of units take unity to be the constant value of q along the free 
stream lines, hence if the z plane is conformally represented on 
the ft plane the fixed boundaries {0 =■ constant) on the z plane 
will correspond to lines parallel to the real axis on the ft plane, 
and the free stream lines (9= 1) on the z plane will correspond to 
portions of the imaginary axis on the ft plane. Thus the figure 
on the ft plane is rectangular and bounded by straight lines. 

We next make use of a theorem due to Schwaraf and ChnstotfelJ 
by which a rectilinear polygon in one plane can be transformed 
into the real axis in another plane, which we will call the t plane. 
This theorem enables us to determine the relations between ft and t 
and between w and t that will transform our figures in both the 
ft and w planes into the real axis in the t plane, so that points 
that ought to correspond in the ft and w planes both correspond 
to the same point on the real axis in the t plane. The elimination 
of t then gives w in terms of ft or log (— dzjdw) and hence we get 
the required relation between w and z, though it is sometimes 
more convenient to retain t as a variable parameter. 


122. Theorem of Schwarz and Chrietollhl. 

If z = x-\-iy and t = ^ + iit then any polygon bounded by 
straight lines in the z plane can be transformed into the axis of {, 

* See Love, ‘ On the Theoiy of DiMontinuonR Fluid motions in two dimensions,’ 
Proe. Vamb. PM. Soc. vn. p 176. 

t * Ueber eini(;e AbbildnngMufgsben,’ CreUe, 70, p 106, 1869. 
t ' Snl problems delle tempentoie stNionare,’ Annah dt liatmatwa, i. p. 89, 
1867. 
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points inside the polygon corresponding to points on one side of 
the axis of ^ ; and the relation that effects this transformation is 

dz . — -1 — -1 

where a,, a, ... On are the internal angles of the polygon in the 
z plane, and ft ... fn are the points on the axis of ^ that oone- 
spond to the angular points of the polygon in the z plane. 

To verify this, we observe that dz/dt is never zero or infinite 
except at the points f,, ... fn on the real axis of f. Also if 

dz/dt » Ref*, where R is real, the argument 0 remains unchanged 
so long as t is real and does not pass through any of the values 
fii ^9 • •• fni hence the argument of dz is constant so long as t lies 
between any two of the values {i, ft ... fn, and all points z which 
correspond to points between and say, on the axis of f, lie 
on a straight line in the z plane. 

Hence it appears that points on one side of the avis of { in the 
t plane correspond to points within a pplygon on the z plane and 
that the points f, ... correspond to the comers. 

Now consider the change in the argument of dz/dt as (, moving 
along the ^ axis, passes through the point It is clear that the 



Fig. SB. 


ly factor that will give nse to any change is (t — fr)' , and i 
Q make the passage by making the path near a semicircle 
lall radius e with centre at as in the figure. On this sen 
•cle t = ee**, so that 




and as the semicircle is described 0 changes from tt to zero, hence 
the argument of dz/dt increases by tt — a,. There is, therefore, a 
change of argument in the z plane amounting to ir — Or, so that 
the lines in the z plane corresponding to and make 

an angle ir — a^ with one another, and the internal angle of th^ 
polygon corresponding to the comer is Or. 

B.a. 


9 
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188. When we wish to tranaform a given polygon in the 
t plane into the axis of ( in the t plane, the values of a,, Ot An 
are known and as regards the values of fi, three of them 

may be chosen arbitrarily and the others then depend on the 
dimensions of the polygon. For in order to construct a polygon 
similar to a given polygon of n sides we must have n — 3 relations 
between the lengths of the sides. Any arbitrary distribution of 
the points fi, (n , provided they are taken in the proper order, 
will correspond to a polygon whose sides are in the right directions, 
but, if the polygon is to have definite shape, only three of the 
points fi, {a ... {n can be chosen arbitrarily. 

By consideration of the function 

it oan be shewn that if the point ^ > ao be taken to correspond 
with one comer of the polygon the corresponding factor in the 
expression for dt/dt is omitted*. 

184. As indicated in Art. 121 the cases with which we are 
concerned will be those in which the polygon is rectangular. For 

a rectangle and if the comers correspond to 

the points on the ^ axis we have 

^ A 

dt “ Vl(« - ft) it - f.) {t - f,) {t - W} • 

(i) If we take fi = -l, fi=*l, f, — « it is clear that two 
sides of the rectangle are infinite, so that we must also have 
= — ao , and the relation is, in this case, 

— A 
vU ~ Vf — 1 ' 

This gives s — A oosh~*i + and if we take ^*0, which only 
means moving the origin in the s plane, we have 

t s cosh tfA, 

and the following values correspond ; 

<=1, — 1, 00, - 00 ; r — 0, »VA, 90 , X +iVA. 

* See Fonjrth’e Tluory e/ Futtetioru, Art. 86S 
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The area in the t plane ia then a strip of breadth vA parallel to 
the real axis and extending from « = 0 to <e«b oo , 



Fi«. M. 

and the points in the two diagrams that correspond are indicated 
by like suffixes ; Xi, x„ x„ X4 corresponding tota> — oo, — 1, 1, oo. 

(ii) Another method of representing on the t axis the comers 
of the same strip of the x plane is to regard the strip as a triangle 
of zero angle in the direction x; — oo , we may then take any three 
points on the f axis in the t plane to correspond to the comers, 
say the points t - 1, a, 1, as shewn in fig. 86. 




Fig. 86 


The relation connecting x and t is then 
^ A 

which gives on integration 

X — === cosh-* 

V 1 — a* i “• o 

or x-f 7 co 8 h“*^^^ + B. 

t—a 


9—2 
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If we dioose the coastant B so that when — l we find 
then 1 makes t^ivG so that the width of the strip is 
vC, and <>Ba makes e^oo as it ought. 

(iii) As another case let us consider what sort of rectangle 
will correspond to the four points t = — », 0,0, co. The relation 
between t and e is 

0—B 

Considering t » , we have as corresponding values 

t K , 0, ao and s — ao + ivA, — ao + iirA (or — ao ), ao . 

So the rectangle in the s plane is a strip of width irA extending 
the whole length of the real axis. 



9 

»t 

•i 
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( 
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Fig. 89 . 

13B. We aball now apply the foregoiDg theory to some Examples, in 
every oaae aaeaniiog the vdooity to he unity along the hree stream hues, 
and neglecting aU external forces. 

Jet of liquid throngh a slit in a plaae haiziatr. 

We assume that the sides of the vessel containing the liquid are infinitely 
distant firom the dit compared to ite breadth. In the diagrams fixed 
boundaries and lines that correspond to them are indicated by thick linea, 
free etream hnes fay thin lines, and the arrows indicate the direction of flow. 
Bemembering that velocity ia in the direction in which velocity potential 
deoreasse ($'• we may place ^-•ao , - eo at oppoaito ends of the 

etreun. For convenlmoe we suppose the boundary etream lines to be ^•*0, 
^>Bw. The region on the w plane which is to oomepond to the given region 
on the s plane is therefore seen to be a strip of width w extending along and 
above the axis of d* firom to^=«. 

We have now to trsnsfrnrm the s plane on to the fi plane, where 
0>Blog id. In the s plane we taks the erigm at B', then finr the velocity 
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along A’B' we have tfeO and along AB -<r. Hence in the O plane the 
linea A'B', AB are d^O and — w, and the linee oorreeponding to the fine 
stream linee BC, B'C for whioh q=l are parte of the imaginary axia. 

^=e 
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lU 


[OBIP. VI 


Bifbiv lettering onr « end O diagrame it will be convenient to obooee 
pertiaalar points on the reel t aizia to oorreapoud to them, since as we sew in 
Art 1S3 three such points may be ohoaen erbitrenly. Thus we may take the 
edges of the slit B, B’ to ooirespond to 1 and let A correspond to 

The w diagram is then as indicated m fig. 38, where we may take 
the line BB' to be 0»O so that B is the origin in this diagram. 

The relation between w and t is as m Art 124 (iii) 

A ]ogt+B, 

and woOwheulB>l, so that B^O; 

also «7»tir when <=>—1. But log(-l)Kiir, . 

therefore A«>1, and wa^logt 


The diagram in the O plane has the point B' for origin, and the relation 
between O and ( is by Art 124 (t) 

O » (7 cosh *+D, 

and Q’=—iir when <=>1, so that 2)»— tV; 

also Oi-O when r— - 1. But oosh~> (- l}ietir, 

therefore OKOoeb~’/-iir, or <•— ooshQ. 


But 

hence we have 
or 

From which we deduce 


0»logf or log(-^), 
coeh log f =—<■=— «•) 


and the fact that f or ei*lq is infinite when and determines that 

the lower sign must be taken. 


Henoeweget ^«»«*+V«*’-l» 

and the integral of this is 

f»s*+V«*'-l -tan“‘ 1 — 1> 
ac^usting the constant so that a— 0 when w»a 

To find the equation of a free stream line, we have along the stream line B’C' 

so that —s measuring s from the origin B'. Hence on this stream line 
‘^■iir we have 

<■> —real part of w IS - real part of log r 
where / is real and lies between -1 and 0; also qpl so that 
»8sOsco8h~^(-iir or (=— cosfl 


where d varies from 0 to -Jw. 

Hence on the stream line B'C 

log(-- tec d). 
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But dsIdfmOMfi, 

since 0 gives the direction of the curve, therefore 

dx^^0d0, 

and ’ xa>l— coed, 

the constant being determined the consideration that when »><0. 


Similarly y— log (tan d+ seed) -sin d. 

Since the ultimate breadth of the jet when the free stream linee heooiiDe 
parallel is *, and this is attained when d=° - ^ , for which the value of x is 
unity, it follows that the breadth of the dit is ir+S and the coefficient of 
contraction ir/(ir -f S). 


12B. Borda's Xoatiipieee. 

We shall now consider the efflux of liquid through a pipe projecting into 
the containing vessel, being the case to which reference was made lu Art. 61. 
but restricted to two dimensions and assuming that the sides of the vessel are 
so far away as not to affect thofiroblem. 



Fig. 89 

We shall adopt so for as possible the same notation and lettering as in the 
last articla The boundary stream lines ABC, A'B'C are ■^^0 and 
so that the diagram in the w plane la the same as in the last case. If we 
take the same set of corresponding points on the real axis in the t plane as 
hefore. we have the same diagram in the t plane, and the relation between 
w and ( is still 

wnlogr. 

The diagram in the O plane is also the same ag hefme but now the line 
AB is d«BO and A'B' }a d— 9ir, so in the relation 

0-Cooeh->t+i> ' 
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wehave O»0 when <->1, bo that Z>»0; 

end QioStir when — 1, so that, since ooBh~*(- l)=t<r, 

we have C~2, and OaB2oo8h~*A 

With the ongin at B in the t plane (also in the w and Q planes) we get 
along the free etream hne BG, or 0, 

-*=^— W“l0g<, 
where t ranges from 1 to 0 and 

since 9 = 1 , td=Xl=2 ooBh~*r, so that (=cos^d, 
and s-logsec^d. 

Then <ie/<b=ooBd and cfy/(ii>>Bind 

give .v=sin*id-logaea|d and sin d) 

as the equations for the free stream line BC. 

f-aa r = -l /=0 /-I 

A' B' C’C B A 

tpiatie 


ff d = 2ir A ' 

r«= — 1 t=w 

CC' (=0 a plane 

(—1 t——oo 

i d=0 A 

Fig. 40. 


When the two free stream lines BC, B'C' ultimately become parallel the 
distance betwe-n them is ir, and the value of 6 being rr, we get so 

that the total rhstaiice between the walls AB, A'B' of the opening is 2ir and 
the coefficient of contraction is |. This is in agreement with Borda’s theoiy 
as stated in Art 61. 

127. Impact of a stream on a lamina. 

We shall suppose the width of the stream to be infinite compared to that 
of the lamina and the lamina to be fixed at nght angles to the stream. 

The stream hne which strikes the lamina at its middle point C 
divides there into th^ branches CAA’, CBB'. If we take ^=0 at C, the 
region on the z plane Occupied by liquid corresponds to the whole w plane 
regarded as bounded by the double line from the origin to - ® , ^=0. 
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126, i27] 

We may dearly obooae a transformation on to the t plane so that toe 
points A', A, 0, B, B' correspond to r»oc, 1, 0, -1, The relation 
between w and t is then 

—-At. 

dt 

for the interior angle of the « polygon is 8w. This gives 

_ . . * « a . ss. /1\ 


v)—iAfi, since is«>0 when t—0 





Pig. 41. 


To get the diagram on the O plane we have 8=0 along CB, and 6— — «■ 
along CA and along BB' and AA’. Hence the diagram must be as 
indicated and the relation between O and t is by Art. 124 (ii) 

B _ 

O— f?cosh~> 


or 
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But when (>■-1 the diagram shews that Q«0, therafora D^O; and 
when t— I, we have Q-* - tW ; but oosh~* (— therefbra O'* — 1. 

* Hence 0«« - cosh-* ( - 1/<) or j— - cosh O (8), 


Qsilog;; therefore t> 


We have now to determine the constant A in equation (1), and its value 
must depend on the width of the lamina. 

Along the stream hne CB, since 6^0 therefore and 


which gives 


-iWl-f 


We take the positive sign m order to make when (»0, for the velocity 
must be sero at the point C where the stream hne breaks into two branches. 

Again, along CB, since ^^0 therefore and, the velocity 

being wholly along the « axis, 

— q’^<>^[dx=Atdtfdx. 


Therefore 


1-vr^ 


;==. 

i-yi-t* 

If I is the width of the lamina, this gives 


’ Jo 


and by writing t^sin^ we find 


Jf— -A (1+Jir), BO that A«> 


Relations (3) and (4) contain the solution of the problem. 

To find the Cartesian equation of the stream line BB' we have 
so that 

»d»=0«e — oosh-‘(-l/*), or oosd— -l/t. 


Also so that 

Again -1, 

therefore 

ir+4 

measnring • from B where ^-*0, is the intnnsic equation. 


therefore 
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Then dxmooaSdt^iliec6taa0d$l{w+A\ 

80 that, taking tha origin at C, 


and 

whence 



<^Bssin d<b»22 seed tan* ddd/(ir +4), 
{seo d tan — l(?g(seo +tan tf)}. 


128. The same problem with obllane impact. 

We may proceed in the same way, but the stream line that divides la 
not in this case the oue that strikes the barrier at its middle point. 

We get a eimilar set of diagrams (see next page) wherein, in this case, 
the points A\ A, C, B, B' correspond to t= ao , 1, a, — 1, — oo , and the relation 
between w and t is 

^=A(t-o), 

or w—iA(t-o)* (IX 

since w^O when t=a. 

Also for the relation between Sk and t we have by Art. 134 (ii) 

da _ G 

at “ 1 

or a=>Ccosh“*-; 

t ^ a> 

But when <1^-1, the diagram shews that QbO, therefore DmsQ; and 


when tKl we have a=»-iir j but coBh~*(-l) = iir, therefore (7= - 1. 

* ot— 1 

Hence 0 =-co 8 h~* , - ~ , 

t-» 

or ^=006hO=|(f+f->) ( 2 ). 

• “ C* 


Also, if the stream makes an acutesmglec with the barrier, the final direction 
of AA' and BB' is given by — (w— a) when t=to. Hence 

t(»r-o)=co8h”*o, or Ok— cosa 
Therefore (3) may be written, 

tOOBa+l 


/+cos« 

On the barrier from A to f7 

0^-w and f = - l/y, 
and from CtoB and 

therefore t±l. 


, (coea+1 

■± Trz:rr-> 


.(3). 


r+cosa 

the upper or lower sigo aoeording as t lies between 1 and —cos a or between 
— ooeaand ->1. 
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This ihAIem 


?= ± 


( 008 a+l->BiuaN/l -t* 


t+ooaa ’ 

the signs being a4)iisted so that q shall not become infinite when t^-coBa. 



~oo 


<«-l 

Iwa 

1-1 l-a> 

B' 



c 

• 

A A' 

(plant 



P 

e=o 

O 


B'A' 

<«oo 

< = 1 

Q plant 

/=a 


t 

\ 

$am — JT 

Pig. 42. 

— B 


Also along the bsmer 

and (l-o)*, 

so that ((_«)*. 

the upper or lower sign according as we are on CB or CA, since these are the 
directions of q. 

Af., looso+l-sino^f'l-^* 

Hence A(«+coBa)3-= , 

ax t-hoosa ’ 


and 


— A(tcosa+l+sina — dt. 
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Integrating tbia and taking the origin at the middle point of AB ao that 
ta>l, tK ■.! give equal and oppoaite valuea for », we obtain 

X’m l)ooea+S<+aina{<^/l- (^+rin~><)} (4). 

If we put (s — 1 we get half the width I of the barrier, ao that 

(4-(-ir8ina) (6). 

Hence t«3 2((+aooaa)*/(4 + irBina). 

If in (4) we put — coa a we get for the diatanoe from the middle of the 
barrier to the point where the atream divided 

008 o ( I + sin* a) + 

= |soo8a(l+ain'a)-(- sin a 1 2/(4+ wain a) (6). 

Taking we get on the free atream lines plf>=C-^; and this 
gives the preasure of the ‘dead water' behind the lamina. Therefore the 
difihrenoe of the preeaurea on oppoaite aides of the lamina at any point ia 

p'w*p(l-£*). 

The resultant thrust on the lamina is therefore 

rV 

But j«s> ±((coBa+l-einoVl-t*)/(<+ooeo), 

therefore ±((ooeo+l+BnoVl-t*)/(t+co8o), 

and qd»^^A(t+ooaa)dty 

therefore the thrust 


= -paJ ain a'Jl-fdt 
=\irpA sin a 


_ wpfsina 
“4+ir aino 


For the distance of the centre of preasure from the end A, we have that 
the moment of the pressure about the centre 


j xpfcbe=^j x{l — ^)dx. 


To reduce this integral we notice that it ia the aame as (7) if we introduce 
the expression (6) as a factor, then the substitution tssin ^ enables us to 
evaluate the integral at cmoe giving as the result ^rpA* sin a ooa a. Bat 
the whole pressure is ivpA sin a, thwefore we have for the coordinate of tiie 
centre of pressure 

^ » j » 1 ooa a 

A=fAcoso=sf r— (9), 

“ *4+irsma ' 

on the upstream side of the middle point. 
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Thu ptoUem wu ditouwed at length I7 Lord Rayleigh aa the oaae of an 
dkmgated blade held rertically in a horieontal stream. He obtained leenlts 
(8) and (9) by Kirchhoff’s method and gave tables for their values*. 

129. A variety of oases have been vorked out by Hitohellt, Love L Green- 
lull§ and other writersH, the method has been extended by HopkinsonT to 
include the case of sources and vortices in the liquid, and important applioa* 
tions of conformal transformation to curved boundaries have been developed 
by Leathern** by the introduction of curve factors into Schwarrian trans- 
formations. 


We shall conclude this Chapter with the solution of another example. 

A finite stream impingu on an infinite etraight barrier, tAe motion being in 
tvBO dimensions, and the bonudariee of the stream being outves of oomtant 
odooUg. Determine the relation betmen the v plane, and the Q or { plane. 

If the undisturbed stream make an angle ^ir— a mtk the barrier, shen that 
the perpendicular drawn from the point on the barrier where the stream divides 
to the cujftnpUAe of the stream line through that point is to the breadth of (As 
undisturbed stream as 

a 008*0+ sin a cos a log (2 cos a) + 2 cos a tanh~‘ • v* 

Shew that the resultant pressures on the two parts of the barrier separated bg 
this point are in the ratio tr + 2a : ir - 2a, (M.T. n. 1910 ) 

Let us suppose that the free stream lines are ^=>0, and let ^>b| 9 be 
the stream line that divides, and let us take its point of impact with the 
barrier to be the origin in the t plane, the barrier being the real axia 

The diagram in the w plane consists of the lines ^ » o’ and a part of 

the line ir=(i taken twice. 

If we take the points A,B C,Dto correspond to the points co , 1, - 1, - « 
on the real axis of t and call the point 0 t=a, the polygon in the w plane has 
aero angles at ~ 1, 1 and on angle 2rr at a, so that the relation between to 
and t is 

A(t^) . 

dt ((-i)(r+i) 


or 


d« d<l-o) da+a) 
dt “ 2(«-l) 8(t+l) 


In the w plane, we see that w increases by t|3 as ( decreases through 1 ; and 
by integrating the lost relation round a small semicircle in the t plane with 
the point 1 os centre, as explained in Art. 122, we get another expression for 


* Phil. Mag. ii. p. 480, 1876, or Set, Papeis, i. p, 886 
f ' Ou the Theory of Free Btream-Linee,’ Phil. Trans. A. 1800. 

$ Los. eit. p. 128. { Eneye. Bnt. Art. Bydromeekames. 

II For a full bibliogFaphy of the snbject see Love, Eneye, des 8e. Math. iv. 18, 
pp. 118—128 where an account is given of the recent work of T. Levi-Oirita, 
M. Bnllooin, H. Villat, U, Oisotti and other writers. 

f ' Siacontinaoua Motion involving sonroes and vortiees,’ Pros. L.M.S. 1898. 

*• Phtl. Trans. B. S. Senes A, Vol. 816, pp. 489—487, 19i6, and PHI. Mag. 
XXXI. pp. 190—197, 1916. 
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the value of the inoranent in w aa t deoreaaea through the value 1. Hence 



Fig. 48. 

Therefore (1 - « ) ir (3). 

Similarly by conaidenng the increment in ir aa t decreases through the value 
— 1, we get 

. A(l+o) . 

»(«r-3)= 'j- .tw. 
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(*)■ 


.( 6 ) 


Therefote *-fi=iA(l+a)ir .... 

Whence \n get from (3) and (4), 

/3=iir(l-a), and A = l, 
so that (1) may now be vntten 

dv t—a 

3< “ r»-i 

Again, for the O plane, we have that 

along 0J3, and d - ir along OC; 

while Aff, GD are tree stream lines for which ;>ol, and therefore coirespond 
to parts of the imaginary axis. 

From the figure we see that the relation between Q and i is 

£' 
dt 


or on integration 


But 

and 


Hence 
This gives 


and 


0-Bco8h-i^:ii+C 

0=0 when (=1, therefore 0=Btir+C^; 

Q = - tir when t - 1, therefore - tir (7. 

at— 1 . _ 1 / d» . <fw\ 

_=-COSha = ^gj^+^j. 

dt at-itvr^«vrn* 

3w t—a 

dw^ at-\-^ 
dt " t—a 


.(e), 


The sign of the radical can be settled by special considerations, thus at 0 
in the s plane, where the stream line divides, t=a and the velocity is sero, 
therefore we must take the + sign in dwjdt and the - sign in dtjdw along 
BOC. 

Again on the stream line AB or ^=0 we assume that ;=l so that 
dt 

- j-=cosd+»Bind, 
dvj ’ 

where 0 is the angle that the direction of the velocity makes with Ox. How 
when f=K we have 

dt 


^=a±4Vl-o«, 
flfw 

and by hypothesis for this value of t, d = — ^^ + , 

therefore 8ina+»cosa=a±iVi -o*, 

whence we conclude that a=Bina and the + sign must be taken before the 
radical, so that on the stream line ^=0 we must write 

dt at-^l+t'Vl— 


t-a 


(7). 
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Hence \re have, along BOG, «1 and 

dz _ at— 1 — Vl — a* V l —J^ 

7t~ t*-l 

and along AB, t > 1 and 

eb at-l+»Vl — o*Vt*-l 

2 


.( 8 ), 

.( 9 ). 


By integrating (8), and remembering that *=0 when t=o, we get 
along- OB 

*•=4- (1 + 0 ) log i (1 — o) log ? — \/l - o* (8in“> t - sin"* a) ...(10). 

It® 1 


Similarly by uitegrating (9) we get along AB 

*=B+J(l+a)log(t+l)4-i(o-l)l<^(t-l)-f»Vl-«*lo!8(<+v'<*-l) 

. (11;. 

To determine the constant D we have the fact that in the neighbourhood 
of the point t»l from (8) or (9) the principal part of 

dz a — 1 

5t“2(rT)’ 

and, putting t - and int^^ting round a small semicircle at the point 

1, we get, for the increment in 2 as r increases through the value 1 
J(o— 1) —in, or — ^tir(o— 1) 

Hence if in (10) we put 1 - < and m (11) we put t^\+i and then make 
« tend to zero, the latter value of 2 must exceed the former by— ^iir (a — 1). 

Therefore 

/)+i(l+a)log2+i(a-l)log€ 

- + i ( 1 + a) log i ( I - a) log - sin - > - i t (o - 1 ), 

or D=^ '”8 ( 1 - 0 *)+ i/l-a* ^^-sin"* o^ -|iV (a- 1) 

Substituting this value in (11) we get for the equations of the stream 
line ^—0 

log - Ja log (1 - a*) + Vl -o* - sin -» o^ 

+ J (1 +a) log (t+ l)+i (o - 1) log(t - 1), 
y —in- (1 - o) + Vl-a* log (<+ V**-!). 


To get the asymptote to this stream line, when ( is laige, we may put t for 
(+1 and t— 1 and write 


- i* log (1 - «*)-fVl-«* o^ +a log t, 

yo|ir(l-a)+Vl-a*(loga+log(). 


a. H. 


10 
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On eliminating ( wo get os the equation of the asymptote 
y -iir (1 - o) + Vl - o* log 2 

+ — {*+ilog J-^+iolog(l -a*)-Vl-«*^|-8in-‘a^|-, 


If the asymptotes to meet the x axis m M, S we get Olf as 

the value of x when y^sQ in the last equation, and, substituting sin o for a, 
this gives 

A'0=2tanh'‘ ^tan|^+8in a log (2 cos a) - cos o ^ tan a (sin a- 1 ). 

But see a ; and the required ratio being MO cos o^ir we have for its 

value 

acos’a + sinaco8alog(2oo8a)+Scosatanh~‘^tan|^ ; ir, 
since Jir(l— o) 


Por the pressure on the lamina we take, as in Art 128, the expression* 

ip J(1 -?•)*, 


which 18 the same as 


where along BOC 


~ a* Vl 

dz t—a 


Substituting for ^ and ^ tbe integral reduces to 

or 2^1 -a* sin" t 

The prossures on CO, OB are the values of this integral between the limits 
( — 1 and sin a) and (sin a and 1 ), so that they are in tbe ratio n- + 2a n- — 2a. 

We have given the working of this example in all its details as questions 
of this kind often present analytical difhculties to inexperienced students 


EXAMPLES 

1. The irrotatioual motion in two dimensions of a fluid Ixmndod by the 
lines y°»0, y~ii is due to a doublet of strength /i at tbe origin, the axis of 
the doublet being in the jiositive direction of the axis of x Prove that the 
motion 18 given by 

coth {x+iy). 

Sketch the stream hues, and shew that those points where the fluid is 
moving xiorallel to the axis of y he on the curve 

cosh {w#/6)— sec (iry/6) (Trinity Coll 1904 ) 

* This IS really the difference of the pressures on opposite sides of the lamina, 
on the hypothesis that there is a pressure on the side opposite to the stream equal 
to the pressure on the free stream lines. 
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i. Use the transformation to find the stream hues of the motion 

in two dimensions duo to a source midway between two infinite parallel 
boundaries. [Assume the liquid drawn off equally by sinks at the ends of 
the region.] If the pressure tends to aero at the ends of the streams, prove 
that the planes aro pressed apart with a force which varies inversely as 
their distance from eaoh other. (M.T. IL 1911.) 

3. A source is placed midway between two planes whose distance from 
one another is ia. Find the equation of the stream lines when the motion is 
in two dimensions , and shew that those particles which at an infimte distance, 
are distant from one of the boundaries, issued from the source in a direction 
making an angle ir/4 with it. 

4 . Fluid motion is taking place in the part of the plane bounded 1^ 
the real axis and the linos x=^+a and —a, which is due to a source 
at one comer and a sink at the other comer of the stnp, each of strength m ; 
shew that the motion is given by 

XU** 1 v* 

tanh 7 — = tan 7 - , 

4m 4a 

and that the equation of the stream bne which leaves the source at the angle 
•r/4 to the sides is 

cos = 8 inh 5 -?'. (Trinity CoU. 1907.) 

jSd aCK 


6 Prove that by proper adjustment of the constants (a, 13, y, ft) the 
assumption 

«=aw+/Se’* + ft, (X=x4-ty, w*-4+*V')i 

may be made to give the solution for the two-dimensional motion of a liquid 
in a straight pipe of breadth 6, and sides y» ±^6, extending from 4 ; - 00 to 

x=0, the velocity in the pipe at x= - oo being T', and the pipe opemng into 
an otherwise un^mnded liquid at rest at infinity. Find the values of these 
constants, assuming that at the point (0, ib) the value of 0 is 

(Trinity Coll. 1903.) 


6. Provo in any manner that the velocity potential and stream function 
of the two-dimensional motion between the walls y=0, y>Bir, due tq a source 
of strength m at («,, y,) and an equal sink at (x„ yo), are given by 




M. Ina r (* + *y) - (*o + *yi))} V) - JBxp (xt - tya)} ~l 

® L{Exp (a: -Hy) - Exp («, + iy,)} {Exp (a: -f- ^y) - Exp (ar, - ly,)} J ' 

(St John’s ColL) 


7 Determine the nature of the fluid motion 111 the space bounded by 
y»0, ir(4?'+y*)-ay:=0, 

which IS given by ^4-i'^=:coth(ar4-*y)~^ (11.T. 1894.) 

id— 9 
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8 . In the ease of uniplanar e£9ux from a large Teasel with two plane 
udea at right angles and an aperture in the comer equally inclined to the two 
Bides, shew that the coefficient of contraction is 

* »r+2V2-2log,(l + \/2)’ 

or -737 (M.T, 19-19) 

9 A doublet of strength p is placed within a square of side a containing 
fluid, the axis of the doublet lying along a diagonal at the centre. The origin 
of coordinates being taken at an end of the other diagonal and the sides of 
the square as axes,' verify that 

satisfies the conditions of the problem. The modulus of the elliptic function 
18 sin ir/4, also cn ^ (A+ (Trinity Coll. 1898.) 

10 Prove that for hquid circulating irrotationally under no external 
forces in the part' of the plane between two non-mtersectmg circles, the 
pressure on either of the circles is irpcVc, where 8c is the distanoe between 
the limiting points of the circles, and Swk the cyclic constant of the motion. 

(Trinity Coll. 1898.) 

11. Shew that the transformations 

where z^x+^, give the velocity potential and the stream 

function yr for the flow of a straight nver of breadth a running with velocity 
V at right angles to the straight shore of an otherwise unhmited sheet of 
water, into which it flows, the motion being 'treated as two-dimensional. 
Shew that the real axis in the (-plane corresponds to the whole boundary 
of the liquid. (Univ. of London, 1910.) 

12. What problem is solved by the transformation 

(^+«y) 1_ 

~ dt (-oVf-V ’ 

0-biyf-l<^((-a), 

where a* and y are the Cartesian coordinates of a point and ^ and ^ the 
potential and current function respectively ? (M.T. 1891.) 

13. The sides of a vessel are two planes which extend to infinity in one 
direction. The straight lines in the section, made by a plane perpendicular to 
the sides, are inclined at an angle w/n ; and they are symmetrically situated 
with respect to the line joining those extremities that he in the finite part of 
the plane of section Fluid escapes from the orifice, the motion being parallel 
to the plane of section. Shew that the coefficient of contraction is 

W 

l/l+—f sin -cot 0(19. 

/ irj 9 n 
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In the oaae Irhete waaS, ahew that the ooordinatw of any point in the free 
stream line may be expreeeed ae 

*-.2tanh-‘(H-s-**)*+2tanh-«(l-s~*^*-S{(l+«-**)*+(l -«-*•)*}, 

y-ir+2{(l+s“»^*-(l-s-**)*}-2tanh-»(l+s"**)*+2tanh->(l-«"**)* 

where the middle stream line la the axu of x, the distance* along the free 
stream line from the edge of the noule is $, and the scale of measurement is 
so chosen that the final breadth of the stream is 2*. (M.T. il 1695.) 

14. Interpret the real and imaginazy parts of the function 
log (<fr/<fw)aa 
If 

shew that 

Shew that the assumption w— cosh 20 gives the solution of a problem ot 
meeting streams, and that the free stream lines make up a four-ouqied 
hypocycloid. (M.T. u. 1896.) 

16. Liquid moving in the plane (x, y) escapes from an opening between 
two fixed boundanes given by y— 0, «<0, and y^A, x>b, the part of the 
plane for which y is greater than its value on the fixed boundaries being com* 
pletely filled with liquid which is at rest at infinite distances. Find the 
equations of the free stream lines, and prove that the ultimate direction of 
the jet makes with the axis of x an angle a given by the equation 

2 =^tana + - secaH*— log(tan^a). 

(M.T. IL 1897.) 


16. The fixed boundanes of a liquid moving in two dimensions are given 
byyBiOfromxB -ootoxsOand frum«a>a to x=ac, together with ysiftfirom 
— CO tox -— 00 ; prove that if c denote the ultimate breadth of the jet escaping 
through the opening in y<=0 from x<=0 to x=a, c is given by the relation 


o=c+- 

*■ 



26 +c 

2J^’ 


and shew that if a— 6 the ratio of contraction is approximately 4/7. 

(M.T. II. 1900.) 


17. Discuss the case of a single source on one side of an obstructing hne 
of finite length, when the perpendicular from the source to the hne bisects 
the line, and prove that when the plane of motion bounded by the obstructing 
line and the free stream lines is conformally represented in the portion of the 
plane of an auxiliary variable ( which is above the real axis, the functions w 
and Q are given by equations of the forms 

dw Sint da f2rV(l+fi*) 1) 1 

dt~\ ‘rjV(l-<*)‘ 

Also shew how to obtain equations connecting the length of the obstructing 
line, the distance of the source fixim it, the strength of the source, and the 
velocity along the free stream lines. (M.T. u. 1901.) 
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18. Prove that the formula 

rfir"* tt— a ■ tt+o ’ 

where repreaento (in two dimensiomi) the efflux of liquid by a Borda's 
mouthpiece (inifard pointing tube) from the base of a cybndrical vessel, the 
vessel and the tube being coaxial, and the aperture of the tube at a distance 
from the base. 

Prove that the coefficient of contraction is equal to 

where u is the ratio of the breadth of the vessel to that of the tube 

Venfy this result from brst principles. (M.T. ii. 190:! ) 

19. Shew that, with the usual notation, the substitution 

w- d log * 5 + Slog (*3 + X), 
where d, JB, X are appropriate constants and 

rj-: {cosh (log f)}», 

gives the flow from a rectangular vrasel with two infinite lurallel sides and an 
aperture midway in the third side. 

Deduce from this the solution for the two cases (1) flow past a fixed 
obstacle set perpendicular to an infinite stream, (2) flow through an aperture 
in an infinite plane waH. (M.T ii. 1906 ) 

20 Exemplify the treatment of problems in discontinuous two'dimensional 
liquid motion by investigating the case of a stream whose breadth and velocity 
at infinity are a and I' respectively, whoso course is disturbed by a syin- 
metncally placed transverse straight barrier of length b Shew that the foi-ce 
necessaiy to keep the barrier in position is 

pa !'*(! -sill a), 

whore b,'a =• 1 — sin a cos a log (cot* Jo). ^M.T. ii 1905 ) 


21. If a stream of infinite width is obstructed by a lamina with an 
elevated nm placed transversely, shew that the mean pressure on the 
lamina is 


4 + ir 


fl+4ir+2»r* 
. (4+w)'* 



where V is the velocity on the free stream lines, and t is the ratio of the 
height of the rim to the breadth of the lamina, and higher ixivvers of r 
are neglected. (Love.) 


22. Water escapes, under pressure, fi-oiu the plane wall of a vessel, by 
means of a large iiuiiiber of iiai'uliel, equal, and equidistant slits. The 
breadth of each slit is a, and the distance lietwcon the ceiitros of coiist'cutivc 
slits is 6, Prove that the final breadth e of each issuing jet is given by 
the eiiuatiun 




Calculate the mean pressure on the wall, 
of the issuing jets. 


having given the velocity r 
(.M T u. 1907.) 
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IRROTATIONAL MOTION IN THREE DIMENSIONS 


130. It is our purpose now to consider certain special forms 
of solution of the equation 

^ ^ ^ 

0a? ay* • 

We do not propose to enter into a general discussion of spherical 
and other harmonics such as may be found in many text-books on 
pure and applied mathematics, and we shall only have occasion to 
iissume an elementary knowledge of these functidna 


131 Motion of a sphere through a liquid at rest at 
infinity. 


If the centre of the sphere be moving along a straight line 
with velocity V, the motion of the liquid will be symmetrical 
about this line, and Laplace’s equation takes the form* 


I 

dr 



sin 8d6 



(!)• 


A solution of this equation is known to be 

where P„ is Legendre’s coefficient of order n. 


( 2 ), 


* This may be obtained directly by considering the flow of liquid across the faces 
of the polar element of volume H sin 6 dr tU du The gain of liquid in the element 
due to the flow in the direction of r is 

I- (If 

and the gain doe to the flow in the direction perpendicular to r is 

But the total gain in the element is zero, 

therefore If ('” If) + (“" * 15 ) =® 
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In our special problem if we suppose the centre of the sphere 
to be passing through the origm we have to satisfy boundary 
conditions 

— ^ = normal velocity =» Fcos ^ (3), 

when r is equal to a, the radius of the sphere; and 

— ^ 0, at infinity (4). 

From (4) it is clear that the solution for ^ jcannot contain 
positive powers of r, and (3) suggests that we shall take* 

^ = ^COB^ (6) 

as the particular form of (2) to suit our conditions, since Pi — aoaff. 
Substituting from (5) in (8) we find that 
2B 

—rCOa6=VcO6 0, 

a* 

for all values of ff, so that Va*. 

Hence the velocity potential is given by 
^ J Va*7^ cos 0. 

To find the lines of flow, at the instant the centre of the sphere 
is passing through the origin, we have 

dr _ rd0 
d^ldr~m^0’ 

or 

cos 0 ^ sin d ’ 

so that the equation of the lines of flow is 

r=Csxii?0. 


* The student who is unaoqnunted with the propertiee of Legendre’s ooeffioients 
may proceed thus. The condition (8) suggests that we should try to find a 
o77l) of the form 0=/ (r) oos 9. We get on substitution 


8 

8? 



8 /= 0 , 


o,_o 


of which the solution is tzzAr-i-— 

r* 

On account of condition (4) we reject the solution, ifr and proceed as above with 

0=Br“*eos8. 



MOnON OF A SPHEBB 


158 


131-133] 


132, Liquid itreaming pact a fixed cphere. 

If we suppose the sphere to be fixed aud the liquid to have a 
general velocity V, we can obtain the velocity potential from the 
last case considered by superposing a velocity — F on the sphere 
and the liquid. This adds a term Vx, or Vr cos ff, to the velocity 
potential, so that now 

0= Fr cos d + |Fa*r“*’cosft 
For the stream lines we have 


or 

therefore 


dr 


rdff 


r*-a* r \r*-o* rj 


sm*d> 


Cr 


n* * 


This equation gives, for either this problem or the last, the lines 
of fiow relative to the sphere. 


133. Equations of motion of a sphere. 

Reverting to the case of a sphere movmg in a liquid at rest at 
infinity, we have to calculate the forces acting on the sphere owing 
to the presence of the liquid If the extraneous forces have a 
potential fl and act on the sphere and the liquid alike, their 
resultant effect is, from Hydfostatical considerations, a force equal 
to the difference between the forces exerted on the sphere and the 
liquid displaced , i.e. if a-, p are the densities of the sphere and the 
liquid, the resultant extraneous force is {a — p)fa- times what it 
would be if the liquid were not present Omitting the extraneous 
forces, the pressure is to be found from the equation 


P 

P 


+ ( 1 ). 


Now m the expression iFa*r“*cos $ the origin is at the centre 
of the sphere which moves with velocity V, whereas d^/Bt is the 
rate of increase of 0 at a fijied point of space. Hence (see Art. 98) 


dt 


,dV . - a Va* ^dr , Fo* ^dS 

t -n- a*r~*cos 5 r-^ cos 0 ^ “i “pr ^ ' 


dt 
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where in consequence of the motion of the centre of the sphere 




. d0 Vain 6 
and -j 2 — — . 

dt r 


Therefore 



k 


and + + 

The resultant force on the sphere in the direction of motion 
obtained by resolving the pressure on an annular element of 
aur&ce is then 

- ( cos ^ . 27ro* sin ^ 

Jo 

and on the surface of the sphere 

F{t )+ o cos ^ i (9 cos’ 0 — 5), 
so that the resultant force is 

w. 

where M' is the mass of liquid displaced by the sphere. 

Hence, if M denote the mass of the sphere, the equation of 
motion is 


dV , ff — p (extraneous force if no liquid were 

dt dt a piesent), 

dF_ ff — p (extraneous force if no liquid were 

dt ff present), 

that 18 



(extraneous force if no liquid were present). 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous forces in the ratio tr — pitr + ip. 
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Result (2) implies that if the sphere were to move with umform 
velocity, the resultant pressure set up by the motion or the resist- 
ance to motion would be zeror This is contrary to experience and 
it is to be noted in connection with this and other similar ano- 
malies that the analysis in this Chapter and the following is based 
on the hypothesis of the continuity of the liquid motion. The 
hypothesis of a surface of discontinuity, as in the last Chapter, 
separating from the rest of the liquid a region of ‘dead water’ 
behind the moving solid, would lead to a different result. Much 
has been wntten on this subject by continental writers* but the 
appropriate analysis for three-dimensional problems has yet to be 
investigated 

134 We notice that if the sphere be moving with uniform 
velocity V, and 11 denote the limiting value of the pressure at an 
infinitely great distance from the sphere, the pressure at any 
point on the surface is given by 

p = n — jjpF'(o — 9 cos* 6), 

so that the pressure will be negative at some points of the sphere 
unless n 

136. We may .iLso obtain result (2) of Art. 133 from the 
principle of energy. From Art 87 the kinetic energy of the 
liquid IS given by 

integrated over the sphere. So in this case 

T=^p f jaVcoaff.Vcosff. 27ra* sin 0 dd 
Jo 

= j7rpa>F> = Jilf'F‘. 

Therefore the effect of the liquid is to increase the inertia of 
the sphere by half the mass of liquid displaced. And if X denote 
the force parallel to the axis of x 

^ (^ilf K- + ^M'V") = rate at which work is being done 

* On tins subject the reader may consult pajiers by T, Levi-Civita in the Remit- 
eontt della R. Jeeademia dei Linen, Sene V, Vol. x. (1901), pp. 8 — ^9, and in the 
Rendienntt del Ctreolo Mateiuatieo di Ralermo, T. xxiii. (1906), pp. 1 — 37. Also a 
paper by U. Cisotti in the Atti della Societit italiana per il Progreieo della Seieiize, 
1013, which contains a fuU bibliography np to that date. See also Encyt 1. dee Sc. 
Math n. 18, the footnote on pp. 136, 137 ante; and Lamb's llydrodynamiee, p. 98. 
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80 that 
or 


dV 


-X, 

dt ' 


80 that the pressure of the liquid apart from any extraneous force 
acting on it, is equivalent to a force ^M'dVjdt opposing the 
motion. 


136. Sphere projected In a liquid under gravity. 

As an example let us suppose the extraneous force to be 
gravity. Since there is no horizontal component of extraneous 
force the horizontal velocity is constant, and as in Art. 133 the 
vertical motion is the same as if the sphere moved in vacuo and 
gravity were reduced in the ratio (r-~p:a- + ip. Consequently the 
centre of the sphere describes a parabola of latus rectum 

2tr + p U* 

<r-p g ' 

where V denotes the horizontal velocity. 


137. Ooncentrlc spheroa Initial motion. 

Let there be a sphere of radius a surrounded by a concentric 
sphere of radius b, the intervening space being filled with liquid. 
The methods that we have already used will enable us to determine 
the velocity potential of the initial motion when, say, a given 
velocity is imparted to either of the spheres, or a given impulse is 
applied to one of the spheres while the other is held fixed, or is 
free to move. 

Suppose the inner sphere receives a velocity V, the outer being 
fixed. 


The boundary conditions are 


and 


— ^=y COB 8 when r = a, 
or 

— ^ = 0 when r = 
dr 


Assume that ^ j cos 8, 

then we get - A + ^ = V, and - A -h ^ =0. 
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Hence 



cos 5. 


If if be the mass of the sphere and I the impulse necessary to 
produce the velocity V, we have 

cm6dS, 

where p=‘p^ denotes the impulmve pressure of the liquid. There- 
fore ' 

, 2wpo*(2(^* + 6*) F 

“ 3(6'-o*) • 

If now the radius h of the outer sphere is increased indefinitely, 
we get for the limitmg value of the impulse necessary to impart a 
velocity F to the inner sphere 

/ = ilfF + |wpo*F, 

or I={M + \M')V. 

Comparing this result with Art. 133 we see that the impulse 
necessaiy to produce the velocity F is the same whether we regard 
the liquid as extending to infinity and at rest there, or whether we 
suppose it to be enclosed by a fixed spherical envelope of infinite 
radiua 


If we calculate the impulsive pressure on the outer sphere, in 
like manner, we get 

27rpo’6*F/(6’ — a*), 

which tends to the finite limit 2trpa*F, as h tends to infinity. 

It can also be shewn by simple calculation that the total 
momentum of the liquid in the direction of the impulse is — ^pa*F, 
whatever be the radius of the outer sphere; and thus we have a' 
verification of the dynamical principle t]iat the impulse I is equal, 
in every case, to the total momentum in the same direction of the 
solid and the liquid, together with the impulsive pressure on the 
surrounding sphere. 


188. Stokes's Current Function. Motion symmetrical 
about an axis, the lines of motion being in planes passing 
through the axis. 

Let the axis of symmetry be the axis of x and let « (= + 

denote distance the axis. Let u, v denote components of 
velocity in the directions of x and «. 
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Then the equation of continuity may be got by equating to zero 
the How out of the annular space obtained by revolving a small 
rectangle dwda; round the axis. The total flow out parallel ^ a; is 


die 


(u2irvrdw)dx, and pamllcl to m, the total flow out is 


^ (v2irurdx) dm, 

09 


so by equating the sum to zero we get for the equation of con- 
tinuity 

^ (um) H- (tiw) = 0 

ox ow' 


This 18 however the condition that 
vmdx — uvrdvt 


may be an exact differential, and, if we denote this by d^, we get 

_ 1 3 ^ 1 dyfr 

” « dv ’ ^ u dx‘ 

This function ^|r is called Stokes’s Stream Function *. 

Since the stream lines are given by 
dx/u — dvr/v, 

or — wdw) = 0, 

that 18 by d^ = 0, it follows that the equation 

yjr = constant 

represents the stream lines. 

A property of Stokes’s stream function is that 2it times the 
difference of its values at two points in the same meridian plane 
IS equal to the flow across the annular surface obtained by the 
revolution round the axis of a curve joining the points. For if ds 
be an element of the curve and 6 its inclination to the axis, the 
flow outwards across the surface of revolution 

= J (v cos 6 — u sin 0 ) . 2’irmds 

= 27r ^ dyfr — 2rr (tfr, — y/ri). 


* See Stokes’s paper ‘On the Steady Motion of Incompressible Fluids,’ Trans. 
Camb Phil. Soe. vii. p. 439, or Math, and Phyi, Papers, t. p. IS 
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We might also define the value of Stokes’s stream function at 
any point P as l/2<n‘ of the amount of flow across a sur&ce got by 
revolving a curve AP round the axis, A being a fixed point in the 
meridian plane through P; for this makes 


1 

^=^1 (vcos^ — M8in^).27rw<i« 
■p 


-I 


(vvdx — uadv). 


And by varying the position of P, we get as before 

1 3^ , 1 3y/r 

w = and i; = — ^ . 

V our vr ox 

Also it is easily seen that the velocity from right to left in the 
sense indicated in Art. 39 across any arc da is dy^/wds. f 


139. When the motion is irrotational, we have the condition 

^ _Q 

oar 3w ’ — 


which leads to 


da? d‘ar- w dvr ' 


Also, assuming that m = — 3^/3® and t> = — dif>ldvr, we get from 
the equation of continuity 


3|^ ^ 13.^^ 

da? 3w’ w 3w 


.( 2 ). 


Equations (1) and (2) shew that ^ and are not interchange- 
able in the way that applied to the velocity potential and stieam 
function of two-diinensional irrotational motions. 

The corresponding equations m polar coordinates (r, 0) are 
frequently more useful than equations (1) and (2). If we take 
u, V to be the velocities in the directions of dr and rdO, then, since 
vT = r sin d and remembering that the velocity from right to left 
across da is 3^/«r3a, we get 

1 dyfr f f I I 


** r sin rd6 ’ 


and 


V = 


1 3^ 


r sin ^ 3r ■ 
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,Bat in irrotatiotial motion 

dS j dd) 


1 3^ d<f» . 1 djr^ d(t> 

r*Bm0 dB 3r sin^ 0r dB' 


1, 

f 1 dylr\ d>4> 


f 1 Syh] 

dB' 

^r*sin B dB) dBdr 

dr' 

Uin B dr J 


therefore 
Hence 

otf \ 

that 18 ^ ^ + sin ^ 1 II) = 0 r 

or, patting cos B*sft, 

«j __ 

dr* 





(8> 


,( 4 ). 


From the equation of continuity in polar coordinates, Art. 11 (1), 
we get the equation for <p, 



remembering that in this case ^ is a function of r and B only. 

The latter is of coarse a form of Laplace’s equation and has 
solutions of the forms 

r»P„(fi) and 
Again from (3) we have 

^ ~ + 1) (6), 


and 



180, 140] AmjoAnoNB 


1»1 


The last equation gives, on integration, as possible solutiona 
for 




n + 1 


3^ 

3/* 


or — 


n ’ 


it being ea^ to verify, by the help of Legendre’s equation, that 
these forms also satisfy equation (6). 


IM. AppUoatlons. Solids of ravolatloii movtaf ailoiis, 
their aaea In an Infinite mass of liquid. 

If U" is the velocity along the axis of a and ds an element of 
the meridian curve, the normal velocity at any point is 

— Udv/da or — Ud (r sin 0)/da ; 

and the normal velocity of the liquid in contact with the sur&ce 
IB dyftlvds OT d'^jr ain 6da. Therefore 

s — I7r sin dd (r sin ff), 

or — Jtfr* sin* + const (1), 

is the boundary conditioiL 

We also have that has to satisfy the equation 

+ = where^ = coS^, 

and we have seen that this equation has solutions of the types 


n+1 df* 


and 


nr" dfa 


The simplest case is that of a sphere of radius a. 
Taking n » 1, we have a solution of the form 

then at the boundary we must have 

A (1 - - - J Uo* (1 - tt») + C 

for all values of /it. This requires that 

C=«0 and A= — iV’a*. 


Therefore 

But we know that 




Cro*sin‘g 

r 


,.3^ 3^ , Va* . - 


(1-M*) 


3/* 3r 


a. a. 


11 
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Therefore 


trsE or sTOKBs’s STBBAM ruxcnov [ci^AP.Vn 
3u“* ’ 


4>=‘i — T- cos ff, as m Art. 181 

r* 


141. Example As a further exauiple we may take the follpwing — 
J tUid irhote external boundary u r*=a*ii=a*coe6 u moved alonn (Ae ctxii of 
X vith velocity U in an infinitely extended liquid Shew diat the motion eet up 
m the liquid t* given by the veloeity potential (P=} (3/i‘- 1) <7a*/r*.i 

j(MT 190«.) 

The form to be taken for the stream function here is 

^ where 

^ cp’ ’2 

Substituting in the boundary condition (1), Art. 140, we ha‘‘e that, when 

for all values of p. Therefore t''=0 and A 1 Ua^ 


80 that 




142. Values of Stokes’s Stream FuncUonf in 


(1) A simple source on the axis of x. 

Here, fi^nn Art. 45, we have 4> = »»/’’ » 

^ =— r‘^=m. 

Ofi dr 

Therefore' yfr = mp = m cos 0 or mx/r. 

(2) A dXhlet along the axis of x. 

Here, from Art. 46, we have <f> = M cos 6ji ^ , bn 


Therefore 




Msiv? 6 
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(3) A uniform line eouree along the axis. 

If m is the, strength per unit length and the source extends 
from 0 to A, we have, at any point P(f, rf), 


rOA 
J 0 


m cos d dx 


m(^ — x) da 


In JUf- 




= m {V(f* +»?*)- + ’?*)} 


-m(OP-AP). 



We might also obtain result (2) by differentiating result (1). 
Thus for a simple source a mai/r, therefore for a doublet 

, /I a:*\ Jlfoin*^ 

= — mdal . 

\r r*J r 

And result (1) might be obtained by considering the flow across a 
circular area whose centre is on the axis and plane perpendicular 
to the axis. By definition, taken from right to left, the flow is 
2mlr, and it is also m times the solid angle that the circle subtends 
at the source, so that having regard to sign 
27nfr — — 27rm (1 — cos ff), 
or omitting a constant, cos 6. 


148 A comparison of the stream functions or the velocity 


potentials due to the motion of 
a sphere with those produced 
by a doublet in an infin ite mass 
of liquid, shews that a sphere of 
radios a moving with velocity 
U produces the sa le effect as 
a doublet of strong h \Ua* at 
its centre We can now deduce 
the stream fines /or a sphere in 



Fig. 47. 

the presence of a dovMet. For 
11—2 



1«4 
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[OBAP.Tll 

if we t-*W» two doublets of streogthe M and Jf' at pcwts A, A! on 
tile »■'«*■ of ft with tbeir axes directed towards one i^other, we have 
, Jfain*d^lf'sin*d' 


Hence on the stream line <^■■0 

r* if r /Jf\* 

;a“F " ?"lFj 

This represents a sphere with regard to which A, A' are inverse 
points. This sphere may be taken as a solid boundary, and thus 
we get the stream lines due to a donblet in the presence of a solid 
sphere. The image is another donblet at the inverse point, such 
^t if 0 is the centre and a the radius of the sphere 


M fry 0^ o» 

o* “'Odf'*' 


(Of. Art. 63.) 


144. mipcoidal Bonndarlea. Motfon of liquid insldo 
a rotattnr elllpaoldal aholl. 

Let afija* + y*/^* + * 1 be the equation of the surface and 

•tb. t»g, t»t the components of the angular velocity, referred to axes 
fixed in space and coincident with the axes of the ellipsoid at the 
instant considered. 

The component linear velocities of a point {x, y, s) of the shell 
are s»y — yw*, — svs, y««— and the direction cosines of 
tiie normal are pxja*, py/i*, Hence if 0 be the velocity 

potential of the liquid motion the boundary condition is 

0 * 8 * 6 * 8 y (?de 

“ “ y**) + p “ *®») + p (y®» ~ ®®») • • *(1)' 

where a^/o* + y*/h*+*'/o ^'- 1 ( 2 ). 

To satisfy this assume 

0 s dyj + Bmx + Cxy, 

this dearly being a eolation of Jjaploce’s equation. 

The equation (1) then becomes 

+?) +*“( 5 + 5 )+ 

- (p - p) + “*. (I - 1) + “y-. .(5 - p) . 
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bom whicli we obtain the valvea of A, B, C, aind then* ' 

, a*-l^ 

( 8 )- 

Since this result depends only on the mutual ratios of a. 6 , o and 
not on their absolute magnitudes, it follows that the motion is 
the same in all ellipsoids of the same shape rotating with the 
same angular velocity. 

To find the paths of the particles relative to the ellipsoid. 
l<et ff, S) denote the coordinates of a particle P referred to the 
axes of the ellipsoid, then the velocities of P referred to axes fixed 
in space are | and similar expressions. 

Therefore 

# , <^-a* ^ , o*- 6 * 

f + fa,, = - _ a.^ + 

9-6*(a?-7f). 

2«a o _ 2 b»„ 


or 


.(4). 


where 


■6« + (S*' ^ c“ + a*’ '^“o* + fc*‘ 

Multiply equations (4) by a/a*,/8/i*, y/c*, add and integrate and 
we get 

af/o* + /Sij/ft* + yf/o* » const ( 6 ). 

Again multiply the same equation by (/a*, 17 /i*, S/(^, add and 
integrate and we get 

f>/o' + v*/b* + {*/c* - const ( 6 ). 

The path of the particle therefore lies on the plane (5) and the 
ellipsoid ( 6 ) so that it is an ellipse. 

Again, if we assume that equations (4) have solutions of the 
form 

f-PeW, 

we get by substitution and the elimination of P, Q, B 


2 o>( 


ijj/a*. - 7 , B 

y . »>/g*. -« 

-/ 9 , a , ipjc^ 


■ 0 , 


whence 


psahe 


K+^+t)* 


* This molt wm paUiah«d independentlj Iqr Bdtrsmi, BjerimM and Ifaxirdl 
in 1S78. Bae Hieki, ‘Beport on Booent Progfeis in HydtodTnamlOs,’ Bril. Am.* 
Rep. 1888, p. 56. 
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Hence eveiy particle of the liquid describes an ellipse relative 
to the ellipsoid, like a particle moving under a law of force vaiTing 
as the distance from a fixed point. And the periodic time for 
each particle is iir/p, where 


p» 2a6c 



We notice that for a sphere {a = b^c) 
p = (««* + ®y* + w/A 

that is, the period of revolution of the liquid relative to the 
spherical shell is the same as the period of revolution of the shell, 
which means that the liquid is left at rest in space, the shell 
revolvmg alone*. 


146. Motion of an ellipsoid In an Infinite mass of 
liquid. 

Before considering the problem it will be convenient to recall 
from the Theory of Attractions some solutions of laplace’s equation 
and formulae connected with the ellipsoid. 

If **/o* + y*/!** + = 1 IS the equation of the boundary of a 

solid homogeneous ellipsoid of umt density, its potential at an 
external point {x, y, z) is 

V- traho fl - ^ \ _ 

Jk\ o* + « + « c> + «/ (a* + w)^ (6* + «)i (c* + «)i 

( 1 ), 

where X is the positive root of the equation 


o» + X^6’ + X'’' 


o’ + X 


-1 = 0 . . . 


We may write this 


where 

and 


F = IT (5 — a®* — /9y* — ys*) 

A = (o’ + tt)^ (6* + tt)^ (c’ + «)i. 


,( 2 ). 

( 3 ) , 

(4) . 


* The latter part of thU article u baied on a paper of Lord Kelvin’s, ' On the 

Motion of a Liquid within an Ellipaoidal Hollow,' Proe. N. 8oc. Edxn. zui. 1886, 
p. 870, or AfatA. and Phyt, Papers, rv. p. 196. 
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The potential at an internal point is a similar expression with 
X pat equal to sero, and, with a similar notation, may be denoted 
by 

1^0 = IT (So - - Ay* - 7g**) (5). 

where So, Oo, A> 7« denote what S, a, A 7 become when we put 
X-0. 

The components of attraction at an external point are X, Y, Z, 
where 

„ sr . dVdx 

Jl = 5- = — 2irttx + 5- . 

0 ^ ^ oX ox 

But 0F/3X a= 0 m virtue of equation (2), therefore 

X — 2iTax, F= — iirjSy, Z= — 2Tryz .... (6), 

where it is to be remembered that a, 7 are not constants but 
functions of X or x, y, z 

We know that is a solution of Laplace’s equation and 
therefore also so are X, Y, Z. 

Now consider an ellipsoid moving with velocity V in the 
direction of the x axis. The boundary condition is 


_ = rz — 

a-* it* 9y c* dz o* 
over the ellipsoid, 1 e whore X = 0. 

Let us try to satisfy this by the assumption 

<I> = AX. 

0^ q , / ^ Sa 0X\ 
da 1 


..(7) 


We have 


but when X 0, 


0 X 




and from (2), by differentiating with regard to x, 

t I .V* I 

a»+X 0«V(a» + X)* (6*+\)*'^(c* + X)»y ’ 


or 


3X _ 2p^x 
dx 0“ + X ’ 

3X 2p*y j 0X 2p*x 
dy’^W+'K’ S ”c» + X’ 
Hence when X *= 0, 


and similarly 


04 


C% A { . 
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Similarly 




^ — 2ir4 


/ 2p*«e\ 

V“ oV / ■ 


Therefore, aabstituting in (7) ve get 




U 

2w (bo — 2) ‘ 


Hence 


2 -«, 


gives the velocity potential of the liquid motion*. 

If the ellipsoid have a velocity of which U, V, IT are the com- 
ponents parallel to the axes, the velocity potential will be 

, Ueuc Vfiy Wyz 
^“2-'«,'''2-A’^2-7o‘ 

146. XUlpsold rotating In on Infinite man of liquid. 

Let the ellipsoid turn about the axis of a with angular 
velocity <u,. 

The component velocities of any point of the' ellipsoid are then 
0, —««••, yum, so that, with the notation of the last article, the 
boundary condition is 

adA yd^ ed6 /I 1\ /i\ 

a*da Ifldy c* de ^ (c* ^ )' 

where X = 0. 

To iBnd a solution of Laplace’s equation that will satisfy this 
condition, assume 

^ = C(yZ—zY). 

Thi.ii»ke. V*-2O(0-^) 

and taking ^ — 2irCyz (y — 13) (2), 

* ThU Maolt VM flnt given by Oh«ea in hie paper ■ Beeeaiohes on the vibration 
of pendnlnms in fluid media,’ ZVan*. B.8,E. 1^, or Math, p. 816. 


This makes 
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and robsfcitatmg in (1) we get 
S-Cj,. |(T-« + 


+5®-s)}-s^(?-i) 

and rednoing this as in the last urticle, we get, when 0, 

2»C {(.ft - A) (^ + i) + ! g - 1) j - (i - J) . 


♦=- 


TlH^fcie ♦= (*> 

is the required velocity potential*, where 

/9 — 7 — o6c(c* — 6*) f T — «> 

X being the positive root of 

5i + X^6T+x + o*+X 

If the ellipBoid have angular velocities <*> about the 

axes of «, y, t, the velocity potential will be 




my(y-tt)eic 

. t* + C " ^~„.c* + o* .V . . o* + t*. 




147. Spheroids. 

For a prolate spheroid 6 ~ c < a, we have 

r dtt 

(o*+ti)®(6* + «)’ 

and putting o* + « *= (o* — 6*) »*, we get 

_ 2ai* p dv 

where a* + X— (o* — 6*) v*. 

Therefore a - (i log (1). 

where s is the eocentrioity of the generating ellipse. 


This nsDlt is dm to OlebMb, we OrtUe, lui. p. SB7. 
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, r* du 

Also = ; 

3(l-e*)r dv 
“ fl* i, («*-!)■ 


In this case v= 1/e', where s' is the eccentricity of the 
generating ellipse of the confocal spheroid through the external 
point considered. 

For an oblate spheroid o «* 6 >• c, we have 


^ , r du 

a = 0 = a*o\ ,, 

(o' + «)“ (c* + «)* 


and putting c* + o » (o' — c’) we get 

a-j3- — r — - 

(o'-c'p'- (1 + »')»’ 

where c’ + X = (o' - c-") A 

Therefore o = ;8 = ^cot~* “ j,, ^ 2^ 


, du 

r = a'c ; 

•'* (o* + u)(c' + tt)- 

_ 2a’c r dv 

(a'-c')^i. (1 + »')»' 


(a*-c»)2-'' (1 + »')»' 


In this case v is (1 — e'’)V^'> where e has the same meaning aa 
above 

Hence for an oblate spheroid moving along the axis with 
velocity W. we have 

Wyz 

^ 2-7/ 

where 7 has the value given by (4), and 70 is the value when 
X » 0, or when y = (1 - Hence 

^ 

2S — r'-ct-.). 

8in~>«— «(!-«>) ' 
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Ab a Bpecial case we may take e « 0 or 1, and we get for the 
case of a circular dlac moving at right angles to ita plane 
, 2Wz(l .. \ 

In this case aV = \ and X is the positive root of 
ai' + y* ^ 
a* + X X“ ■ 

On the disc itself and X « 0, so that v = 0, but ^ has a 
definite value, for we may write 

^^=±a (l 


z 

" X> 


so that 




taking the + or — sign on opposite sides of the disc. The normal 
velocity 18 + W, hence for the kinetic energy of the liquid we have 


= pj^ * 27rm(i«' 

= ipa’W\ 

We observe that, as is usual in such cases, the theory leads to 
in fin ite velocity of the liquid at the edge of the disc. 

148 Reverting to the case of an ellipsoid moving along one 
of its axes (Art. 145), we have 

, Uax 

and the kinetic energy of the liquid is given by 

But on the surfiuse of the ellipsoid the normal velocity where 
(I, m, n) are the direction cosines of the normal. Therefore 

and this integral is clearly the volume of the ellipsoid, so that 



ITS oDBvnjMSAB oooBDari.m8 [obar vn 

or there is an effeotire inoreaae in the inertia of the ellipsdd doe 
to tile presence of the liquid equal to e^(2 —cb) of the mass of 
liquid displaced. 

We shall now shew how the foregoing problems of liquid 
motion with ellipsoidal boundaries may be treated by a trana* 
formation of coordinates. 


149. Laplace’s Xquatlon In Orthogonal Curvilinear 
Ooordlnates. 


Let X«B const., /tss const., vk const, 

be three fomilies of surfoces that cut one another orthogonally at 
all their points of intersection; X, v denoting functions of rect- 
angular coordinates x, y, t. 


Let OABCD be a small curvilinear parallelopiped bounded by 
such suvfooes, the opposite faces BC, 

AD corresponding to X and X-f fX, 
and so on; and the edges Oil, OB, OC 
being of lengths £«,, Ss,, Ss,. 

If the coordinates of 0 are a, y, e 
those of il are 

a:+^«x, 


ax 



Hence the direction cosines of the normal to the surface 
X a const, are proportional to ^**®*>^ values are 



so that L, s 8x/Ai and similarly Bftfht, 8 », » Sp/hg. 


Now if ^ is the velocity potential of a liquid motion the 
total flow of liquid outwards across the surfoce of the parallele- 
piped is by Art. 77 (i) times the volume, and we get foom 
the pair of faces BO, AD a contribution 
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M that hf adding similar terms we have 





160. Oonlboal Ckmioelda. 


The equation 


«i* 

a* + 0 


+ 



j* 


- 1-0 


( 1 ) 


represents a fiunily of confboal oonicoids, of which three cutting 
orthogonally pass through each point of qiace. If X, ft, p axe the 
three roots of the equation regarded as a cubic in 0, and we 
assume that a > 6 > e, we know that 

oo>X> — — — o', 

and that \ ft, v correspond respectively to an ellipsoid, hyperboloid 
of one sheet, and hyperboloid of two sheets. 

Hence we have 


+ y* 4._^ T - (x-g)(M~g)(v-d) 
a* + 0^W+9'*‘ <^ + 0 (o* + <»)(6» + 0)(c* + d)'”^ 

an identity for all values of 6. 


If we multiply by o* + ^ and then put ^ — a* we get 

. (a«4-X)(o*+At)(g* + y) 
(o*-6')(o*-c*) 

^ (6*-<S*)(6*-o*) 

(c' + X)(c*-f /t)(c* + v) 

By differentiating logarithmically we get 

g dy i_y ?£ 1 * 

0x"*a* + \’ 3A,“*6* + X' 3x"^c* + X ”■ 


Similarly 

and 


( 3 ). 


( 4 ). 


therefore 



^((o*+X)» 


_y*_ s* I 
■‘■(i' + X)''^(c» + X)»j 


,( 6 ). 


Hence - 2pi> similarly h, — 2pi, and ^ - 2p„ where pi,p»,p» 
are the central perpendiculars on the tapgent planes to the 
ellipsoid and hyperboloids. 
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Similarly 


Again by diffbrentiating (2) 'with regwd to 0 and than patting 
d X we get 

V g* (X-A*)(X-»>) 

'^(o» + X)* (a*+X)( 6 *+X)(c* + X)’ 

thereto J?- X)( 6 . + X)(c-+X) 

Similerly A * . \ — \ r 

and 4 ^ (u-\)(p- fi) 

A,* (o* + 1 /) ( 6 * + v) (c* + 1 ») 

In terms of these parameters X /a, v it follows that Laplace’s 
equation takes the form 

_4 

^ ^*'(m-»)(*'-X)(X-/4) 

X S (/i - 1/) |(a‘ + x)i ( 6 > + x)i (c* + X)* = 0 ( 7 ). 

161. We can now find solutions of the last equation and give 
hydrodynamical interpretations to them. 

An obvious solution is 


^_r dw _ 

J * (o’ + u)^ ( 6 ’ + (c* + M)i 


^ (o’ + u)i (6’ + u)^ (c* + M)i 
and by assuming the existence of .solutions of the form 

and ^ = yzx (X), 

it is easy to shew that there are solutions of the form 

_du 

J * (o’ + k)^ (6* + u)i (c* + u)i ’ 

and — T — *^“-4 a- 

^ (o’ + 11 )* (6* + u)^ (c* + »)’ 

The last two correspond to the translation and rotation of an 
ellipsoid and give the same results as were obtained in Arts. 146, 
146; the boundary conditions in this notation being 

_ _ rr 

0X“ 0X’ 


d<f> ( dz 

-^““Hy-3x-"axj’ 


and 
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for the two cases. For the details of tiie work we refer the reader 
to Lamb’s Hydrodynamica, pp. 147 — 149, from which this ioTesti- 
gation is taken. 


162 . BlUpsoid of waiylng form. 

As we saw in the last article, or as is clear from the theory of 
attractions, 

dk 




.( 1 ) 


(a=+X)^(6*+X)i(c* + X)* 

is a solution of Laplace’s equation. It clearly vanishes when 
X = 00 and it is constant over confocal ellipsoids, it may therefore 
represent the velocity potential of a liquid motion due to an 
ellipsoid whose surface is changing form. For the velocity at any 
point being given by 




dn 


CK 


( 2 ). 


'3^ (a*+X)*(fc* + X)^(c* + X)i 

therefore, on any confocal ellipsoid, the velocity varies as the 
central perpendicular on the tangent plane Hence the conditions 
are satisfied by supposing a boundary ellipsoid to vary so as to 
remain similar to itself keeping its axis fixed in direction. If 
the axes are changing at the rates a, b, c the general boundary 
condition 


9 /. 9 /^ ¥ A 

ct oar oy dz 


becomes in this case 


a” 6* c* o® ox 0 * dy c” dz 


.(3). 


But we have 


d h 0 ir 
-=t = -=K say, 
a b c ^ 


and on tiie surface X = 0, equation (2) becomes ~ ^ » 

therefore, if we take Kabc = 2(7, (3) and (2) are the same. 

Another expression for tf> that will satisfy the general boundary 
condition (3) is obviously* 




“+ 5 !^+ 5 '’) 


•W, 


This result is due to Bjerknes, G9tt, tfaeltnehUn, 1873, p. 839. 
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and it will aatiafy lA^laoe’s equation if 

hWi’O 

This then is the velocity potential due to an ellipsoid which 
changes form so that its volume remains constant, for condition 
(6) is merely the condition that oio** oonst. 

EXAMPLSa 

1. A solid tpliera moves through quiesoent friotionleBS liquid whose 
boundaritt an at a distanoe from it gnat compand with its mdius. Prove 
that at each instant the motion in the liquid depends only on the positioii 
and velocity of the sphen at that instant Prove that the liquid stnama 
pest the sides of the sphere with half the velocity of the sphere. 

(St John’s Coll. 1001.) 

2. An infimte ooean of an incompressible perfect liquid of density p is 
stnaming past a fixed spherical obstacle of radius a. The velocity is imifonn 
and equal to U except in so far as it is disturbed by the sphen and'the pns- 
Bun in the liquid at a great distance firom the obstacle is n. Shew that the 
thrust on that half of the sphen on whidfi the liquid impinges is 

fra*{n-pirf/ie}. (Trinity CoU. 1900.> 

3. A rigid sphen of radius a is moving in a straight line with velocity w 

and acceleration / through an infinite incompressible liquid, prove that the 
resultant fluid pressures over the two hemispheres into which the sphen ie 
divided by a diametral plane perpendicular to its direction of motion are 
nira*±^Jfjf- ; when n is the pressun at a gnat distance, and Jf is 

the mass of the fluid displaced by the sphere. (M.T. n. 1910.) 

4. A solid sphen is moving through friotionless liquid . oomparo the 
velodtiee of dip of the liquid past it at different parts of its sur&oe. 

Prove that when the sphen is in motion with uniform vdocity U, the 
pressun at the part of its sutihce when the radios makes an angle 6 with the 
direction of motion is increased on account of the motion by the amount 

*pr*(9o6e2d-l), 

when p is the density of the hquid. (St John’s Coll. 1808.) 

6. Find the pressun at any point of a hquid, of infinite extent and at 
rest at a gnat distance^ through which a sphen is moving under no external 
fanes with constant velocity U, and shew that the mean pressun over the 
sphen is in defect of the pressun H at a great distanoe by ^pI7*,'it being 
m^qweed that n is sufiSciently large for Uie pressun evetywhen to be positive, 
that is^ that n >|pf^*. (M.T. 1908.) 
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0. An infinite hamogeneous liquid is flowing steadily past a rigid 
boundary consisting partly of the horisontal plane y«0, and partly of a 
hemiiq>herioal boss r:*+y*+<*<«a*, with irrotational motion which tends, at 
a great distance from the origin, to uniform vdocity V parallel to the -axis 
of t. Find the velocity potential and the surfaces of equal pressure. 

(St John’s CdlL 1900.) 

7. A stream of water of great depth is flowing with uniform velocity V 
over a plane levd bottom. A hemisphere of weight w in water and of ra^us 
a, rests with its base on the bottom. Prove that the average pressure be- 
tween the base of the hemisphere and the bottom is loss than the fluid pressure 
at any point of the bottom at a great distance from the hemisphere, if 

V*>3awinra*p. (M.T. 1884.) 

8. Prove that at a point on a sphere moving through an infinite liquid 
the pressure is given by the formula 

(P di-*- cos* d-6), 
where « is the velocity, / the acceleration of the sphere, and 6, 6i are the 
angles between the radius and the directions of v, / respectively, and po is the 
hydrostatic pressure. (St John’s Coll. 1909.) 

9. When a sphere of radius a moves in an infinite liquid shew that the 
pressure at any point exceeds what would be the preesure if the sphere were 
at rest 

where q is the velocity of the sphere and q' and / are the resolved parts of its 
velocity and acceleration in the direction of r and the density of the liquid is 
unity. (Coll. Exam. 1894) 

10. A sphere of radius a is in motion in fluid, which is at rest at infinity, 

the pressure there being n ; determine the pressure at any point of the fluid, 
and shew that the pressure on the front hemisphere cut off by a plane perpen- 
dicular to the direction of motion is the resultant of pressures wa* (n - -^p V*) 
and \wpcflfiu the directions respectively opposite to these of the velooity 
and the acceleration /, of the centre of sphere. (Coll Exam. 1910.) 

11. Prove that for liquid contained between two instantaneously con- 
centric spheres, when the outer (radius a) is moving parallel to the axis of w 
with velotity v and the inner (radius 6) is moving parallel to the axis of y 
with velocity v, the velocity potmtial is 

and tmd the kinetic energy. (St John’s ColL 1898.) 

12. Liquid of density p fills the space between a solid sphere of radius a 
and density p' and a fixed concentric spherical envelope of radius b; prove 
that the work done an impulse which starts the solid qihere with vetooi^ 
Fie 

iwo* F* ^9p'+^^p^ . (Coll. Exam. 18961) 
B. B. ,18 
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13. Tbe space between two concentno spherical sheila of radii a and b 
(a >6) is filled with an incompressible fluid of density p and the sheila 
suddenly begin to more with veloaities U, V in the same direotion : prove 
that the resultant impulsive pressure on the inner shell is 

3~^j{3«>ir-(a>+2h»)r} (Trinity Coll. 1896.) 

14. Incompressible fluid, of density p, is contained between two rigid 
conoentnc sphencal surfaces, the outer one of mass and radius a, the 
inner one of mass Jfj and radius b. A normal blow P is given to the outw 
sur&ce. Prove that the initial velocities of the two containing surfaces 
(H for the outer and V for the inner) are given by the equations 

(Trinity Coll. 1896.) 


15. A sphere of radius a is placed in an incompressible fluid extending 
to infinity. Each point of the sphere is moving normally outwards with 
velocity d, also the flmd at points very distant from the sphere- is moving 
with velocity 7 in a given direction Find the velocity potential at any point 
of the fluid 


dJf 

Also prove that the resultant pressure on the sphero is tbe force 

in the direction of the stream, where if is the mass of tbe flmd displaced by 
the sphere at the instant considered. (Tnnity Coll. 1897.) 


16. A solid 18 bounded by the eztenor portions of two equal spheres 
(of radius a) which cut one another orthogonally , and is surrounded by an 
infinite mass of liquid If the sohd is set in motion with velocity u in the 
direction of the line of centres, shew that the velocity potential of the result- 
ing motion IS 



cosfl' 

7 * 


cose \ 


where r, r', R are the radii vectores of a point, measured respectively fiiom 
the centres of the two spheres and firom the point midway between them, and 
B, ff, 6 are the angles which these radii vectores make with the direotion of 
motion of the solid (Coll Exam. 190S.) 


17. Shew that log{(2c+ri— rj)/(2c— is a possible value pf 
the velocity potential foi three-dimensional motion, ri, rg being the distances 
of any point P of the fluid from two fixed points S and S' whose distance 
ajiart is 2c. \ Prove that the corresponding stream lines are elliitses whose foci 
are S and S* ; and that the velocity at any point P is 2Aejr\ri sin ^SPS' 

' (Coll. Exam. 1907.) 
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18. If the velocity funotion denoting the motion of a homogeneous liquid 

he prove that the hnes of flow are plane curves of the 

form f*«« ± c* sin* d cos d. 

If also the force function be 9d*(4 oo8*d+sin*d)/8r*, prove that a sheet of 
fluid started from the origin will return to it without the use of a containing 
envelope. (M.T. 1875.) 

19. The motion of an incompressible fluid being symmetrical with respect 
to an axis, and the parts of the velocity resolved along and perpendicularly 
to a radius vector drawn from a point fixed or moving on the axis m any 
direction making with the axis an angle d being U and IT, prove that if 

an ni Q n> 

17= cos d + (1 + 3 cos 2d), ir= sill d + sin 2d, 

the equation of constancy of mass is satisfied, and Udr+ TlVcid is an exact 
difiereiitial, V and G‘ being either constants or ftmctions of the time 

Shew also that if the flmd be unlimited in extent, and C’=0, the assumed 
motion would be produced by a sphere moving in any manner with its centre 
on a fixed straight Ime (Smith’s Prize, 1877.) 

90. A douolet of strength M is placed at the point (0, a, 0) with its axis 
parallel to the axis of z, prove that at points close to the origin the velocity 
potential of the doublet is approximately 

Mz . 

a* ’ 

neglecting terms of the order r^/a‘ and higher powers. 

Deduce that if a small sphere of radius c is placed with its centre at the 
origin, the velocity potential is then increased by the terms 

(Univ. of London, 1911.) 

21. Shew that the image of a radial doublet in a sphere is another radial 
doublet, and compare their magnitudes; shew also that the velocity at any 
point of the sphere is proportional to wr*", where r is the distance from the 
doublet, and or the ^lerpcndicular on the diameter on which it hes. 

(Trinity Coll 1906.) 

22. Discuss the motion for which Stokes’s stream function is given by 

J F {a*r~* cos d - r*} am* 6, 

where r is the distance from a fixed point and 6 is the angle this distance 
makes with a fixed direction (Cull. Exam. 1900.) 

23. The space bounded by the paraboloids «*+y*«=az, a?+y^=h{z—e) 
(where a, 6, c are positive and 6>a), outside the former and inside the latter, 
contains liquid at rest. Suddenly the bounding surfaces are made to move 
with velocities U, V respectively in the direction of the axis of z Prove that 
in the motion instantaneously set up the surfaces over which the current 
funotion IS constant are paraboloids of latus-rectum ab{U— V)l{a V—hV). 

(M.T. 1906.) 

12—2 
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94. The leetdved ettnotione of e body ^mmetrioal about the asia of » 

am /(«, v) and ^ {x, a) leapeotiTely perpendioular and parallel to that aiia. 
The equation of a aolid of revidution ie where a and 6 am 

oonatanta and v ia the diatanoe of any point from the azia of x. Prove that 
if thia aolid be made to move parallel to ita azia in an infinite fluid the atream 
linea am given by equating the left aide of thia equation to any oonatant ^nd 
tiie velooity function ia -^(s, a) multiplied by a oonatant. (M.T. 1886.) 

95. A aohd of revolution la moving along ita azia in an infinite liquid ; 
thew that the kinetic energy of the liquid ia 


whem ^ la the Stokm’a atream fiinotion of the motion, m the diatanoe of a 
pomt from the azia and the integral ia taken onoe round a meridian curve of 
the aolid. Henoe obtain the Iduetio energy of infinite liqmd due to the 
motion of a qthere through it with velocity V. (Coll. Kzam. 1899.) 

w 

96. An ellipaoidal cavity (aemi^axea a, b, c) in a aolid initially at reet ia 
filled with an inoompreaaible frictionleas fluid imtiaUy at reet. Prove that if 
the aolid be moved with velooitiea u, i>, to paraUel to the axea of the cavity, 
and be rotated with angular velocitieayi, q, r round the aemi^zea, the angular 
momentum of the fluid round the aeini-azia a at any inatant ia 

A (Trinity OoU. 1908.) 

97. A rigid ellipaoidal envelope, without maaa, enoloaea a perfect inoom* 
pmaaible flmd of maaa M. The equation of the elhpeoid ia 

a*/o*+y*/®*+ **/®* -1=0. 

An impulaive couple in the plane of agr cauaea the envelope to rotate initially 
with angular velooity •. Find the imtiid velooity potential of the fluid, and 
prove that the moment of the couple is 

(o*-h*)V(o»+5*). (Trinity ColL 1910.) 

98. Fluid moves irrotationally within an ellipaoidal cavity (aemi-azea a, 
b, e) in a veaaeL which tuma freely about the azia of e. Shew that the locua 
cf points at which the pieaauro ia the same aa that at the centre is two 
planes, and that the preaaure at any other point ezoeeda that at the centre by 
a quantity proportional to the product of the diatanoes from these two planes. 
Shew also that each particle of fluid returns to the same place in the vessel 
after a time T(<i^+6*)/2a6, where T is the time of a complete revolution of 
theveasd. 

Find the place firom which a drop of fluid may be removed without dia- 
turfamg tbe motion. 

Let ask internal ellipsoid be described touohing the cavity at the eztremities 
of the azia of rotation and having all ite aectiona perpendicular to this azia 
similar to those of the cavity. If the mass of fluid within this ellipaoid be 
suddenly solidified and rigidly connected with the rotating vessel, find what 
change in the motion is produced. (U.T. 1888.) 
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t9. If the apace between two oonlboal ellipeolda is filled with liquid, and 
the innffi' and outer ellipaoida are auddenly moved with velocities r*, 27' parallel 
to the axis of jf, prove that the velocity potential of the initial motion is 
given by 

^.=.{( 27 - Cr')a- £r(a'-2p)+ £^(a#- 8 )}«:/{a'-ao+ 2 - 2 /il, 

where the notation is that of Art 146, c^' is the value of a for the outer 
ellipsoid, and p is the ratio of the volume of the inner to the outer ellipaoid. 


30. 9hew that for a hompgeneo^ solid ellipBoid of mass if rotating about 
the axis ofx, in liquid at rest at infinity, the effective moment of inertia is 
,jrifci+c.+-£. . (6*-myo-A>) ] 


where p, a are the densities of the liqmd and solid and have the mean- 
ings of Art 146. 


31. Shew that when a circular disc of radiusu rotates about a diameter 
in liquid at rest at infinity the kinetic energy of the liquid is 

Ap«^***» 

« being the angular velocity of the disc and p the density of the liquid. 

32. Prove that when an oblate spheroid of eocentnoity sin a moves 
parallel to its axis of figure with velocity V in infinite fluid, the kinetic 
energy of the fluid is 

LM'V* 

* a-sinaooso’ 


where M' denotes the mass of the displaced flmd. (M.T. IL 1810.) 


33. The ellipeoid is surrounded by an infinite mass 

of water, and rotates about the axis of x . ' Prove that the component velocities 
of any particle of the water, paiHllel to the axes, will respectively be propor- 


tional to 


where 


0if djy dJr dL dL dM 

~ ’ 3* S’ «y Sir ’ 






r» 26* * 


a 


yi 


d<fr 




(«*+^)^ (^+'1')^ (o*+V ')^ ' 

if- -2c* f * 

(o*+^)*(^+^)*(c*+^)t’ 

and ( is a positive quantity, given by the equation 


f (o*+^)*(6*+^)*(o*+V^)* 


tfi+,'»'6r+.+o«+, 

Prove that, if the ellipsoid be a shell filled with water, the values dl L^M^N 
with 0 instead of « for the inferior limit, will similarly determine the velooity 
of any internal particle of the wator. Find the distributions of denaty, on 
the surface of the ellipsoid, respectively pving the potentials £, Jf, if. 

(Smith's Ptise^ 1881.) 



CHAPTER VIII 


MOTION OF A SOLID THROUGH A LIQUID 

168. In the foregoing chapters we have considered some 
simple cases of the motion of a solid through a liquid, chiefly 
from the hmematical point of view. It is now our purpose to 
establish dynamical equations for the motion of a solid through 
an infinite mass of liquid, assuming that the motion of the 
liquid is due entirely to that of the solid, so that it is irrotatioiial 
and acyclic. The motion of the liquid is therefore given by a 
single-valued velocity potential, and by reference to Art. 84 we 
see that the problem is a definite one. 

154. The dynamical problem possesses features of special 
interest. It was first solved by Kelvin and Tait* by treating 
the solid and liquid as one system and using Lagrange’s equations 
and the method of ignoration of coordinates. We shall approach 
the problem by a diflerent method also due to Lord Kelvin. 

166. The Impulse. In the general problem that we have 
to consider, we shall suppose first that the liquid is finite in 
extent and limited by a fixed boundary or envelope, and we 
shall then proceed* to the case of a solid moving in an infinite 
mass of liquid by supposing the boundary to increase in size 
until every part of it is at an mfinite distance from the moving 
solid. We saw in Art. 35 that any irrotational motion of a 
liquid may be produced instantaneously from rest by the appli- 
cation of a suitable impulsive pressure at every point of the 
boundary, and we shall define the impulse of the motion at any 
instant to be the impulsive wrench or system of impulses that, 
applied to the solid, would generate the motion from restf. We 
shall call this briefly ' the impulse.’ It is clear that the impulse 

* Natural Pi(ulo$opky, Art. S20. 

t See Lord Kelvin, * On Vortex Motion,’ Trant. R.S.B. xxv. 1869, or Math, and 
Phy$, Papers, iv. 16. 
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is equal to the total momentum of the solid and liquid together 
with the impulsive pressure on the envelope that bounds the 
liquid. 

156. Exaupm It will be convenient to recall here the results obtained 
in a simple case in Art. 137 : A solid sphere of radius a moving with velocity 
V in liquid bounded, at the instant under consideration, by a concentric 
sphere of radius b The impulse / necessary to produce the motion instan* 
taneously was calculated and shewn to tend to a definite limit when b is 
increased to infinity. The impulsive pressure on the envelope was also seen 
to tend to a definite limit as 6 is increased to infinity ; and the same was 
shewn to be true of the momentum. We shall see in the next article that the 
impulse necessary to produce the motion always tends to a definite limit, but 
except in special coses when the form of the envelope is prescribed the im- 
pulsive pressure on the envelope and the momentum are indeterminate. 

167. The Impulse tends to a definite limit, but the 
momentum is generally Indeterminate. 

We have seen in Arts. 79 and 84 that, whether the Bur> 
rounding envelope be finite or infinite, if the velocity potential 
(or impulsive pressure) at each pomt of the surface of the solid 
IS prescribed, there is only one form of irrotational motion^ 
possible. And since any irrotational motion could be produced 
instantaneously by the application to the solid of a suitable 
impulsive wrench, and one and only one form of motion can 
arise from a given impulsive wrench, it follows that, if the 
envelope be increased indefinitely so that every part of it 
becomes infinitely distant from the solid, the solid and liquid 
still havmg a defimte motion, this motion must still be the 
result of a definite impulse. That is, as the envelope increases 
without limit the impulse tends to a definite limit. 

This is not generally true however of the impulsive pressure 
of the boundary. For the impulsive pressure at a point is 
measured by and since the envelope is fixed the tubes of flow 
must all start from and end on the surfiice of the moving solid, so 
that at a great distance r from the solid the velocity potential ^ 
must be of the same order r*~’ as the velocity potential due to a 
doublet. But the element of area of the infinite envelope is of 
order r*, so the surface integral of the impulsive pressure on the 
envelope is in general finite but dependent on the shape of the 
envelope and therefore indeterminate. Similarly the momentum 
is in general indeterminate when the mass of liquid is infinite. 
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• 166. Bate of change of ImpuUe s extemal fbroo. 

Considering first the case of a finite mass of liquid and using 
axes fixed in space, let /j, be the ar-components of the impulse 
that would generate the motion from rest and of the impulsive 
{nessure on the envelope at time t\ M, X the a;-components of the 
whole momentum and the external force acting on the solid; and 
(I, m, n) the direction cosines of the outward normal to the element 
d8 of the envelope. 



Pig. 49. 


By the ordinaiy equations of dynamics we have 

^.x-ssfus. 

where the integration is over the surface of the envelope. 

But and S = + 

where F (I) is an arbitrary function of the time. 

Therefore 

But J.-JI pi^ldS, and IdS, 

also F{t) is constant over the envelope and will give zero result 
when integrated, so that we get 

Now let the envelope increase until eveiy paili of it is at an 
infinite distance from the solid; then, as in the last article, ^ being 
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of order r~*, j is of (Htler r~* on the surfiice of the envelope, so that 
Jf^dS tends to zero, and /, tends to a definite limit J, therefore 
for a solid in an infinite mass of liquid 


As the motion, in general, would require an impulsive wrench 
to produce it instantaneously, and a linear impulse on the solid 
might result in an impulsive wrench on the envelope, we must also 
consider the rate of change of the moment of the impulse. 

With a similar notation let J/, 7,', M', N denote moments 
about the <E*axis of the impulse, the impulsive pressure on the 
envelope, the momentum aiid the external forces on the solid. 

We have . , Sjpiny — mz)d8. 

But M' * 7,' — 7,', and 7,' *■ Jfp^ (ny — rm) dS, 
so that we get by similar steps 

^ = AT + ^pjff (ny - nu) dS 


for the case of the finite envelope. When the envelope becomes 
infinite the surface integral vanishes as before and 7/ tends to a 
definite limit 7', so that 


dr 

dt 


N. 


169. Klnapiatlosl Conditions. Before translating the fore- 
going principles into formal equations of motion, we shall establish 
some kinematical relations It will be convenient to take rectan- 
gular axes fixed in the body, the origin having velocities u, v, to in 
the direcjbions of the axes, and the axes having an angular velocity 
whose components about the axes are p, q, r. 

If ^ be the vel'xsity potential we may write* 

4> = «(lh + v<lH + W(^+pX^+qX, + rXi ( 1 ), 

where ^ denotes the velocity potential when the only motion of 
the body is a translation along the »-axis with unit velocity, and 


KiNhboff, Meehanik, p. 3M. 
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denotes the velocity potential when the body rotates about the 
s;-«zis with unit ang^ular velocity, with similar meanings for 
“d X» X»- 

If I, m, n denote the direction cosines of the normal at any 
point (®, y, z) on the surface of the body, we have 

I (u — yr + zg) + m(v — zp + or) + n(v) — aig + yp) . ..(2), 

(/ft 

by equating the normal velocity of the liquid to that of the body. 
Whence by substituting the value of ^ from (1) and equating 
coefficients of u, v, vi, p, q, r we get 


9n 


1. 



ny — mz. 


on on 

■ ^=lz — rtw, -^—mai — ly 
dn on 


...(3). 


We may observe in passmg that the values of etc. have 

been found in the case of an ellipsoid in Arts. 145, 146, and that 
the problem of their determination is a definite one in the general 
case since they have to satisfy Laplace’s equation as well as (3) 
and their derivatives vanish at infinity, for by hypothesis the liquid 
is at rest there. 


160. Equations of Motion. Let f, y, {T, X, /a, v be the com- 
ponents of impulse, and X, Y, Z, L, M, N of the external force 
system acting on the body at time t referred to axes fixed in the 
body moving as in Art. 159. At time t + St the coordmates of the 
ongin referred to the axes at time t are uH, wht, and the 
direction cosines of the axes referred to their former positions are 
(1, rht, -qSt), (- rSt, 1, pSi), (qSt, - p8t, 1). Hence by resolving 
parallel to the new position of the d;-axiB 

f + Sf = f + yrSt - fgSt + ZSt, 
and by taking moments about the same line 

X -f SX s X + /xr St - vgSt + ywSt — ^vSt + Lit, 
whence we get the six equations of motion 

I — Ip" + fg = X, "k — pr + vq—ifW+lSo ^L, 

/i — igi -I- Xr — -h fio = Jlf, 

t — Si + V — Xg + — f t> + VM •= X. 
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As suggested by Lord Kelvin, these equations may conveniently 
be called the Eulerian equations of motion, since they refer to axes 
fixed in the moving body and correspond precisely to Euler's 
equations for the rotation of a rigid body*. 

161. The Kinetic Energy. The kinetic energy of the liquid, 
by Art. 87, is given by 

( 1 ). 

where the integration extends to the surface of the moving solid. 
From Art. 159 (1) it follows that 7 is a homogeneous quadratic 
function of the velocity components u, v, w, p, q, r, so that we have 

2T «= Am* + 5«* + Oiu* + 2A'vu» + 2S'wu + W'uv 

+ Pp* + Qj* + iZr* + 2P'gr + 2Qfrp + 2Rpq 

+ 2p (Fu + (?« + Hw) + 2g (F'u + Q'v + JS'to) 

+ 2r(P"u + + ir"w). . .(2), 

where the coefficients A, B, etc. by the help of Art. 159 (3) can 
be expressed in the form 

pjj<h^^d8 = pjjui,,dS; 

= byArt.77(ii). 

= pjjn^dS^pjJnnf>,dS, 

-P pjjxi^dS = pjjxi(ny-'>nji)d8; 

etc. 

The kinetic eneigy of the solid is also a homogeneous quadratic 
function of the velocities, so that the whole kinetic energy of the 
solid and liquid is an expression of the form (2), wherein the 
coefficients are only represented in part by the expressions (3). 



JlfatA. and Phy$, Paptn, it. p, 70 footnote. 
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188. ImpnlM in termi of Velooitlei. 

It is a well-known dynamical theorem that the work done by 
an impulse is the product of the impulse and the mean of the 
velocities of its point of appli<»tion before and after it acts. ' 
Accordingly an extra impulse in the te c/irection would do Work 
£{(«-(- where u + Su is the velocity in the same direction 
after the impulse Sf has taken place; and if be infinitely small 
we may take to represent the work done or the increase of 
kinetic energy. Hence when the ‘ impulse ’ receives infinitesimal 
increments B^, Bij, B^, BX, B/*, Bp there is an increase of kinetic 
energy BT given by 


BT = u8f + vBij -t-ioSl^+pBX + jS/it + tBp. 


.( 1 ). 


But 

XT .ar. . ar. ... 

and if the velocities are all altered in a given ratio it is clear that 
the impulses will be altered in the same ratio, so that if we write 


Bu/u^Bv/vm ... = Br/r^x, 

we must also have 


Sf/f ■■ 8 ij/i7=» ... ■■ Bp/p ■» s. 

Whence by equating the two expressions for 82* in (1) and (2) and 
substituting from the last equations we get 

u( + vt/ + w^+pX + gft + rp 


(»). 

siQce 7 is a homogeneous function of «, v, etc. 

By vaiying this last equation we get 

2BT = (u8{’ + fBu) + ... + (rSp pBr); 
and the^fore by subtracting (1) 

87 — f Sk + tfBv + ^Bw + \Bp + pSq + i>8r. 

Comparing the last result with (2), since the small variations 
are arbitrary, we get 

^ 87 _ _ _ _ 

dv’ dv>* dp’ dg’ dr’ 


^ 87 87 07 07 07 - 87 

f, T* ^ •' * a,. » • a... * am • a- » a- W- 



■QUATioirs or uomos 


m 


ie2.l68] 


These zesnlts imply that the components of impulse are linear 
functions of the components of the velointy, hence tibe kinetic energy 
may also be expressed as a homogeneous quadratic Amction of the 
components of impulse; and when T is so expressed we get from 
(1) the reciprocal relations 

dT dT dT dT dT dT 

u,v,w,p,q,r’M^^, (6). 


168. liquations of Motion. The equations of Art. 160 now 
take the form* 



ddT 

ST 

ST . 



didu"^ dv 



dhT 

ST 

ST. 



dtdv^^dw 

1 

S’! 

+ 

y. 


ddT 

ST 

ST . 

am 


dt3«>* 


d^ 

dT 

ST 

. 37 

dT , , 

dtdp 

aj- 




ddj 

ar 

ST 

, ST 


^dq 

Sr 


+“aS' 

tOgj^+Jlf. 

dar 

ST 

ST 

, ST 


dtdr 

’^^Sp 

’^Sq 


V- 


In the case in which there are no extraneous forces we can obtain 


three integrals of these equations. Thus if we multiply them by 
u, V, w, p, q, r and add, we get 


ddT^ ^ ddT . 
^dtdu'^”'^^dtdr“^ 


( 1 ). 


But 

therefore 

but 




d3r 

dt ^^dtdu '’"0W dt 
(ft 9t; dt 


( 2 ). 

(4 


and by subtracting (1) and (3) from (2) we get the equation of 
energy 

or T^const 


* KelTin, * Hjdrokiiietlo aolationt and obienratloiu,' PhU. Jfas. xui. p. SSS, or 
J/otk. and f kp«. Paptn, !▼. p. 60. Alio Kirehlioff, MeehoMik, p. 066. 
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Again, if we multiply the first three of the equations of motion 
by ZTliu, dTliv, dTjdw and add and integrate, we get 




or 


+ H?**con8t.; 


which represents that the linear component of the impulse or the 
intensity of the impulsive wrench is constant. 

And if we multiply the six equations by 


we get 


dTIdp, dTIdq, dTIdr, dTfdu, dT/dv, dT/dw, 

dTdT ,dTdT dTdT 
dudp^ dv dq dw dr 


or f \ + 1 J/X + fv * const. , 

which represents that the couple component or the pitch of the 
impulsive wrench is also constant. 


164. Directions of Permanent Tnmslation. When there 
are no external forces the equations of motion of the last article are 
satisfied by p ae g s r = 0, provided u, v, w have constant values 
such that 


du ’ dv'dw 


( 1 ). 


In this case T is a homogeneous function of u, v, w only, of the form 

2T =■ Aw’ + + Cw^ + 2A’vw + 25'w;w + 2C'uv (2). 

If we regard u,v,was current coordinates the equation 
27 — const. 


i^^resents an ellipsoid, and the equations (1) determine its principal 
ax^ 

Con^uently if the body be set moving without rotation in the 
direction df one of the axes of this ellipsoid it will continue to 
move in thd same direction without rotation*. 

It may shewn that one only of these motions is stable f. 


* Etrohhofl, Meeluinik, p. SSd. 
f Lamb, Hydrodynamtet, p. 160. 
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165. Hjrdroklnetlo Byinin atry. 

The expression for the kinetic energy in Art. 161 contains 
21 constants, but the number of terms is reduced in particular cases. 
Thus the coefficients A\ B', C‘ can always be got rid of by rotating 
the axea Also 

(1) If the body has three perpendicular planes of symmetry the 
energy must remain unaltered when the sign of any velocity com- 
ponent is reversed, so that 

22* * A a* + + Pp‘ + ©}• + 

(2) If* the body is in addition a surface of revolution about Om, 
the expression for 27' must remain unaltered when we write v, q, —w, 
— r, for w. r, «, q, respectively, for this is equivalent to turning the 
axes of yz through a right angle; hence B=^C and Q 72, so that 

22’ = A «» + P («» + to*) + Pp* + Q (q* + r*). 

The same expression holds when the solid is a right prism whose 
cross section is a regular polygon*. 

(3) When the body is similarly related to the three planes of 
symmetry as m the case of a sphere or cube we have 

22’= A («* + t;* + to*) + P (p* + g* + r*). 

(4) Another kind of symmetry is that represented by the 
expression 

22’ = A (m* + »* + to’) + P (p* + g* + r*) + 2L (tip + og + tor), 

the form of which is unaltered by any changes in the directions of the 
axes, and any direction is one of permanent translation. Such a solid 
is said to be ‘helicoidally isotropicf ’ 


166. Applications. Sphere. 

Taking w, v, to as the components of velocity of the centre of the sphere 
iT^A (tt’+»*+w*), 


where 

and 




2r» 


a’cosd . 

= as in Art. 131. 

2r* 


* Laimor, ‘ Ob Hydrokinetio Symmetry,’ Quart. Journal, xx. p. 261, or Kirchholl, 
Meehamk, p. 218. 

+ See Kelvin, ‘ Hydrokinetio eolations and observations,’ Phil Mag. zui. p. 866, 
or Mazh. and Phy$. Papetr, iv. p 72. 

For other speoial forms see Lamb’s Sgdi odynamict, pp. 168 — 4, or Larpor, loe. eit. 
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Hence A-M+pjj(^U8 

^Jf+wpaf ooifSria tM 

where M' is the nuas of liquid dii^lMsed. 

Theiefore ST>-(Jf4-iJif')(«'+«*4-«>*X 

«d f, («,*,»)• 

The equations of motion, in this case, become 

(jf+ijr)(i, ii>)-(jr, r, z), M 13 S, 

where X,T,Z are the components c£ external force on the spbera 

If a'rfawnal forces sot On the liquid as wdl, their efiisot on the sphere ia 
expreased by adding \o X,Y, Z the reversed effect that these forces would 
ex^ on the liquid displaced by the sphme. 


U7. Solid of Berdutioii. 

Taking the axis of the solid for axis of x. we have 

J3'-da*+jB(ii»+w*)+Pyi*+e(j*+r*) (IX 

Assuming that there are no impressed forces, the equations of motion of 
Art 163 becme 

Ai>mBn—Bqw (SX 

Bv^Bpv—Am (8X 

BA=Aqu-Bpv (4), 

Pp=0 (6), 

^-(§-P)/»r+(P-A)i»w (6), 

«f=(P-«)/>?+(d-P)w (7). 

From (6) we see that p is constant throuj^out the motion. We can also 
deduce as m Art. 163 three integrals 

Tvconst (8X 

A*»»+P»(s*+w>)-/* (9X 

and AP«p+fl§(s8'+wr)-/fl' (lOX 


where /, (7 are the constant components of the impulsive wrench at any 
instant 

From (1), (S), (8), (9), (10) we can elimiuate v, «, q, r. Thus 

§(q*+»«)-a2'-A**-JJ(ti*+w*)-F|p* 

BQ{vq-^w)^IO~APvp, 


and 
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therafoie 

J*a*«iP (r»- jte>)* 

(«?+«»•)*[ 

a polynomial of the fourth degree in if « so that iltt is an elliptic fiinctioii of 
the time. 


Again, if we put vjv>=iui we have 

(»»+«;») ^ ^UP — VW 


Therefore 


^p(i^+vi*)-Au(qv+rw)IB, from (3) and (4). 
_ Au IG—APup 


^=P 


q • I*-A*u* 


Thus, having expressed u m terms of the time, the last relation gives vjw 
and (9) gives ••+«»*, then p being constant (B) and (10) determine q and r, so 
that all the velocity components are determined. 


The evaluation in terms of elhptie functions was first performed by 
Kirchboff, and the problem has been discussed at length by (Ireeuhill* and 
others. 


168. Solid of revolution — Quadrantal Pendnlnin. 

The case considered in the last article is much simplified if the axis of the 
solid moves in a fixed plane Taking this as the plane .vy we ha ve v; = p = r/ =: 0, 
and the equations of the last article become 

Aii = Brv, Bb^—Aru, Qr=(A — 



Fig 50. 

the thiee integrals inducing to two 

.1 «*+ fir* +§r*= const , 
and ii*«>+a*ii‘=/», 

the third lieing an identity, os the ‘impulse’ at any instant consists of a single 
impulsive force 1. 

Let X, 7 be the coordinates of the centre of gravity o of the solid referred 
to axes fixed in the given plane whereof the z-axis coincides with the line of 
the impulse 1 and makes an angle d with ox. 

* American Journal oj Mathemattep, 1898, 1906. 

i3 
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Then ra>^, /lw»/ca«tf, 

80 that tha fint two equations of motion are satisfied identioall/, e<piwoiiig 
the ftct that the impulse is fixed in magnitude and direction. The third 
eqoatioD gives 

9ii+'^j^f*oo8dsmd=0 (Jt), 

or, if we write Sd«=0, 

«+3^/*Bin^=0 (8), 

shewing that t6e motion correaponds to that of a simple pendulum, the body 
moving according to the same law through a quadrant on each aide of its 
mean position, as the common pendulum with reference to a half circle on 
each side. A body moving in such a manner is called a Qvadrantal Pmdui- 
Imm*. This motion is acquired by a sobd of revolution in an mfinite mass of 
hquid when it is given a rotation about an axis perpendicular to its axis oi 
figure, or simply projected without rotation 

The body, as it moves, may make complete rotations or it may oscillate 
about a mean position. 

(i) In the case of complete revolutions we may write the first integral 
of(l) 

where « is the value of 4 in the position 6mO and 


Hence 




ae 




(1-K*sin»d)i’ 
-i dC 


, where CKBind. 


Therefore sin sn ciT (4), 

where K, as given by (3), is the modulus of the elliptic function. 

(ii) In the case of oscillations through an angle 8a about the positioi 
B=0, we may wnte the first integral of (1) 





where 


8in’a= 


ABQ »* 
A-B’l* 


( 6 ). 


Therefore 




sin a . (fd 


, or if sin sin a 


(sin* n- sin* d)^ 
fi d{ 

= 8ina| -J , 


<<0 that 

where sill a, as given by (6), is the modulus of the elliptic fimctiou. 


.( 6 ), 


* Kelvin and Tait, N<ttural BktUmphf, 1 828. 
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To find the path of the centre of gravity we have 

j. A . Bin*d\ 

X»«coed-«aind>«/(-^— 

and 3 ^»« 8 ind+vooad»/^j — ^^andcoad. 

Hence in oaae (i) 

“ (3 + ^ dn* tU, from (3). 

Therefore x = + «), 

where E ie the elliptic integral of the aeoond land. 

Similarly an cn from (4) ; 

.. , ,(A— 5)dnwt 

therefore y—/ ^ ; - — =- 

•«^dn •<, from (3). 


In caee (ii), in like manner, putting v for w( ooaec a, 



*”^( 21 + AE B'n'osn**) 

A 1 an** ’ ' ' 

Therefore 


Similarly 

, M-B) . 

}'=— ^BiDosnvdnv; 

therefore 

y» /> -an^acnr 

Aou 

» ^ cn cosec a, sm a). 

In either caee wo eee that the velocity of the centre of gravity conaists of 
a constant part in a fixed direction together with periodic |)arts along and* 
perpendicular to this direction. . 


13— a 
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There ia an intermediate case in which 

correaponding tOKsl, ora=ir/2; then we have 

d=«coad, 
at = log tan (iir.+ fd). 


ao that 
Alao 

and therefore 
Alao 

aothat 


t— ^tanhut 
^^aindcoad 
■> — ^-tauhoitsechwt; 
aechui. 


In oaae (i) the curve deacnbed by the centre of gravity does not cross the 
line of the impulse, but in cose (li) the curve is a smuoua one crossing the hue 
of the impulse at regular intervals, the points of crossing marking the extreme 
positions of the axis of the solid in its swing about its mean position. 


109. Cylinder. 

In the two-dimensional motion of an infinitely long (^hnder in an infinite 
mass of liquid, the expression for the kinetic energy included between two 
planes perpendicular to the length of the cylmder at unit distance apart is 

2r=Aw*-)-5i»*+Qr», 

with the same notation as in the last article The motion of the cylinder i^- 
therefore given by the results of the last articla The curves described by 
the centre of the cylinder are to be found in Lamlfs Hydrodynamtes, p 167 
(Fourth Edition). 


170. Stability. 

Let us consider the stability of a solid of revolution moving uniformly 
along its axis of figure. In the equations of Art 167 we may put u^u^+u 
and regard u', v, w, p,q,rtM small, then we get 

A«'=0, Bv=-Aru^, Bw=Aqti^, 

Pp-0, Qqm{B-A)v^w, Qf^=(_A-B)^taV. 

Hence «o*v=0, 

with similar equations for w, q, and r. 

Therefore the motion is not stable unless A>B. 



STABILITr 
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m 


For an dlipsoid ve have 

A =M +/) j jt 


and 
80 tbat 
similarly 


Art 146 

J jxldS’B^abc, 

A>=Af+jjirpabc “®- , 

25 — oo 

B^M+i,rpabc^^-. 


Hence we have A >11, provided ao>'/3n, where a^, are as defined in 
Art. 146. 


And oo > j9b requires that a < i ; thus it follows that when an oblate spheroid 
moves uniformly along its axis the motion is stable, but for a prolate spheroid 
the motion is unstable. This accords with the observed tendency of a body 
to turn its flat side or its length across the direction of its motion 


171. Stability increased by rotation. 

Now let us suppose tbat the solid of revolution is moving with velocity tt, 
along Its axis and angular velocity about its axis. When a slight disturb* 
ance takes place we may put u^uq+u', p~p„+p' and regard w', v, •u),p\ q, r 
as small The equations of motion of Art. 167 become 

Aii'—O, Bv^BpqW—AuqT, Bw=Au^q-Bp^v, 

^=(Q-i»)j,,r+(N-A)Mo«', 9f=(P-§)Po2+(d-N)MoV. 

These give v'isconst., const., and if we assume that 

we get Nio-Xi— jByitoX*+AiioX4=0, 

Nt(rXy'~AugX3+Npo^i 
Qt<rX3+(P—0P)Xf+(A — B) U|,X]>bO, 

^X* -(P-Q) poX, -(A-B) «vX] »0. 

The elimination of Xi, Xg, Xs, X4 gives a biquadratic for 0, winch resolvee 
into two quadratics 

BQ>P±B{P - iQ) p^x-(B{P-Q)pJ^+A{A-B) «,*}=.0, 
and the condition for real roots, which must be satisfied for small oscUlations, 
18 that 

{P-2Wpi‘+mP-Q)p>*+*^(A-B)Qu^* 

should be positive ; or that 

i»Po*+4|(A-5)<?«,* 


should be positive. 
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This oondition is always satisfied if A >.B; and when B>A tlte cxHidition 
can be satisfied by making /)« laige enough. That is, an elongated prtgeotile 
can be made to move ui the direction of its axu by giving it a sufficiently 
great angular velocity This explains the necessity for the rifling of guns. 


172. Steady motkm of eolid oCrewdlutioii is a hhllcal path. 

As 111 Art. 167 when there are no external forces we have 
An<*iB(rv~qw), Bv’^Bpw — Ant, Bw**Agu-^v, 

Pj»«0, ^=(Q-r)pr+(B-A)uw, Qf^m(P-Q)pg+(A-B)uv. 

If we make the hypothesis that n-^=0 the equations are satisfied by 
wiEConst., and «*+t()*~const., 
and we have also paaoonst, and g*-fr*KConat 

Let <7 be the impulsive force and couple that constitute the impulsive 
wrench at any instant ; since there are no forces the axis OB of this wrench is 
fixed in space. Let O' be the centre of gravity of the body, O'O perpendicular 
to OB and P, O' the force and oouple components of the impulse referred to 
ff as origin. Then f are the components of F and X, s, v those of O', 
where 

f 1. C”A«, Bv, Bw, 
and X, /I, v«Pp, Qr. 

Since rv« the direction of the motion of O' given by (a, V, w) is coplanar 
with F and O', i.e. in a plane perpendicular to 00'. 

'Therefore 00* is of constant length. 

Again, if U denote the velocity of O’, so that 

the angle ^ between U and Fit given by 

coatpm ^ ^sCODSt. 

Therefore tf describes a helix round the axis OB of 
the impulse, the velodty parallel to OB being 
C^cos^, 

and the plane BOO turning round OB with angular velocity 

O’ sin ^jOO. 

The axu of the solid of revolution, its direction cosines being (1, 0, 0), 
and the instantaneoiw axis of rotation (p, q, r) are also clearly coplanor with 
F, O' and make ooiistant angles with OB. Hence the motion u a steady 
motion. 



173. Steady motimi of Isotropic helieoid under no fbrees. 

In this cose 

Sr-A (ii^+«*+i<^+i’(p*+y*+r^+2A (t^+og+wr) 
’-‘AU*+Psf+iLaU<x»6, 
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where IT, O are the neultaDt linear and angidar valooitiai and d the angle 
between the direction of P and the axis of O. 

Representing the impulsive wrench as in the last article, we have for the 
componenta of F and G', 

(, n, (i^ V, v>)+L (p, q, r), 

\ Ml (Pi ?. f‘)+L(u, V, w). 

Therefore F is the resultant of vectors A V and Zo, and Q' is the resultant 
of vectors PO and LP. 

Hence as in the last article the directions of the vectors 13 and Q must lid 
in the plane of P, 0\ i e in the plane through Of perpendicular to OOf As 
before OOf is of constant length, and therefore O' and the angle Q'OfF are 
constant and therefore U and Q are constant and make constant angles with F, 
As in the last article Of describes a helix. 

Also f/ IS the resultant of 

PF . W 
'AP-I> AP~I?' 

and if the angle POfO'^^a, O'oMa-0, and O' sin o»P. 00'. 

Hence the velocity of O’ parallel to OZ is 

„ PF LO'ooaa PF-LO 

where /3 is the angle between V and OZ ; and the angular velocity about OZ is 

(7 sin 3 _ ZO'sino LF 

oa OO'TAP-^') ~ ■ AP-I3 • ■ 

Hence the pitch of the helix is (L0~PF)ILF. 

A(t' LF 

Since a IS the resultant of end — it “ *1®® completely 

determined when the impulse and the distance of the centre of gravity from 
the impulse are known, and thus the motion is completely determined lu 
terms of these data*. 

174. Two ipherea. 

Though the general diacussion of the motion of two or more solids 
through a liquid may be regarded as beyond the scope of this book, 
there are some special cases which are capable of treatment by &irly 
simple methods so far as approximate results ate concerned. The 
first of these is the' motion of two spheres, moving (1) in their line 
of centres, (2) in parallel directions at right angles to their line of 
centres. 

* For a method of eonstmoting an uotropio heliooid see Kelvin, * Hydiokinetio 
adntionB and observations,’ Phil. Mag. xm. or Math, and Phy*. Papen, it. p. 73. 

For other eaaes of motion of an isotropic helicoid see Miss Fawcett, * Note on the 
motion of BQbds in a liquid,’ Quart. Journal, txn. p. 381. 
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( 1 ) Two spheres moving in their line of-centree. 



Let A, B be the centres, a, b the radii, c the distance AB and 
U, V the velocities of A along AB and of B along BA. Let (r, 0), 
(r\ ff) be polar coordinates of a point P measured as in fig. 52. 

The velocity potential will be of the form 

and the kinetic energy of the liquid will be given by 

2T^LU^ + 2MUU' + IfU'^ ( 1 ), 

where as in Art 161 



( 2 ). 


To find the values of we might use the method of successive 

images, each sphere when alone in the liquid producing the same 
effect as a doublet, but it is simpler to proceed os follows 
The boundaiy conditions to be satisfied are 


d± 

0r 

dr 


— cos d over A, and = 0 over B , 
dr 

0 over A, and ^ — cos ^ over B. 


If the sphere A were alone in the liquid, moving with unit 
velocity, we should have a velocity potential 

^“i^cos^, 

which would make d^jdr = — cos ^ over A. 


174] 


TWO SPHUUES 


SOI 


Now 


eoB^ rcosO e — r'coaff 

^ “{c*-2»^cco8y + r'»}i 


-K 


2r' \ 

1 + — cosd'+ ...j. 


Hence, near B, we have 




1 + 


Sr'coB^ 


)■ 


ft" 

giving a normal velocity over J5 =« — — cos tf'. 

c* 

This normal velocity might be cancelled by the addition of a 
velocity potential 

, , a*6’ cos O' 

and, as above, the value of this near A is 

a*h» 




c 

giving a normal velocity over A = — cos 6 

This normal velocity might be cancelled by the addition of a 
velocity potential 

. , a*i* cos ^ j 

^ J — ; — and BO on. 

To this order of approximation, i.e. neglecting a*b^lif, we have 
and, on il, ^ - const. + ^1 + 3 cos 6 

ft* 

while, on J8, * const. + f ^ 6 cos ff 


.( 3 )., 

.(4). 


Hence 


2wa* sin Odd 


= wpo* ^1+3 J cos* Oain OdO 
-fwpo»^l+3^^. 


Similarly 


M as 2wp , and N — |wp6* ^1+3 


a*l?\ 


.(5). 
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If we put IT's IT and a a 6, the motion is qrmmetrioal about 
the plane bisecting AB at right angles, which may be taken as a 
fixed boundary. Hence fiar the motion of a sphere at right angles 
to‘a fixed plane boundary at distance h ™ Jc, the kinetic energy of 
the liquid being half that just obtained is given by 

2r=|wpo*(l + |^*+...) (6)- 

If m, m' are the masses of the spheres, for the whole kinetic 
energy in the general ease we have 

2r - (X + m) U* + iMUU' + (JT+ m') V* (7). 

If we now assume that Lagrange’s equations* may be applied 
to the whole system and let x, m' denote the distances OA, OB, 
where 0 is an origin on the line of centres, we have 

2r-(Z + m)i*-21f«c' + (i\T+m')A'‘ (8), 

and x' —am c,ea that 

||(X + »)i- Jfi-| ii' + f i’)-!'] 

and [ (9), 

where JS, X' are the forces acting on the spheres m the ar 
direction. 


To a first approximation, assuming that a and h are small 
compared to c, and retaining only the most important terms, we 
have 


dL 

dc 





( 10 ). 


(a) If the spheres both move with constant velocity the force 
necessary to mamtain the motion of A is 


dM dM dM^., dM 

I -j-x TT-XX m — -—CX—-^-XX 

at dc oc dc 

dM - o*i* ^ 


•(11> 


* For the jnstifleation of this sirampbon leferenee may be msds to Lamb’s 
Hffdrodjfnamiei, Oh. vi. and EelTis and Tait’a Natural Philotopky, |i 819, 880. 
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This force is directed towards B aad depends only on the velocity 
of B, so that two spheres projected towards one another would 
appear to repel one another. 

(fi) If the spheres perform small oscillations about fixed 
positions, we may put 

dii-Xcospt, 

a/ s= c + X' cos + e). 

The mean value of X is then the mean value of 

dJIf ... 

— XX p* SID pt sm (pt + e), 

which » 3irp XX'p* cos e (12), 

c* 

The force is therefore repulsive if the difference of phase e is less 
than a quarter period, and attractive if more than a quarter 
period. 

( 7 ) Let U^U' and a = bso that the motion is symmetrical 
about the plane bisecting AB at right angles, then this plane may 
be taken as a fixed boundary, and we conclude from (a) that a 
sphere moving at right angles to a fixed plane boundary is repelled 
from the boundary. 


(2) Two spheres mosing in parallel directions at right angles 
to the line joining them. 



Let V, V denote the velocities, and with the same notation, 
but measuring fi, as in fig. 53, the velocity potential is 

F'f, 
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where ^ = - cos ^ over j 1 , and = 0 over jB; 


9^' n ^ 
= 0 over A, 


and ^ - cos B' over B 

&r 


As before, a velocity potential 

would make d^/dr — — cos 6 over A. 

And, near B, we have 

^ = i^rcostf = i^r'cosB', 

T* C* 

• • flr* 

giving a normal velocity over ii = — ^ p cos ff. 


This normal velocity might be cancelled by the addition of a 
velocity potential 

, . a* 6 * ^ 


and the value of this near A is 

^^t-^rcoae, 

giving a normal velocity over A = — J -j- cos 6. 

(j 

This normal velocity might be cancelled by the addition of a 
velocity potential 

, , a'fr* o* « j 

^ i - 3 - -i cos 0. and so on. 

<r f* 


To this order of approximation, i,e. neglecting ( 

we have 




and, on A, 

^-io^l+f^^cosB 

(13). 

while, on B, 

^ = i^ 6 co 8 B' 

(14). 


Hence if the kinetic energy of the liquid be given by 

2T^L'V* + 2M'Vr' + N'V'* 


( 15 ). 
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we have 


similarly 


+ f co^0^0dB 
*fTrpa»(l + f ^ 


( 16 ). 


If we put V^*V' and a « & the motion will he symmetrical about 
the plane bisecting AB at right angles, so that the kinetic energy 
of the liquid due to the motion of a sphere parallel to a fixed plane 
boundary at distance h = c/2, being half the kinetic energy in the 
last case, is given by 

2r=|wpa«F>(l + Aj* + ...) (17). 


Reverting to the case of the two spheres, for the whole kinetic 
energy we may write 

2T=(L' + ot) r'+ 2if'FF' + (N' + m) F'« (18), 


and taking an origin 0 on the line of centres so that if OA ^ a and ■ 
OB = o', ®' - a: = c, L', M', N' are functions of c or — x, and re- 
taiTiing only the most important terms. 


dc 


= 0 , 


dM’ „ 0 * 6 * 


djr 

dc 


= 0 (19). 


Hence the equation of motion 


d(dJ\_dT 
cU \0i/ dx 


X 


gives 


X = 


djT 

Be 


FF' 



FF' 


( 20 ) 


as the force in direction AB necessaty to maintain the motion of al. 
It follows that two spheres moving in the same direction in parallel 
lines attract one another. 
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176. 9pli«r« movlBf in a liquid with a plana tKrandacy, 

This case which, as we saw in the last article, can be deduced 
from the case of two spheres, is also capable of simple independent 
treatment. 


Let the w and y axes be parallel and perpendicular to the wall 
Then 

2T = Pi*+Q^ (1), 

where P, Q are functions of y only, and the term iy cannot appear 
because changing the sign of ds cannot affect the kinetic enei^. 

The equations of motion are 





where X, Y are the forces in the directions of tc and y. 

If there are no external forces and the sphere is moving at right 
angles to the wall, i=0 and, since the kinetic energy is constant, 
therefore 


m const 

But from (17) and (6) of the last article 

(3). 

P=m + |wpa»(l + ^^*)] 

\ jr ' 1 

Q-m + lwpa'^l + f^) J 

(4). 


so that P and Q both decrease as y increases, therefore y increases 
as y increases or the sphere has an acceleration from the wall. 


Again, it the sphere move parallel to the wall, so that y s 0 
there must be a constraining force 


F= 


‘ 1 ^ 


(5) 

acting away firom the wall, so that the sphere is attracted towards 
the wall. 


This problem was discussed by Stokes* who obtained results (6) 


* * On loine eues of fluid motion,’ Trani. Cawb. PhtL Soci vui. or Math, and 
PKyi. Papen, i. pp. 47 — 9. 
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«nd (17) of the last article by a somea'hat similar method. Some 
results were given by Kelvin and Tait*, and for farther infonnation 
on the subject of the motion of two spheres reference may be made 
to papers by W. M. Hicksf, B. A. Herman^, and A. B. Ba88et§. 


EXAMPLES. 

1. A homogeneous liqmd is oontained between two oonoentrio spherioal 
rigid envelopes of given nuuses , iiieee bounding surfaoee ue set in motion, 
the one with velocity and the other with velocity F, in perpendicular direc- 
tions; find the impulseB which must be applied to the envelopes to produce 
the motion, and determine the motion of the fluid at any point. 

(Coll. Eiam. 1893.) 

2. The space between two coaxial cylindrical shells of radii a, i is filled 

with incompressible liquid of density p. The outer shell, of radius a, is 
suddenly made to move with velocity U : shew that the impulsive force per 
umt length necessary to be applied to the inner cylinder to hold it at rest is 
3irpa*l^U/{a*-V). (Trinity ColL 1901,).^ 

3. A uniform sphere is surrounded by a uniform incompressible fluid of 

the same density, initially at rest aud extending through all space. The 
sphere is set in motion by a blow P along a diameter. Prove that its resulting 
velocity is f P/if, where if is its mass (Trinity Coll. 1909.) 

4 . An incompressible perfect fluid of mass m is contained between two 
ngid couoentnc spherical envelopes, the outer of radius b and mass if, the 
inner of radius a and of no mass The system is started from rest by an 
impulse normal to the outer envelope. Prove that the initial momentum is 
shared between the envelope and the fluid in the ratio of if(8a*-|-6’) to mb’. 

(Tnnity Coll. 1904.) 

5. A sphere of radius a is made to descnbe a circle uniformly in an mfinite 

flmd at rest at infinity , find the pressure at any point of the sphere, and shew 
that the resultant pressure on it is a force (2ir/3)pa^ev* towards the centre of 
the circle, where a is the radius of the sphere, c the radius of the circle described 
by its centre, u the angular velocity. (Trinity Coll. 1907 ) 

6. A solid body is moved in any manner in an unhmited liquid, find tho 
motion set up and shew that if the body be moved with unit velocity along 
Ox, the momentum set up parallel to Cb' is equal to that set up paralld to Ox 

* Natural PMotophy, |g 820, 821. 

t ‘ Motion of Two Spheres in a Fluid,’ PML Tram. 1880, p. 466. 

$ ‘ On the motion of Two Spheres in Fluid and Allied Problems,' Quart. 
Journal, xtn. p. 204. 

S ‘ Ota the Motion of Two Spheres in a Liquid,’ Proe. L.tl.S. arm, p. 869. 
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by moving the body with unit velocity along Oy. Abo if the body be tumed 
round Ox with unit angular velocity the momentum generated parallel to Oy 
is equal to the angular momentum generated arotmd Ox by moving the body 
with unit velocity parallel to Oy. 

7. A pendulum with an eUiptical cybndrical cavity filled with bquid, the 
generating hnes of the cylinder being parallel to the axis of suspeneiou, performs 
finite oscillations under gravity. If 2 be the length of the equivalent pendulum, 
and I' the length of the eqmvalent pendulum when the liquid is sobdified, find 
I and V, and prove that 

„ , »» o*fc* 1 

If+^a*+^ A* 

where if is the mass of the pendulum, m of the liquid, h the distance of the 
centre of gravity of the whole mass from the axis of suspension, and a, b the 
semi-axes of the elliptic cylinder (M.T 1878 ) 

8. A jiendulum, of mass if, with an ellipsoidal cavity (semi-axes a, b, c) 
hlled with liquid of mass m, oscillates about a horizontal axis parallel to the 
c-axis of the ellipsoid , prove that the length of the equivalent simple pen- 
dulum IS 

[ifir* + OT -Ka^ - b^^jb (a* -t- !.*)}]/( if + m) I, 

where K is the radius of gyration of if about the axis of suspension, d the 
distance of the centre of the ellipsoid and I the distance of the centre of graviti 
of the whole mass from the same axia (Coll Exam. 1898.; 

9. In the midst of an infinite mass of homogeneous incompressible liquid 
at rest is a spherical surface of radius a, which is suddenly strained into an 
equal spheroid of small ellipticity Find the kinetic energy contained between 
the given surface and an imaginary concentric sphencid surface of radius c; 
and shew that if the imaginary surface were a r^ boundary surface which 
could not be deformed, the kinetic energy in this case would lie to that in the 
former case in the ratio 

c"(3a»+2c').2(c»-a»)^ (M T 1878) 

10. Find the ratio of the kinetic eneigy of the infinite liquid surrounding 
an oblate spneroid, moving with a given velocity in its equatorial plane, to 
the kinetic eneigy of the spheroid; and denoting this by P, prove that if the 
spheroid swing os the bob of a pendulum under gravity, the distance between 
the axis of suspension and the axis of the spheroid being c, the length of the 
simple equivalent pendulum is 

{l+P)c+ia*lc 

where a is the equatorial radius, p the density of the spheroid and c that of 
the liquid. (M.T. 1879.) 
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IL An elliptic cylindrical shell, the mass of which may be neglected, is 
filled with water, and placed on a horisontal plane very nearly in the position 
of unstable equihbnum with its axis horisontal, and is then let go. When it 
passes through the position of stable eqiulibnum, find the angular velocity of 
the cylinder (i) when the horizontal plane is perfectly smooth, (ii) when it is 
perfectly rough ; and prove that in these two cases the squares of tho angular 
velocities are in the ratio 

(a*-6*)»+46*(a*+6«) . 

2a and 26 being the axes of the ciuss section of the cylinder. (M.T. 1886.) 

12. A solid ellipsoid of uniform density is set rotating in an infinite liquid 
about one of its axes by a given impulsive couple ; find its angular velocity. 

(M.T. 1882.) 


13. A cylinder is moving in an infinite fluid, and the motion is defaned by 
M, V, u , shew how to reduce the kinetic energy to its simplest form. 

If 2T wm Au*+2HuiV+ Bv*+ axid there are no forces, prove the equation 
K6+J* {(A-B) sin $ cos 6+ff(coa*0~am*6)}l(AB-ff^)wO, 
where J is the resultant momentum (hnear) (St John’s Coll 1895.) 


14. An infinite elliptic cylinder of density <r is moving through incom- 
pressible fluid of density p that extends to infinity and is at rest there Shew 
that if a, 6 be the semi-axes and c*=o*— 6*, 


2T=ir (pb^+aab) {pa‘-\-<ruh) 1’^ 

-^1^[pc♦/8-^o■a6(o*-^-5*)/4] 

and that at any time 


fc* cra5a*-h6* 
i8'''pTa»-6*’ 


e+uv=o, 


where U, V are the velocities of the centre along the axes and 0 the angle 
turned through by the transverse axis. (Tnnity Coll 1894 ) 


1^. A prolate spheroid is moving tbfough fluid with velocity u in the 
direction of its axis , shew that the motion is unstable, but that it will be 
stable if the spheroid is at the same time spinning about its axis with 


ail angular velocity greater than 



where F and Q are the 


effective inertias of the spheroid along the axis of revolution and a perpen- 
dicular axis respectively, and A, B are the effective moments of inertia about 
those axes. (M.T. 1892 ) 


16. A solid ellipsoid of density v is placed inside a fixed concentric, con- 
focal and similarly situated elhpsoidal shell and the space between them is 
filled with fluid of density p. Supposmg that the whole matter attracts accord- 
ing to the Newtonian Law, and that w is greater than p, shew that when the 

14 


B.H. 
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solid ellipsoid is skghtly displaced parallel to its greatest axis, the time of a 
small osrallation is given by 

47r> trp{ir-p)A 

T* ” <r+p pabc ’ 

■'2 ~aic(2-A')-b'yc'(2-A) 

where a,b,c and a', V, ef are the semi-axes of the outer and inner ellipsoids 
and 

/"* obcdK 

~Jo 

with a similar expreseion for A’. (M T. 1881.) 

17. If a thin ellipsoidal shell without mass be filled with water, and set 
in motion about its centre as a fixed point, prove that its subsequent motion 
will lie determined by three equations of the form 

, (6‘-e‘)(b^+<^a»+a<‘b*-3a*) 
b‘+c‘ ^ 

18. If A and B be the forces required to act for unit of time in order to 
geneiate unit velocity perpendicular and parallel respectively to the axis of an 
elhpsoid of revolution in an infinite mass of homogeneous firictionless liqmd, 
and if be the couple reqmred to act for unit of time m order to generate 
unit angular velocity about an equatorial axis, prove that the kinetic energy 
T of the ellipsoid and liquid is 

i (Alt* -H Av* + -Bv^ + Ovi* -I- Ga^ -h 

with Euler’s notation, C being the polar moment of inertia of the elhpsoid. 

Express T in terms of Lagrange’s coordinates r, y, e, and prove 

that if the axis of x be parallel to the impressed impulse F, then 

.f=-/'Q-^^SlIldC08dc08^, sin d cos d Bill 

&sin*d^-t-(7®3C08d=£, 

Oe^+O sin* C«!,*-i-/’* = 27, 

whei'e ® 3 , E, T are constants , the last three equations being the same for a 
solid of revolution with a bar of soft iron in its axis, moving about its centre 
m a uniform magnetic field (M T. 1877 ) 

19. An incompressible liquid extending to infinity is bounded internally 
by a prolate ellipsoid of revolution find the initial motion, when an impiilsue 
pressure 

= Air*-h^*-|- Ci*-i-2/y*+2to+ 2jKty 

IS applied to the hqmd over the ellipsoid, where A, B, etc. are constants, and 
the centre of the ellipsoid is taken as origin of rectangular coordinates. 

(Dublin Univ. 1911.) 
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20. A rigid body immenaed in a hbmogeneous incompreiailile liquid at 
rest extending to infinity is set in motion by an impulsiTe couple : prove that 
its subsequent motion rdative to a certain point 0 fixed in it is the same as 
if a certain dlipsoid, fixed in it with its centre at 0, rolled on a fixed plane ; 
and express geometrically the variable vdooity of translation necessary to 
complete the representation of the actual motion. (Lamix) 


21. An mfinite mass of fluid is divided into two parts by an infinite rigid 
plane and a sphere is moving in the fluid in a line perpendicular to the plane. 
Explain by general reasouing what wiU be the effect of making a circular 
opening in the plane with its centre in the Ime of motion of the sphere, when 
the sphere is moving (1) towards the plane, (2) from the plane. (M.T. 1882.) 

22. Explain how the method of images can be used to obtain successive 
approximations for the velocity potential due to a sphere moving in a liquid 
bounded by a plane wall whose distance a fritm the centre of the sphere is 
large compared with the radius b of the latter. 

If the centre of the sphere be talmn as origin, the axis of y perpendicular 
to the wall, and if the sphere be moving with velocity « along the axis of x, 
shew that, neglecting fifth and higher powers of b/a, the velocity potential 
near the sphere is given by 

and find the values of the constants A and £ (Univ. of London, 1910.) 


23. The presence of an infinite liquid increases the apparent mertia of a 
moving sphere by half the mass of the liquid displaced Shew that this in- 
crease IS raised in the ratio l+3a^/8(* ; 1 nearly, if the liquid is bounded by 
an infinite plane perpendicular to the direction of motion, and at a great 
distance ( from the centre of the sphere, whose radius is a. 

(Trinity Coll. 1896.) 


24. Two infinite parallel circular cylinders in an infinite fluid are pro- 
jected (i) in opposite directions along a line at right angles to their axes, (ii) in 
the same direction perpendicular to this bne. Prove that they experience in 
the two cases respectively a mutual repulsion and a mutual attraction. 

(Trinity Coll. 1894.) 


26. A sphere of mass if, displacing a mass M' of fluid, is projected with 
velocity V normally to an mfinite rigid plane with which it is in contact ; 
shew that its limiting velocity is 

[l + \ i]* (Trinity CoU. 1898.) 


14—2 
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76. Find the complete syetem of images whioh vill represent the motion 
of a qdiere perpendioidar to an infinite bounding plane , and shew that, if the 
density of the sphere be the samo as that of the fluid, the ratio of the velocity 
of the sphere at impact to its velocity at an infinite distance firom the plane is 

1 (ii)* (MT.1889.) 


87. Find the nature of the interaction between two spheres movmg in a 
liquid of infinite extent (i) when the spheres each make small vibrations along 
the line of centres, (ii) when one vibrates and the other is at rest. [Take the 
kinetic energy of the ^tem to be 

i (Im* - 2ifit»+ fiTii*), 

. T 5 n/i . 1# a 

where + I, Jf=2irp-^, 

.V=«'+4irp63^1+?^, 

m, m! are the masses, a, b the radii, and u, v the velocities of the spheres, c the 
distance between their centres, and only the lowest powers of ajo and bjc are 
retained.] 

Mention some experimental evidence of the results obtained. 

(MT 1911.) 

28. (a) Investigate the condition of stability of the motion of an elongated 
solid of revolution with a plane of symmetry at right angles to its axis of 
figure moving parallel to its axis of figure and rotating about that axis. 

(6) Prove that, when this condition is satisfied, there are possible two 
states of steady motion in which the velocities of translation and rotation are 
constant and the directions of translatiou and rotation are in a plane through 
the axis of figure and midce constant angles with that axis while the plane in 
question rotates uniformly around the axis. 

(c) Prove that the two modes of simple harmonic oscillation about the 
state of steady motion described in (a) are really steady motions of the types 
described in (b), the angles made with the axis of figure by the directions of 
translation and rotation being small. (M.T. 1904.) 
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VORTEX MOTION 

176. So far we have confined our attention almost entirely to 
cases involving irrotational motion only. But we saw (Art. 64) 
that the most general displacement of a fluid involves rotation of 
which the component angular velocities at a point (x, y, z) are 



where u, v, w are the components of Imear velocity at the point. 
We also saw (Arts. 31, 33, 70) that if at any instant the motion of 
a fluid mass is irrotational under the action of conservative forces 
it remains irrotational for all time. In this chapter we shall con- 
sider the theory of rotational or vortex motion. The theory is due 
to Helmholtz whose epoch-making paper was published in 1868*. 
It was afterwards developed by |Celvmf, Eirchhoff and other 
writers 

177. It is important to realize at the outset that some portions 
of a fluid mass may possess rotation while others are moving 
irrotationally. 

Lines drawn in the fluid so as at every pomt to coincide with 
the instantaneous axis of rotation of the corresponding fluid 
element are called vortex linei ( Wirhellinim). 

Portions of the fluid bounded by vortex lines drawn through 
every point of an infinitely small closed curve are called vortM 
fllamenta {Wirhdfddm), or simply vortloet, and the boundary of 
a vortex filament is called a vortex tube. 

* CrelU’i Journal, vol. lt. ‘ U«ber loiegrale dw bydrodjawnisohenOleiehaiigen 
vdehe den Wubelbewegangen entepreoben.’ A tnneUtioB by Teit was publiabed 
in pm. Hag. 4tb aeriee, vol. zzzni. p. 48S. 

t ‘ Vortex Motion,’ Tram. S.S,E. xxv. 1809, p. 317, or Hath, and Phyt. Paytrt, 
IV. p. 18. 
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178. The theory will shew that elements of fluid which at 
any time belong to one vortex line, however they may be trans- 
lated, remain on the same vortex line, or that the vortex lines 
move with the fluid. Also that the product of the section and 
angular velocity of a vortex filament is constant throughout its 
whole length and constant for all time. Hmice vortex filaments 
must either form closed curves or have their ends on the bounding 
surface of the fluid. A vortex in perfect fluid is therefore per- 
manent and indestructible ; and the enunciation of these properties 
by Helmholtz suggested to Lord Kelvin the idea that vortex rings 
are the only true atoms, inasmuch as the generation or destruction 
of vortex motion in a perfect fluid can only be an act of creative 
power* 


179. Kelvin’s Prooft. 


To prove the properties just enunciated 

(1) The product of the croes section and angular velocity at any 
point on a vortex filament is constant all along the vortex filament 
and for all turn. 

By Stokes’s Theorem (Art. 66) the circulation round any closed 
curve is equal to 

2ll(l^ + m.i + n0dS, 

where if, ^ are the components of spin, and I, m, n are direction 
cosines of the normal to an element dS of a surface bounded by 
the curve. If the curve be a reducible circuit drawn on the sur&ce 
of a vortex tube the circulation will be zero, because at every point 
of such a sur&ce 


l( + mr/ + n^=0. 

Let the circuit be ABCDEFOHA as in the figure, 
where FOHA and EDCB are two cross sections of 
the vortex tube. Then since the circulation round 
ABCDEFOHA is zero and the contributions of 
AB, EF are equal and opposite, it follows that 

flow round FOHA — flow round EDCB, 
or, ultimately, 

circulation round AOHA = circulation round BDCB. 






FA 

Fig. 64. 


* ‘ On Vortex Atoms,’ PM. Mag. xsziv. 1867, p. 16, or Math, and Phyt, Papm, 
If. p. 1. 
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But, as in Art. 66, if w denote the angular velocity and a the 
cross section of the vortex tube supposed small, the circulation 
round this section is 2o>ir. Hence this product is constant for all 
sections, and we shall take it as a measure of the strengtli of the 
vortex. 

Again, from Art. 69, when the forces have a single-valued 
potential and the density is a function of the pressure the circu- 
lation in any closed circuit moving with the fluid is constant fpr 
all time. And if we apply this to any circuit embracing the vortex 
it follows that the strength of the vortex is constant for all time. 

It is clear also that the circulation in any circuit is the sum of 
the strengths of the vortices that it embraces. 

(2) The vortex hnes move with the fluid. 

It is clear from the formula 2 (if + mi? + nf) dS for circu- 
lation m a closed circuit, that if the circulation is zero in every 
circuit that can be drawn on a certain surface no vortex lines can 
cut the surface, and any that meet the surface must he wholly upon 
it, for we must have if •+• mi? + =■ 0 at every point of the sur&ce. 

Consider a surface 5 composed of vortex lines at time t. The cir- 
culation in any circuit C on this surface is zero. At time f £i the 
particles that formed the surface JS now he on another surfiMie S', 
and the circuit C moving with the particles now lies on S' and the 
circulation m it is still zero and this being true for all such circuits 
on S', the surfiice S' must be composed of vortex lines. Hence any 
surface composed of vortex lines, as it moves with the fluid, con- 
tinues to be composed of vortex lines. The intersection of two such 
surfaces must always be a vortex line and so we arrive at the theorem 
that vortex lines move with the fluid 

The foregoing proo& are due to Lord Kelvin. The proo& given 
by Helmholtz are not so simple but we reproduce them here on 
account of their historical interest. 

180. Helmholts’i Prooft. 

Let a> denote the resultant spin at any point on a vortex line 
and ea a small element of length of the vortex Ime. The pro- 
jections of this element on the axes are 

Sx, Sy, Sz — ef, e»?, ef 


( 1 ). 
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The rate at which Sx increases as the fluid moves is the differ- 
ence in the values of v at the ends of that element. Therefore 


D&c 
Dt ' 




= e^, from Art. 33 ( 1 ), 


or 


^(&r-sf) = 0. 


That is equations (1) continue to be true as time advances; 
or, as the particles composing a vortex line move, their join is still 
the instantaneous axis of rotation, which means that “ each vortex 
line remains composed of the same elements of fluid, and swims 
forward with them in the fluid.” 


Now, regarding the element of length of a vortex line as the 
join of two definite particles or elements of fluid, we have seen that 
T), ^ vary as the projections of this element of length on the 
coordinate axes, hence the resultant angular velocity in a defined 
element vanes as the distance between this and its neighbour along 
the axis of rotation. 


Now, regarding the fluid as incompressible, consider a short 
length of a vortex filament. Its volume is constant as it moves in 
the fluid because it is always composed of the same elements of fluid, 
but the angular velocity varies directly as its length, therefore the 
product of the angular velocity and the cross section in a portion 
of vortex filament containing the same element of fluid, remains 
constant durmg the motion of that element. 

Again from the expressions for 17, ^ in terms of u, v, w we get 


But 




= 0 ; 

where the surface integral eiqtends to any portion of the fluid 


* U has teen remarked by Prof. Larmor that this proof is not quite rigorons 
inasmtioh as it implies the expansibility of u, v, tc in Taylor’s Series in powers of t. 
See Lamb’s Hydrodynamics, pp. 198-9. 
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bounded by a sur&ce S. Applying this to the surfiuse of a portion 
of a vortex filament cut off by cross sections of area <r, <r ' ; the 
integral over the curved surface is zero and the result reduces to 

attr = a»V', 

where a, ea' are the angular velocities. 

That is, the product eta- is constant throughout the whole 
length of any one vortex filament. 


181. Third Proof from Oauehy's Eanationa. 

A third proof follows very simply from Cauchy’s equations of Art. 31, viz. 

p Po 3a po 3 3 Po 3c ’ 

For, the initial equations of a vortex line are 
da _db _iic 
(a *Io Ca Pa ’ 

and 2 being the coordinates at any time of the particle originally at a, b, c, 

. Zx , , ox j, 3xj 
dx= — aa+ 5 Tao + 5 -<fc 
oa 06 oe 


X /. 3a' , 3a? , „ 3ar\ 

=— , from above, 


therefore 


dx dv dz \ 
€ ■“ C ~p' 


that IS, the moving element whose projections on the axes have become dv, 
dy, dz 18 still jiart of a vortex line ; or the vortex lines move with the fluid. 


Again, if cb be the length of the element and w the angular velocity and 
dig, og their initial values 


« ~ f 


X . dig da X 
and — = -y- =. . 

P »o Co Pa 


But if O’, vg denote the cross sections of the filament, the iqass of the 
element being constant, 

p<rdi=pgO-gdtg, 

therefore a>o-=a>g«rg, or the strength of the vortex filament is constant with 
I'egard to the time That it is constant along the filament can then be proved 
as before. 


182. BeotlUiiear VorUcea. 

Before going further into the general theory of vortex motion 
we shall consider the case of rectilinear vortices in homogeneous 
liquid, which is capable of simple independent treatment. 
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Suppose a number of straight parallel vortex filaments either 
in an indefinitely extended mass of liquid, or in a mass bounded 
two planes perpendicular to the filaments. 

Taking the axis of z parallel to the filaments, we have 


so that 


wszQ, 5 ^ = 0, and = 0, 

oz 

f.O, ,.0. and 


The equation of the lines of motion is 
vdx — tidy = 0, 

and it follows from the equation of continuity that vdx — udy is a 
perfect differential ; hence, as before. 


u 


dyfr dyfr 
^~dy' 


8 ^ d*^lr 


= 2(: 


( 1 ). 


and the Imes of motion are given by ^ const. 

of course is zero except along a vortex filament ; and the form 
of the equation for shews that ffr may be regarded as the potential 
at any point of on infinite medium, the density of which is zero, 
except along the vortex filaments, which may he regarded as 
gravitating straight lines of density — 5/2^. 


Hence the a-, y- differential coefficients of yfr are the components 
of the attractions of these lines parallel to the axes*. 

Supposmg that only a single vortex filament is in existence at 
the point (a, b) and that dadb is its areal section, we get for the 
velocity components at a point (m, y) at distance r from (a, b) 

2dadb /~‘^\ y~b ^ dadb y — b 

0y ** r V,27r/ r ™ tt ' r* ’ 

_ 3^ 2dadb /— ^ x — a_ ^dadb x — a 

dx r \2 itJ r w ’ r* ' 


From this it follows that the resultant velocity g is perpen- 
dicular to r, and that 




\^dadh 
■nr ’ 


* The •ttrootion of an infinitely long Qun rod at distanoe r from itsdf le 2m/r 

parpendieulai to the rod, m being the maee of nnit length. 
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or, if K is the strength of the vortex, 


the direction of q being in the sense of the rotation And for a 
single vortex 

^=^log»- (2)- 

We might also obtain (2) from the simpler consideration that 
outside a single vortex, ^ being a function of r only, we have 
from (1) 

ar- ^rar “ ‘ 


so that ^ = Clog r; 

and the motion outside the vortex being irrotational there is a 
velocity potential 

4>^-C$. 

But the strength tc of the vortex is the circulation or mcrease m 
<l> in making one turn round the vortex, so that 

2^0 = « 


and 



If there be any number of vortex filaments, the velocity at any 
point will be determined by the superposition of the velocities doe 
to each, and will be expressed by the equations 


u 


vjL y~J* 

^2w' r* ’ 




K x — a 
27r’ r* 


183. In the case of any number of filaments, if u„ v, denote 
the velocity components of the filament of strength k„ the 
expressions 

X («,u,) and 2 {k,v^ 

will both vanish, for they Consist of pairs of terms of the forms 


/Cg X\ "" 


and 


*1 

“ 27r • 


Hence regarding x as a mass, the centre of gravity of the 
vortex filaments remains stationary during their motions about 
one another. 
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A single rectilinear vortex in an unlimited mass of liquid there- 
fore remains stationary; and when such a vortex is in the presence of 
other vortices it has no tendency to move of itself but its motion 
through the liquid is entirely due to the velocities caused by the 
other vortices. 

184. Consider the case of two vortex filaments of strengths 
Ku Ka and of small section at distance a apart. Each will produce 
a motion of the other perpendicular to the line joining them. If they 
meet the plane xy in A, B, the point 0 that divides AB in the 
ratio Kt : will remain at rest and, the velocities of A and B being 
K^iira and Kifiira respectively, the line AB will revolve with 
angular velocity (*i + /ic,)/2ira*, the vortices describing circles 
round 0. 

If tile strengths of the vortices are equal but of opposite sign, 
say K and — 0 is at infinity and the vortices move in parallel 

directions with the same velocity Kj^ira. 



If Ti, r, are the distances of a point P from A, B and d^, 6, 
their inclmations to BA, the velocities are Kj2mri, ic/27rrB at right 
angles to AP, BP. So the velocity along the tangent to the circle 
APB IS 

Hence the stream line through P cuts the circle APB ortho- 
gonally; that is the stream lines are the coaxial circles having A, 
B as limiting points. 

This is also evident from the fact that 
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Such ^ pair of vortices may be called a Tortox pair. 

The reader will notice an analogy between a vortex filament and 
an electric current. The straight current of strength t produces a 
magnetic field in which the force at distance r is 2i/r at right angles 
tor and to the current. And two equal and opposite parallel currents 
produce a magnetic field in which the lines of force are coaxial circles 
corresponding to the stream lines in the case just considered. 

To return to the case of the vortices, it is clear that there is no 
fiow across a plane bisecting at right angles so that this might 
be made a rigid boundary; and consequently a single rectilinear 
vortex parallel to a plane boundary and at distance c from it will move 
parallel to the boundary with uniform velocity Kl4iire. 

The velocity half-way between the vortices being due to both of 
them is x/irc, so the vortex moves with one-quarter of the velocity 
of the liquid at the boundary. 

The image of such a vortex with regard to a parallel plane is an 
equal vortex symmetrically placed, the rotation of the two being in 
opposite senses. 

186. As a further example we may obtain the motion of a vortex 
pair moving directly towards or from^a parallel plane boundary or of 



a single vortex in a comer between planes meeting at right angles. 

The figure shews the necessary arrangement of images, and for the 
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velocity of the vortex at A (c, y) doe to the other three, ve have 
components 


« = 


27rAB 


and 


K AS 

'^HaF'AF’ 

— * * AA’ 

^"^AA' 27rA£'-AB' 


JL - 

'4w'y(«*+y*)’ 

Jt 


For the path of the vortex A, we have 
«*= u and y = V, 


so that 


whence by integration 


dm 

nf 


i+U 

o' 


1 
,»* 


or in polar ccfbrdinates r sin 26 » 2a \ 

which represents a Cotes’s spiral with asymptotes parallel to the axes. 


Also since my — yi^ — */4rtr, 

the vortices describe the Cotes’s spiral in the same way as a particle 
under a central force which can easily be seen to be a repulsion 
directed from the origin and varying as the inverse cube of the 
distance. 


186. A rectilinear vortex within a circular cylinder of liquid will 
remain at rest if it lies along the axis, but not in any parallel position. 
The image is an equal and opp«»ite vortex so situated that the 
vortices cut a cross section of the cylinder in inverse points. 

Thus if C be the centre and A, B a pair of inverse points, we have 



seen that the stream lines due to equal and opposite vortices through 
A and B are coaxial circles having A, Baa limiting points, so the 
cylinder in question will satisfy the condition for stream linea 
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The velocities of the vortices are both equal to K/iirAB so they 
-will not remain on the same radial plane through C, and the motions 
of the liquid inside and outside the cylinder only correspond at the 
instant under consideration. But so far as the motion inside the 
cylinder goes the vortex A describes a circle round C with uniform 
velocity kI^wAB or * . CAI2‘ir (c* — CA*), c being the radius of the 
cylinder. 

In the problem of the vortex B in liquid outside the i^linder, we 
notice that the foregoing solution with the image vortex at A implies 
a circulation k round the cylinder due to the vortex A ; but we want 
a solution in which the only circulation is due to the vortex B, and 
we can get this by superposing the motion due to another vortex 
— K at C. This will make the vortex B describe a circle round the 
cylinder with velocity (counter-clockwise) 

K K K1? 

2irAB 2v^~¥irCB~(CB*^')' 

To get the solution of the corresponding problem when there is an 
arbitrary circulation k round the cylinder, we have only to superpose 
a vortex of strength at C, adding k'I2itCB to the velocity of the 
vortex B*. 


187. For any number of parallel rectilinear vortices in an un- 
limited mass of liquid, we have a stream function 


or S^logKas-aHy-l-Cy-y,)*}, 


where *, is the strength of the vortex at (^i, y,). 

The motion of any one vortex depends not on itself but on the 
others, for it would remain at rest if no others were present. Hence 
to get the motion of a particular vortex, say we subtract from 
the term that corresponds to this vortex, then if (x, y) be the 
result, and we find a function (a;,, y,) such that 


9y» 





these are the components of the velocity of the vortex, and ^ 

may be regarded as a stream function giving the motion of l^e 

vortex. 


* See F. A. Tsrleton, ‘On a problem ia rortea motion,' Froe. R.l.A. Srd aeriea, 
n. p. 617. 
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For example, if there be a vortex of strength k at (.«i, yO and 
the axis of d; be a boundary of the liquid, there is an image — « at 
(«i, -yO.and 

^ K® -*>)* + (y - yi)*) - log {(« -*,)* + (y + y,)’). 

Hence, in this case, 

^'(*.y) = -^log {(*-a!,)* + (y + y,)*}. 


Therefore 


oyi 4mT/i dxi 


0 . 


so that the stream function for the motion of the vortex is 

X(®».y»)=-4^1ogy„ 

or the path of the vortex is given by 


y, = constant, 

as we know from the discussion of Art. 184. 


188. Vae of Conformal Transformation. 

The method of Arts. 112 — 116 is also applicable when parallel 
rectilinear vortices exist in the liquid; and regarding the problem 
as one of two-dimensional motion, as in Art. 114, if a vortex 11 of 
strength k exists in one liquid at a point whose coordinates are 
(fii ’?i)j there will be a vortex F of equal strength at the correspond- 
ing point (xi , yi) of the other liquid , for the strength is — / taken 
round a small curve surroundmg the vortex; and ^ having the same 
value at corresponding points in the two liquids, the integral must 
have the same value when taken round corresponding curves. These 
vortices however do not necessarily continue to move so as to occupy 
corresponding points, but we may deduce the motion of one when 
we know that of the other. Thus, if (f, ij) denote the stream 
function of the first motion, the path of the vortex 11 will be given 
by a stream function x Vi) deduced, as in the last article, by 
omitting from ^ the term 

^ log Kf - fi)* + (v- ffi)*]. 

or the real part of ^ log (< — t,), 

where t f + »V 
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jSimiJarly in the tnuufonned motion there will be a stream 
fonction (si, for the motion of the vortex P obtained fhnn 
^ in the same way by the omission of the term 

^log{(®-*,)* + (y-y,)'}, 
or the real part of ^ log (z — z,). 


Hence it follows that x' =‘X'f' X"‘ where x" u such that 
|C.»he r«l ,f [|. A 

3 d 

Now we assume that t — tj is expansible in 

powers of X — Zi, so that 

^ 

therefore we require 

Ihe red p« of ^ log j(g)^ +}(»-«.) (S)+ }], . 

" S [* (£)/©. + of 1 

thot », the real port of ■ 

, . , . * 3 , Idt I 

which IS T- ^ log j- • 

471 3y, ®lox|, 

Hoooe ^".^log || . 

and x' (*i> y>) " X (ft. ’?») + ^ log (I)* 


IM. Exajiplkb. (i) To find th$ path of a rectUinear vortex in the angle 
iMween two planee to whteh tt ie paraUd. 

Let ir/n be the angle between the planes. 

The transformation suitable to Uiis case » 

ort=cQ (1); 

or, in polar coordinates, pa>c(r/e)F, 

This transfoims the (-axis («>t0, w—ir} into the straight lines tf»0, 

* This theorem was enimoiated by Booth — * Some Appboations of Conjugate 
Vnaotions,’ Proe, LM.S, xn. 1881, p. 88. 


B. H. 


15 
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The stream {unction due to a vortex, n at (^, qi) in liquid bounded by the 
{-axiH 18 , as in Art 187, 






(*). 

Therefore the stream function due to a vortex P at («!, yj) or (r^, di) in 
liquid bounded by d=0, is 

JL 1 i*-!-**!** — affi* oo e «( d— di) 

^“4ir °*i*+r,*»-2»*rj«ooB»(d+dt) * 

Agam <j^/<fr=«(r/c)*-> ; 

so that for the patii of P 

X' (•*!» yi)=x ((u u)+^ 


where, as m Art 187, x iii> 7i)“ 

Therefore x' (*i • yi) = “ ^ log »’i“~* 

= -^logr,Mnndi, 
neglecting constant terms. 

Hence the path of P is ri sin ndj aKConst, 
which is a Cotee’s spiral. 

This agrees with Art. 185 for the case a— S. The same problem might be 
solved directly by a senes of images provided » is an integer, but this restno- 
tion is not necessary in the method used above*. 


(ii) 2%er« it a reettUnear vortex tn liquid fiUinq the epace between two 
paredld planes. To find the paths of the particles. 

The relation 

or «»“co8jDy, 7 =*r* 8 iny)y, 

transforms the {-axis ija^O into the lines y>«0, y=trlp. 


Talang a vortex of strength x at a suitable point ({i, i;i) with the {-axis as 
boundary, we get a corresponding vortex at (x,, y,) between the parallel 
planes y “0, y = irjp. 


As before the stream function of the onginal motion is 

and we get an expression for the stream function between the parallel planes 
substituting for {, r/ in terms of x, y. Thus if the distance between the 
planes be c and the vortex be midway between them we have p^^-nje, and 
yi>BC/2, and if we take the y-axis through the vortex we also have Xi =0, and 
therefore {i*0 and iji — l. 


* GreenhiU, Quart. Journal, xv. p. 15, ‘ Plane Vortex motion.’ 
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Henoe weget 

^^*oo«*«y/c+(«**^®8in •*/«— 1)* 
iryle+l'f 

which reduces to cosh wxje^A siu wy/e end this tepreeents the paths of the 
particles*. 


190. ReotUinear Vortex with drenlar Motion. 


We shall consider now some cases of vortices with finite cross 
section. Let the section be a circle of radios a, and suppose the 
spin to be uniform and equal to ^ throughout the whole section, 
the vortex being rectilinear. 


The equations for the stream function are 


and 


d*yfr 

3a* 3y* 

3*^ d’^ 
3a* 3y* 


2^, inside the vortex ; 
0, outside the vortex. 


These are equivalent to 

d^yjr 1 
dr* ^ r dr 


2^, when r < a 


and 


3*'^ 1 ^ 

3r* ^ r ^ 


0, when r > o 


( 1 ), 

( 2 ). 


The complete integral of (2) is 

^ » f^log r + D, 

and a particulai' integral of (1) is 

therefore, whenr<o, *.4 logr+ .B + (3), 

and, when r > a, log r+D (4). 


Since yjr is not to be infinite when r 0 we must have ii ai 0. 
And if the motion is continuous at the surface we have ^ and the 
tangential velocity d^fdr continuous so that 

B + Jfo* — Clog a + A 
itnd fo =■ Cja. 


* For otiier examples of this method and the extension of the method by invar* • 
sion, see Bonth, Proe. L.M.S. xii. p. 81. 


lit-S 
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Hence neglecting an additive constant we have, 

when r < a, — J?(o* — r*) ' (5), 

and, when r > a, ^ ~ {[ia* log r/a (6). 

The velocity ia wholly transversal both inside and outside the 
vortex, its values being (r and i^a*/r. 

Outside the vortex the motion is irrotational and the velocity 
potential can be found by taking 

^ 4 - t^r <s {’a*! log (as + iy)/a 
-fa*(»logr/o-^), 

for this gives the correct value for Hence we have 
^ or — fo* tan“* y/*, 

a many-valued function as we should expect, the motion being 
(^clic. If « denote the circulation or the strength of the vortex, 
K -i 2ira*t^, so that 

as for a thin filament. 

To find the pressure. Outside the vortex we have 
or, since the motion is steady, and q = l^a*fr or Kl2irr, 

n *• 

p~ p SttV ' 

where 11 is the value of p when r is infinite. 

Inside the vortex we have the case of a liquid rotating uniformly 
with angulai: velocity so that 

«r + 

P P 

where P is tiie pressure at the centre of the vortex. Since the 
values of/> are equal when r— a, therefore 
P n — tPpjAm^cP. 

Hence when r < a 

n _ a* 

, p p 4ir*** S ti^o' ’ 
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shewing that if n < ifpl4fn*a\ there will he a Talus of r < a for 
which p becomes negative, implying that a cylindrical hollow most 
exist inside the vortex. 

It is possible to have cyclic irrotational motion surrounding a 
hollow cylindrical space. The necessary condition u p^O when 
r >= a; that is 

n * o*. 

l%e oscillations of vorticet of the forms just considered were 
discussed by Lord Kelvin*. 


191. Ranklne’s Oombined Vortes consists of a circular 
vortex with axis vertical in a mass of liquid moving irrotationally 
under the action of gravity. The kinematical equations are as 
in the case just considered, and if a is the radius the pressure 
equations are 


and 


2 a. const. — 
P 

const. + 
P 


^-^x.whenr>o, 

^.-Srx.whenr<o. 


The free surface has a depression or dimple over the top of 
the vortex as shewn in fig. 58. The equations of the free sur&oe, 
obtamed by making p constant, are 

' ” ^ (“’“9 + »• > » (1). 

and t = (r* — a*) + C, when r < o (2), 

the constants being arranged to preserve continuity when r a. 

Taking the origin in the general level of the free surface, in (1) 
we can put x 0 when r^oo, 
so that 

(?■• — k‘l9Tr*a*g. 

Then in (2) by putting 
we get the depth of the central 
depression given by 



[. M. 


* * Vibtttioiu of a eoltunnar Vortss,* PkU. M»§, x, USD, p. IW, or Jfait. mmI 
Pkii$. Paftn, n. p. Ut. 
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192. CUlptlo 8«etioii. 

To diew that a rectilinear vortex whose cross section is an 
ellipse and whose spin is constant can maintain its form rotating 
as if it were a solid cylinder in an infimte liquid*. 

We have seen in Art 106, that if a rigid elliptic cylinder of 
semi-axes a, b rotates with uniform angular velocity » in an infinite 
mass liquid the stream function for cyclic irrotational motion 
with cirouktion a is 

^ as (o + ty e~*^ cos 2l} + K^I2v (1). 

In this case a 2ir^ab, where C is the constant spin. 

Inside the vortex we have 




.( 2 ). 


with a boundary condition that the velocity of the liquid normal 
to the boundary is equal to that of the boundary, that is 


ua 


vy XV 


.( 3 ). 


Assume that ^ 5'(A a* -I- J?y*) (4), 

then from (2) and (3) we have 

A + B = 1. and Ao»- » fl» (o* - i^)/2t (5). 

The further condition of continuity of the tangential velocity 
at the boundary makes the values of obtained from (1) and 
(4) the same. 

Futtir^ ai’^c cosh ^ cos 17, y « c sinh f sm 17 in (4), this gives at 
the bouno^ 

— (o + hy «”** COB 2i; + fob 

= fc* cosh f sinh f j A + B + (A - B) cos 29} 
for all values ' of ^ fixtm 0 to 2w. 

Equating coefficients of cos 2^ we get 

— (a + by «~*t « {jci*(A ^ B) cosh f sinh f, 
but on the boundary a»ccoshf, t(-csinbf, and a — b*=-ee~*, 
therefore 




’ ^irobhofl^ Utchunik, pk 361. 


.( 6 ). 
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From (5) and (6) we find 

Aa = Bb=B ahj{a + h). 

This gives the velocity of rotation of the cylinder as a whole in 
terms of the spin and eccentricity of the section. 

To find the paths of the particles. If x, y are coordinates of a 
particle of the vortex referred to the axes of the cross section 


« — *» tt = 


y + tun-. 


' - - ^By = - (a + 6)/6, 




xa (a + b)/a. 


Theiiefore x^ — myajh and y = Md>la, 
which lead on integration to 

x==‘Lacoa(tot + e), y = Lb sin (at + e), 
so that the paths of the particles of the vortex relative to the 
boundaiy are similar ellipses, and the period of the relative motion 
is the samh as that of the rotation of the cylinder. 


193. If an infinite mass of liquid filling all space be at rest at 
infinity we conclude from Art. 83 that the liquid must either be 
at rest everywhere, or that, if in motion, its motion cannot be 
irrotational at every point 

We shall now prove that in such a liquid at rest at infinity the 
motion is determinate when we know 'the values of the components 
of spin f, 1 }, {T at all points. For if possible let there be two sets 
of values u,, V], Wi and u,, ««, W| of the velocity components each 
satisfying the equation of continuity and the equations 

du! o ^ or 

dy dz~ dz 3ir“ ’’ dx~ dy~ ^ 

at all points of space and vanishing at infinity. 


Then the differences u' ■■ «i — v' = v, — = w, — Wj also 

satisfy the equation of continuity and 


0y dt 


0, etc. 


at all points of space and vanish at infinity. That is, it', v', v/ are 
velocity components of irrotational motion of a liquid filling all 
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apaoe and vanish at infinity. Hence we moat have »'■>«' » ^ 0 
eveiywhere, and therefore there is only one motion satisfying the 
prescribed conditions. 

A similar aigument would prove that the motion of a liquid 
contained in a limited simply-connected region is determinate 
when the motion of the boundary and the components of spin are 
known For a multiply-connected region a knowledge of the circu- 
lations in the several independent circuits must be included in the 
given conditions. 

194. In general there may be several contributoiy causes that 
go to produce motion at a point in a fluid; for example, the presence 
of sources and sinks or the motions of boundaries or immersed 
solids or the presence of one or more vortices in a fluid result in a* 
general motion of the fluid. The velocities due to the several causes 
may be superposed and it is our purpose now to find expressions 
for the components of velocity u, v, w at any point in a liquid due 
to given vortices, i e. in terms of given components of spin ti, 


19S. To And u, ▼, w from 

The liquid being incompressible the flow across «uiy two surfiwies 
having the same curve for boundary will be the same, and there- 
fore depends only on the form of the boundary. If we assume that 
this flow can be represented by a line integral round the boundary, 
we get an equation 

jj (lu + mv + nw) dS=j (Fdx + Qdy + Hdt), 
where F, 0, H are components of a certain vector. 


But from Art. 66 
j {Fdx + Ody + Hdz) 




hence we must have 


dH dQ BF BE BO BF 
^ By Bt ’ 3*’ Bm By’ 

or as it may be expressed more briefly 

u, V, i(iocuri*(l', 0, H), 


( 1 ), 
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It is dear that u,v,v> aatiafy the equation of continuity, and 
aubetituting in the values for fj, ^ we get 

(*)■ 


2f. 


3y 


and similar expressions for 2^, 2^ 

Hence the assumptions of equations (1) will be justified if we 
can find F, 0, H «> aa to satisfy the four equations 


dx^ dy^ dt 


V*F=-^, V*G = -27,, 


.(3). 

.(4). 


The last equations can be satisfied by assuming 6, H to be 
potential fbnctions due to distributions of gravitating matter of 
volume densities f/2w, »//2w, f/2w respectively. We then have 




.( 6 ) 


for the values of F, 0, H at the point (a?, y, z), where 
r* - (<E -«')• + (y - y'y + (s - /)*, 

and 1 )', ^ are components of spin of the element dx'dy'dz' at 
{x', y', s'), and the range of integration may be taken as extending 
throughout the whole liquid, though the integpand is zero at all 
points at which there is no spin. 

To complete the solution we must shew that the expressions 
(5) satisfy (3). 

Welmve &|||r 

and integrating by parts 
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Therefore 


dF.dG . dH + 


dx ^ dy^ dz 


where (I, tn, n) are direction cosines of the normal to the element 
dS of the boundary of the liquid. 


Now the vortex filaments are all either closed or end on the 
surfifice 8 of the liquid, and in the latter case we can always con- 
tinue these filaments either on the surface 8 or outside it until 
they return into themselves so that a greater space exists bounded 
by a sur&ce 8\ in which exist only re-entrant vortex filaments. 
Without loss of generality we may suppose the boundary to be of 
this kind, and then at every point on it either ^ 0, or else 

l^ + nui + n^—O, 

so that the surface integral in the last equation vanishes. And 
since 

dx^ hy dz 

vanishes identically at all points of the liquid, as can be seen by 
substituting for f, 17 , (T in terms of u, v, w, therefore the volume 
integral vanishes also. Hence 


^ ^ ^ 

dx ^ dy dz 


= 0 . 


Therefore the equations (1) give the correct values for u, v, w, 
when F, G, H have the values assigned by (5). 


It must not be assumed however that there is a possible 
motion corresponding to any arbitrary distribution of spin com- 
ponents, for unless the components of velocity u, v, w and the 
pressure p are continuous they do not in general represent a 
possible state of the liquid. We shall refer later to one possible 
state of discontinuity under the head of vortex sheets. 


196. Bach element of rotating liquid prodncei a velocity 
in every other element of the liquid maw. 

In (1) of the last article let us substitute from (5) so much of 
the values of F,G,Haa are contributed by the element dx'dy'dF 
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and call the resulting components of velocity at («, y, «) 8u, 8», Sw, 
We have 

„ dxdy'dt' 


(!)• 


Hence (« — a^) 5tt + (y - y') S» + (s — zr') Sw * 0, 
so that the resultant of Bu, Bv, Sw is at right angles to r. Also 
^Bu + if'Bv + ^Bu) = 0 ; 

and this resultant is therefore also at right angles to the of 
spin at («', y', s'). 

Lastly 

Bq - {{Buy + {Bvy + (Bwy]^ = sin (2). 


where «>' is the resultant of if, ^ and v is the angle between r 
and the axis of spin at («', y', s'). 


Hence each rotating element A of liquid implies m each other 
element B of the same liquid mass a velocity whose direction is 
perpendicular to the plane through B and the axis of rotation of 
A, its magnitude being given by the result (2). If the element at 
A be a length Ba' of a vortex filament of strength k we have 
to’dix'df/dz'^^KBa', 
so that we may write the result 



sin vBs 


197. The reader fiuniliar with the theory of eleotromagnetism will again 
recognise the analogy to which reference was made in Art. 184. The vortices 
correspond to electric currents and the hquid velocities to magnetic force due 
to the correnta The relations between 7 , f and «, «, w are analogous to 

(electno current)— curl (magnetic force) ; 
and the result oS the last article correaponde to the force on a magnetic pole 
due to an el«nent of an electric current. 

198. If the fluid be not incompressible we may write the 
equation of continuity 

^ ^ ^ _lDp 

0*^3y 0s** p^' 
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But if V be the volame of e smell element of fluid its 
invariable, so that 


therefore 


Dt 


jsvis 


du ^ dv , dv) iBv . . , , . , . 

^ + + tvt* ™te of increase of volume at («, y, s) 

dx dy oz V Dt \ > s’ / 

= 9, say, 

where 0 denotes the ‘expansion’ or rate of increase of volume 
at {x, y, z). 

The expansion will cause extra terms in the expressions for the 
velocities ; the expansion of an element dx'dy'dz' bemg equivalent 

ff 

to a simple source of strength 7 - dx'dy'dz' at (*', s'), 

vtr 


This gives rise to a velocity potential whose value at (x, y, z) is 
^ s* - [JJ"^ dx'dy'dz', by Art. 46, 
and the complete expresBioas for the velocity are 

^ ” 3* ^ 9y dz' 

dy^dz dx ’ 

3^ dO dF 
^ ” 9s 3a? 3y ’ 


199. Velocity Potential due to a Vortex In Ineom* 
preeidble fluid. 

Considering a single re-entrant vortex filament of strength «, 
we may write the expression (1) of Art. 196 

“ 4 ^ Ky -T/)dz-{z- s') dy'}, etc. 

by putting f, y, f' » «' (dx'/dd. dy'fdF, dz'/d/), 
and u’dz'dy'dz'^lxd^. 

h«k» 

where the integration is taken round the filament. 
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By Stokes’s Theorem this iategnd is eqeel to a sarfaoe integral 
over any snrfsce bounded by the filament^ Urns if we write 

we also have 


But J-0, 


, ai 8F / a" ^ a* \ 1 a* i 

^ ^ ^ , dY dX a» /i\ 

0/ "0*'”aa'ay'W’ ““ 0®'“0y'“0*'0r'W 

a?) S 


or since 


and similar expressions for « and 


The velocity potential from whieh u, «, w are derived is therefore 


_ K {{ eattdS' 

~i7rJJ r* 


( 1 ). 


where # is the angle between the normal (I, m, n) to the element 
dS' and the line r joining (x, y, x) and (x', y’, e'). 


This result may clearly be wntten 

^»*n/4ir (2), 

where fl is the solid angle subtended at the point (x, y, t) by a 
surfroe having the vortex filament for edge. 

This potential function is clearly a cyclic quantity increasing 
1^ the cyclic constant « every time the path of a moving point 
eempletes a eirenit linked with tire vortex, for in these drcum- 
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stances the solid angle increases by 4ir. It resembles the magnetic 
potential due to an electric cuiient 
in a closed circuit or to a magnetic 
shell 






For a single rectilinear vortex we 
may take 

n = 2(ir-(9) 
and ff> = K(v — 

making the velocity — d<felrd6 = KjZirr, as before. 


Fig. 69. 


200. From Art 46 and (1) of the last article we see that the velocity 
potential ia what would be produced by a distribution of doublets over the 
surface S' of strength <t/4ir per unit area with their axes all normal to the 
surface and directed to the same side of the sui^uie. This can easily be 
understood from the fact that the stream lines all thread the vortex cutting 
across any surface bounded by it, and the motion might conceivably be pro- 
duced by a giving out of liquid normally on one side of such a surface and the 
absorption of it at the same rate on the other side, combined with a suitaUe 
flow parallel to the suiface in order to give the stream lines their actual 
directions at each point of the surface. 


201. Vortex Sheets. 

Suppose that a sur&ce exists in a fluid over which the normal 
component of velocity is continuous but the tangential component 
has different values on opposite sides of the sur&ce. 

Consider a small circuit consisting of two lines of length ds drawn 
on opposite sides of the sur&ce and having their extremities joined 
by two infinitely shorter lines in normal to the sur&ce. Let the 
lines ds be in the direction of the relative velocity, which is clearly 
tangential to the surface and of magnitude 
{(« — u')* + (v — »')• -f- (w - 

if u, V, w and ti', v', w' denote the components on opposite sides of 
the surface. 

The circulation in this circuit is 

{(« — u'y -h (» - v'y (w — ds. 

This may be regarded as due to a stratum of vortices whose 
axes are at right angles to the direction of the relative velocity. 
If a be the spin at the point considered, the circu&tion is i^dsdn, 
HO that 


2tadn - {(u - u'V* + (» — i-’)* (w — 
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and the components of spin axe given by 

(»—«')+(; (M)-tp')=0 

and l^+mt}+ni=0, 

where I, m, n are direction cosines of the normal to the surface. 

Here dn is infinitely small and ^ are infinitely great but 
such that the products fdn, ^dn, ^dn are finite. 

Thus the sur&ce of discontinuity may be regarded as a sur&ce 
covered with vortex filaments, the spin at any point being given 
by the foregoing expressions and the discontinuity in the tangential 
velocity may be regarded as due to this vortex sheet. 

202. Xlnetie Energy of a of Vortlees. 


The kinetic energy of a fluid is T, where 

27- + «• + «;*) dxdydz, 

which by Art. 198 becomes 

Integrating this by parts we get 

ST=^p Ij^^dS+pjJJ ^*^dxdydz 

+ pJJ {Hffv-Gw) + m(Fw-ffu)-hn(Gu-Fi;)jd8 


+ wl--J + -^-^Jjda,dydz. 


+ Gy + Hf) dxdydz, 

where the surface integrals extend to the whole boundary of the 
liquid and the triple integrals are taken throughout the volume. 

' If the liquid extends to infinity and the vortices are all infinitely 
distant firom the boundary the first integral is zero by Art. 83 ; 
the second is zero because *0 , and the third is zero because 
at points on the infinitely distant boundary F,G,H axe ultimately 
of order 1/B^, and m, v, w of order 1/IP. TBierefore 

7 - /> jJJ {F^ + Qfi + H^) dxdydz. 

Substituting the values of F, G, H from Art 195 we get 
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where ecushTolame integral extends through the wholespaeeooeupied 
by the Tortices. 

Another form, in which we integrate by filaments, may be ob- 
tained thua If da, da' are elements of length of two filaments, w, w' 
their oross sections, n, a» the corresponding angular velocities and e 
the angle between da and dd, the elements of volume ore trda and 
and the integrand is emt'oose/r, so if we write and 

we get 

where the integration is along the filaments and the summatioD 
includes each pair of filaments once. This formula corresponds to 
that obtained by F. Neumann for the energy of electric currents. 


90S. Kinetic Knergy Oonataat. 

We can also shew that the kinetic energy is constant when no 
extraneous forces act. 


The equations of motion are 

Multiplying these by %, v, w and adding we get 


If now we multiply by dxdydt and integrate over any region 
we get 

^jj(lu + mv + nu>)pdS, 


integrated over the boundary of the region. 

Let the boundary extend to ulfimty, and enclose all the vortices, 
then since 

tiierefore at a great distance M firom the vortices p will be finite 
(Art 199) and lu + mv + nw of order 1/J2' while dS is of order 
Hence the expression for DTjJH vanishes and we have 

T » constant 
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204. dreulor Vortex Binge. 

We have already seen (Art. 200) that a vortex ring produces 
the same effect as a sheet of doublets bounded by the ring, so that 
at points whose distance from a circular vortex is great compared 
with the radius, we might as a first approximation replace the 
vortex ring by a doublet perpendicular to its plane. For more 
detailed treatment we proceed as follows 

When the vortex lines are circles in planes parallel to the 
ijz plane with centres on the axis of x, we may use Stokes’s stream 
function and write, in the notation of Art. 138, 

_ _ 1 d\(r _ 1 drir 
** w 3w ' ^ tr dx ’ 

the spin a> at the point (x, w) being given by 



Fig. 60. 


Let us consider the case of a single circular vortex filament. 
We may transform the expressions for F, G, H, namely 

by taking <t as the cross section and ds the length of an element 
of the filament, and putting f', if, ma>, nto where u> is the 

spin and (I, m, n) are the direction cosines of the vortex line, so 
that 

^'dx'dy’dz' = Iwada = ^xlds = ^Kdx', 

'k denoting the strength of the vortex 


B. H. 


16 
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Hence F,0,H-- 


K [ dx' K f dj^ K fd^ 
'irjT' . T- ~ 


rd^ 
J r * 


4nrJ r ’ iirj 

Now let the filament have its centre on the a;-axis and be 
parallel to the plane yz. 

Let (x, y', z) be any point Q on the filament, where 
y' = flr'co8^, / — w'sin^. 

Let P be the point (<c, y, z} where 

y •= ar cos z = v sin 6, 

then r* = (a: — x'y + w* + w** — 2«rfy' cos (0 — ff). 

We get 

y.o, o—^r^df, 

4w fo iTTJo r 

as the values at P. 

Hence the vector whose components are F, G, H lies in a plane 
parallel to yz and its component m the direction v is 

(? cos d H sin 0 = ^ r" = 0, 

47r Jo r 

so that the vector is perpendicular to w as well as to x. If we 
denote its value by il, we have 

A u a n • a *®’’ f*’" 008(0 — F) 

A = Hco80—Gam6 = -i — I — ^ -d0. 

in Jo r 

Remembering that the line integral of this vector round any 
curve represents the fiow across a surface bounded by the curve, 
by taking a circle of radius « with centre on Ox, we get 

27rwil = flow through the circle = — 27r^ (Art. 138), 
the flow being from left to right m the figure. 

Therefore 


yjr ^ — vA = ■ 


Kvvr 


ooa(0 — F)d0' 


«' /■*" 

■' ® {(® — z/y + w* + •'* — 2wflr' cos (0 — 

and since the range of integration is round a circle we may clearly 
write e for 0' — 0, so that 


^ 4ir. Jo I 


cosetfe 


0 {{a! — 2ww' cos e}^ 
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Putting 
and e 


A*. 


4w' 


IT — 2^ the result reduces to 


+ - - - ‘) (1 - W* - 1 (1 - ** “i’ ♦)*} I** 

where K, E axe the complete elliptic integrals of the first and 
second order with modulus k. 


206. It is clear from Art. 196 that at a point P in the plane 
of the ring the velocity due to each element of the ring is perpen- 
dicular to the plane, hence there can be no radial velocity at any 
point m the pltme of the nng The radius of the ring is therefore 
constant, for it could not vary without causing radial velocity in 
the particles close to it. 


To find the motion of the ring, we observe that near the ring 
X — x', and lor = «r' nearly, so that A = 1 nearly, and becomes 
infinitely great. The determination of the velocity depends on the 
form of the section of the nng ; an exact expression for the case 
of a circular section was gven by Lord Kelvin*, but we can obtain 
approximate results for the velocity in the neighbourhood of the 
ring as follows : 

If A' denote the complementary modulus 
(x-xj + iv + v’y’ 

then K tends to zero as the point {x, vr) approaches the ring. 

For small values of A', i.e. when A is nearly unity, 

K = log 4/A' and = 1, approximately f. 


Hence * 

is the principal ptu*t of ■^fr when A' is small. 
And taking this value for we have 

2 .^— * ^ * 
vr dw 47rw\«r/ °®^A' 29r 



* PhiL Mag. 4th senes, zxsiu. p. 511 (1867) ; see also lismb’s Sydrodynamie$, 
p. 8S8. 

t Oayley’s EUipUe Emuttom, p. 64. 


9 
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But 

d , vt—v' yJfv' 

dm (« — «')• + (» — »')* (flf — 

and, if we take the value for a point on the ring for which m = m* 
and x^x' + e say, where e is small, bemg commensurable with the 
linear dimensions of the section of the ring, we get 


and 


k 


e 



2m‘ 

+ 4w'* ‘ 


Hence the principal part of the velocity parallel to the axis is 


K , 8w' 


For a ring of small section this implies a large velocity and we 
conclude that a thin circular nng will move along its axis with a 
large approximately constant velocity 


The direction of the velocity is to the side to which the fluid 
flows through the ring. 

For a complete investigation reference may be made to Lamb’s 
Hydrodynamics (l.c ) 


206. We shall conclude with some observations on the motion 
of two circular vortex nngs moving on the same axis, taken from 
Helmholtz’s paper on vortex motion. “We can now see generally 
how two ring-formed vortex-filaments having the same axis would 
mutually affect each other, since each, in addition to its proper 
motion, has that of its elements of fluid as produced by the other. 
If they have the same direction of rotation they travel in the same 
direction , the foremost widens and travels more slowly, the pursuer 
shrinks and travels faster, till finally if their velocities are not too 
different, it overtakes the first and penetrates it. Then the same 
game goes on in the opposite order, so that the rings pass through 
each other alternately. 

“If they have equal radii and equal and opposite angular 
velocities, they will approach each other and widen one another , 
so that finally, when they are very near each other, their velocity 
of approach becomes smaller and smaller, and their rate of widening 
&ster and faster. If they are perfectly symmetrical, the velocity 
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of 6uid elements midway between them parallel to the axis is zero' 
Here then we might imagine a rigid plane to be inserted, which 
would not disturb the motion, and so obtain the case of a vortex 
ring which encounters a fixed plane. 

“ In addition it may be noticed that it is easy in nature to study 
these motions of circular vortex rings, by drawing rapidly for a 
short space along the surface of a fluid a half-immersed circular 
disk, or the nearly semicircular point of a spoon, and quickly with- 
drawing it. There remain m the fluid half vortex rings whose axis 
is in the free surface. The free surface forms a bounding plane of 
the fluid through the axis, and thurr there is no essential change in 
the motioiL These vortex rings travel on, widen when they come 
to a wall, and are widened or contracted by other vortex rmgs, 
exactly as we have deduced from theory*.” 


207. Steady motion. 

When the external forces have a potential H the general equa- 
tions of motion are of the form 

9u du du 9u 9fl Idp 

dt ^dx ^ ^ ^ dz dx pdx’ 

and similar equations. 

And if we put + + 

the foregoing equations may be written 
du fdv 0«N fdu dw\ 
dt ^ W dy) ^ ^ dx) 


dfl 13p / , dv dw\ 


or 




( 1 ), 


and similar equations. 

When the motion is steady we have 


therefore 


^ = 0 - = 0 ^“' = 0 - 
dt ’ dt ’ dt ’ 


* See aim a paper by Love, ' On the notion of paired vortioee,’ Proe. L.3I S. 
1894, p. 185. 
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Hence 


and 




Therefore x const, represents a sur&ce the normal to which 
at any point is at right angles to both the vortex line and the 
stream line through the point. That is, there exists in the liquid 
a femily of sur&oes x * const, each covered by a network of vortex 
lines and stream lines. 


In the special case in which the motion is irrotational, however, 
as we have seen in an earlier chapter, x is constant throughout the 
whole liquid. 

If for an instant we take the axis of x normal to the sur&ce 
X const., we must have u » 0, ^ 0 ; and if Bp is an element of 
tile normal to the sur&ce 

I? “ fw?) - 2g-w sin d (2), 

where ff is the angle between the direction of the velocity q and 
the axis of spin », i.e. the angle between the stream line and the 
vortex line. 


Hence we have as the conditions for steady motion that it 
must be possible to draw a &mily of surfaces in the liquid each 
covered by a network of stream lines and vortex lines and suck 
that at every point of a surface qa sin 0dv is constant, where Bp is 
the normal distance between the sur&ce and the next consecutive 
surface of the &mily*. 

In two-dimensional liquid motion it is obvious that qBp is con- 
stant along a stream line, therefore the condition for steady motion 
is that the spin ^ shall be constant along a stream line. This will 
be the case if we put 2^ = where is the stream function 
and / an arbitrary constant. 

But 

• * Bx By So* 3y* ’ 

therefore for two-dimensional steady motion we have to satisfy 


Btf By* 


'/wf 


.( 3 ). 


* Lamb, * On the oonditiona for Steady Motion of a Fluid,* Proe, L.M.S. ix. 
p. tl, or Bydrodynamiet, p. 886. 

f Stokes, ‘ On the Bt^y Motion of Inoompieseible Fluids,’ Tram. Comb. PkiL 
See. Tu. p. iS9, or Bath, amt Phyt, Papm, i. p. 1. 
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This is dearly eatiafied whenever the stream lines are concentric circles 
with the origin as centre. ‘Another case is where the stream lines are a system 
of similar and similarly situated elbpses or hyperbolas ; thus 

makes so that equation (3) is satisfied, and the spin f (n+c) is 

uniform. 

In like manner a system of equal parabolas having the same axis may be 
seen to satisfy the conditions for stream lines m steady motion. 


206. Steady motion eymmetrical In planes through an 
aids. 


If the motion is symmetrical about the ir-axis and v denotes 
distance from the axis, we clearly have q . 2w«dn constant along a 
stream line, for this represents the flow between two consecutive 
stream surfaces of revolution. But we must also have ^oidn con- 
stant over such a surface from (2) Art. 207, because from symmetry 
the vortex rings must have their centres on the ir-axis and their 
planes perpendicular to it, so that they cut the stream lines at 
right anglea Therefore w/w must be constant along a stream line. 
This is satisfied by making 2a> == where / is an arbitrary 

function of Stokes’s stream function Hence from Art 204 (1) 

we have 


^‘^|r 18 '^ 

8a? 8w’ w 8w 




( 1 ) 


as the necessary condition. 


An example in which this condition is satisfied is Hill’s 
‘ Spherical Vortex*.' 


EXAMPLES. 


1. Assuming that io <''>1 infinite unbounded mass of incompressible flmd, 
the circulation in any dosed circuit is independent of the tune^ shew that the 
angular velocity of any element of the fluid moving rotatioually varies as the 
length of the dement measured in the direction of the axis of rotation. 

(M.T 1880.) 


«■ “--???• 

motion of the kquid. 


ay+bj; 


and w— 0, investigate the nature of the 


* ‘ On a Sphetioal Vortex,’ Phil. Trans. A 1894, or see Lamb's Sydrodynamies, 
p.387. 
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3. When an infinite liquid contains two parallel equal and opposite recti- 
linear vortioee at a distance 26, prove that the stream linee relative to the 
vortices are given by the equation 


log 






+ 1 = ^ 7 . 


the origin being the middle point of the join, which is taken for axis of y 


4 . In the last example, if the vortices are of the same strength, and the 
spin IS in the same sense in both, shew that the relative stream lines are 
given by 

log (r* 4- 5* - 26* r® cos iff) — r*/26* = constant, 

6 lieiiig measured from the join of the vortices, the origin being its middle 
point. 


5. All infinitely long line vortex of strength la, parallel to the axis of x, is 
situated in infinite liquid bounded by a rigid wall m the plane y=0. Prove 
that, if there be no field of force, the surfaces of equal pressure are given by 

{(X - a)» + (y - 6)*} {(a - a)» -f- (y -b 6)*} = f7{y* + 6* - (ir- «)»}, 
where (o, 6) are the coordinates of the vortex, and C is a parametric constant 

(Univ. of London, 190P ) 

6. If » rectilinear vortices of the same strength k are symmetrically 
arranged as generatom of a circular cylinder of radius a iii an infinite liquid, 
prove that the vortices will move round the cylinder uniformly in time 
8ir*o*/(» — 1) *, and find the velocity at any' point of the liquid, 

7. When a pair of equal and opposite rectilinear vortices are situated in 
a long circular cylinder at equal distances from its axis, shew that the path of 
each vortex is given by the equation 

(r* sin* d - 6*) (r* — o*)* = 4a*6® r* sin* 0, 

6 being measured from the line through the centre perpendicular to the join 
of the vortices (Qreenhill ) 

8 . Obtain the distribution of the velocity round a straight vertical i ortex 

core m hqmd. and find the form of the dimple where the cure meets the fne 
surface. (St John’s Coll. >897.) 

9. Find the motion of a straight voitex filament in an infinite region 

Ixiunded by an infinite plane wall to which the filament is parallel, and pruie 
that the pressure defect at any jiotut of the wall duo to the filament is pio- 
portional to cos* 6 cos i6, where d is the inclination of tho plane through the 
filament and the point to the plane through the hlaiuent periiendicular to 
the wall (M T. 1912.) 

10. A fixed cylinder of radius a is surrounded by incompressible homo- 
geneous iiiud extending to iiifiiuty. Symmetrically arranged round it os 
generators on a cylinder of radius c(>a) coaxial with the given one are n 
straight parallel vortex filaments each of strength k. Shew that the filaments 
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will renuiin on this cylinder throughoat the motion and revolve round its axis 
with angular velocity 

K (n+l)c**+(n- l)o*“ 

4»rc“ c** — ’ 

and that the velocity of any point P of the fluid is 

c*— h* 

Stt (r*»-2<!*r»co8nd + c**)i(r*"-26»r*co8«tf+6**)^ 

where a^^be, r is the distance of P from the axis, and 0 is the angle between 
a plane containing P and the axis and a plane containing the axis and the 
instantaneous position of any one of the filaments. (M.T. 1860.) 

11. If (vi, d]), (rj, 4]).. be polar coordinates at time t of a system of recti- 
linear vortices of strength ki, k], . prove that 

Sicf*=const 

and SKr^=^2iciic2- (Kirohhoff.) 

12. The space enclosed between the planes ;r=0, je=a, on the posi- 
tive side of y=0 is filled with uniform incompressible liquid A rectilinear 
vortex parallel to the axis of z has coordinates [if, y") Determine the velocity 
at any point of the hquid and shew that the path of the vortex is given by 

cot* —-f-coth* — = constant. (M.T, 1899.) 

a a ' 


13. An elliptic cylinder is filled with liquid which has molecular rotation 
a) at every point, and whose particles move in planes perpendicular to the 
axis, prove that the stream hues are similar ellipses described in periodic 

time ^ ^ — • (M T. 1876.) 

14. Find the law of velocity in a steady irrotalional liquid vortex, circulat- 

ing round a stationary’ solid core of the form of an elliptic cylinder. Shew that 
the variable part of the pressure on the core, due to the motion, is negative 
and at each point projioi tional to the square of the perpendicular fioni the 
centre on the tangent to its section (St John’s Cull. 1896.) 


15. In an incompressible fluid the vorticity at every pomt is constant in 
magnitude and direction , shew that the components of velocity le, r, w are 
solutions of Laplace’s equation. (Trinity Coll 1906 ) 


16. Prove that, in the zteudy motion of an incompressible liquid, under 
the action of conservative forces, we have , 


. 0M Cm 
■04: 0y * OS 


=0, 


and two more similar equations in r, ?r. 
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Henoe shew that if «, w are linaar funotiona of a, y, s, then 
fa+ijr+fw—O, 

and that there are two and only two possible oases ; 

(i) an irrotational motion with a velooity potential which is any solid 
harmonic of degree two in a, y,M, 

(ii) a rotational motion which may, by choice of axes, be reduced to 
the form 

«>=a*+(A-f)y, tff=0. 

Find the lines of flow in case (ii) ; and shew that the motion is periodic if 

f*>(a*+A*). (St John’s ColL 1908.) 


17. Prove that the Idnetio energy of a vortex-system of fimte dimensions 

in an infinite liquid at rest at mfinity can be expressed in the form ' 

2pjj l{u(y{:-zii)+v($i-sO+tB(ajl-y())dady(k. 

18. Prove that a thm i^lindrical vortex of strength a, running parallel to 
a plane boundary at distance a, will travel with velocity irl4wa : and shew that 
a stream of fluid will flow past between the travelling vortex and the boundary 

of total amount ^ |log^^^ - Ij- per nnit length along the vortex, where e 

is the (small) radius of the cross section of the vortex. (M.T. 1916.) 


19. If, with the usual notation, udx+vdy+wcU^dO+'Kdx where d, X, g 
are functions of x, y, z and t, prove that the vortex lines at any time are the 
lines of intersection of the surfaces X<=oonst. and ;(»con8t. 


20. Prove that the necessary and sufScient condition that the vortex hnes 
may be at right angles to the stream lines is 

/dA dA d4i\ 

where p and tp are functions of x,y,*,t 


21. Prove that in r^one remote from a single thin vortex nng the stream 
lines approximate to the curves r cosec* da const., where r denotes the distance 
of a point P from the centre 0 of the nng, and d the angle which the line OP 
makes with the axis of the nng. (M.T. 1910.) 


22. Find the motion of the liquid around a dosed vortex-filament, shewmg 
its equivalence to a double sheet of souroee and sinks : deduce that the image 
of a circular filament moving in infinite hquid surrounding a rigid sphere is 
another filament; compare the circulations. Desonbe the^haviour of the 
filament as it approaches the sphere. (M.T. 1911.) 


2S. Shew that if the velocity is etstionary along a stream line in the 
steady motion of a liquid, the stream line is a geodesic on a member of the 
family of surfaces that contams the stream lines and vortex lines. 

(Greenhill.) 
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2i. A straight (^lindrioal vortex oolnmn of unifbrm vorticit 7 ( is buT' 
rounded by en infinite quantity of fluid moving irrotationally which is at rest 
at infinity, prove that the difi^onoe betwe^ the kinetic energy included be- 
tween two planes at right angles to the axis of the (^linder and separated by 
unit distance when the cross section of the cylinder is an dlipee and when it 
is a circle of equal area A is 


P 


f*A*l<« 


a+b 


where p is the density of the fluid and a and b the semi-axes of the ellipsa 

(M.T. 1887.) 


25. If the velocities at a point in a liquid in motion uhder a system of 
external forces having a potential be expressed by 

I D 

prove that the result of operating with ^ on the identity 


pm pdy pde 


- 0 , 


where i), ( are the rotations, gives, after a reduction. 


26. If 

u=~il>x+B^-0„ e=-4tf+F,-ffg, w=-(l>,+ 6g-Ff, 
where ^,*s3^/3«, etc., 

prove thatj j j (u* + v* + uF)da!dydz taken through any portion of space 

within which F, O, H and all their differential coefiScients are finite and 
continuous, equals 

jj dxdydz, 

taken through the same space, together with j j xdS taken over the boundary, 

where with similar values for Fj, 6^, J7i, J=Fg+Gf+B'„ 

and X is to m found. (Uiiblin Univ. 1911.) 


27. A hquid extending to infinity moves under the influence of a finite 
system of vorticfs ; find the force and couple resultants of the system of im- 
pulses which would produce the motion (Dublin Univ. 1907.) 


28. Shew that every irrotational motion, whether cyclic or acyclic, of a 
liquid occupj^ing a given region, can be produced by a proper distribution of 
vortex sheets on the boundaries, and shew how to determme this distribution. 

(Dublin Univ. 1907.) 
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39 . A Lquid, extending to infinity, moves under the influence of a sphere 
composed of circular vortex rings whose planes are perpendicular to the axis 
of X, whose centres he on this axis, and in which the molecular angular 
velocity in each nng is proportional to its radius. 


If the components «, «, to of the velocity of the liquid are expressed by the 
equations 

dift .dff da 


'a« ■*‘ay “ a*’®*®' 


find Ft a, HaXn, point outside ^e sphere. 


(Dublin Univ. 1907.) 


30. Shew ^at the motion of the hquid outside a certain surface surround- 
ing a circular vortex nng the radius of whose core is small compared with the 
radius of its aperture, is the same as that due to the motion of this surface 
through the hquid with the velocity of translation of the ring. 

Find the equation to this surface and the length of the axis of the ring 
intercepted by it. (M T. 1892.) 


31. Work out the analogy between a sphere m liquid and a uniformly 
magnetized sphere, pointing out the vortices in the first case, and the electric 
currents in the second, which will produce the same eflect (M T. 1881 ) 

32. When the motion of an infinite liquid is due to a single circular vortex 
ring, in which the spin at any point is proportional to the distance from the 
straight axis, and ihe section is taken to be a circle of radius small compared 
with the radius of the aperture, obtain an expression for the velocity at any 
point of the fluid parallel to the straight axis 

Prove that the fluid carried forward with the nng is or is not nng-shaped 
according as the ratio of the radius of the section to the radius of the aperture 
IS less or greater than a certain fraction, and find an approximation to this 
fraction. (M.T. 1897 ) 

33. A uuifonn incompressible perfect liquid extends to infinity and is at 
rest there Within it is a sphencal vortex sheet of radius a with its vortex 
lines arranged in parallel circles, on the axis of which is a fixed point C at a 
distance c(<a) from the centre, the strength of the sheet at any point Pis 
m sin where ^ w the angle between CP and the axis of the circles. Shew 
that the velocity at a point on the axis at a distance r (>o) from the centre is 

2«-l \271-3 2»-H/r»+>' 


(M.T. 1900 ) 



CHAPTER X 

WAVES 

209. The dynamics uf wave motion is of great importance in 
physical investigations, as wave motion constitutes one of the prin- 
cipal modes of transmission of energy. The energy received from 
the sun is transmitted by waves in the ether, the energy of sound 
by air waves, and the theory and practical applications of electrical 
waves afford opportunity for still further developments. In the 
present chapter we shall only consider water waves, which, though 
most familiar, are not the easiest to discuss mathematically. 

210. The oscillatory nature of wave motion. By a wave 
we mean the continuous transference of a particular state or form 
from one part of a medium to another. This does not imply the 
transference of the medium itself from one place to another but 
merely the propagation through it of a particular form, state or 
condition. Thus in water waves, the fact that small bodies floating 
on the water are not borne onwards by the waves is an indication 
that the elevated masses of water are not movmg forward bodily, 
and that it is only the unevenness of the surface that is moving 
from place to place As the waves pass a floating body it appears 
to be carried forwards a small distance on the crest of a wave and 
backwards when in the trough of the wave so that on the whole 
each wave leaves the position of the body very little altered. 

The following explanation of how water waves can be main- 
tained by small oscillatory movements of each particle of water is 
due to Airy*. 


Article * Wavea and Tides,’ £ney. Uttrop. 1846. 
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Let ABCDEFQ represent the outline at one instant aniji cibedefg an instant 
later; we want to shew that the displaoemefit of the contour the snrfiMie 
can be produced bj a small oaoillatory movement ot each particle of water. 

Draw vertical bnes to the bottom of the water and suppose the particles 
in each vertical line to be moving in the direction of the arrows in the figure; 
that is, all particles below the crest of the wave ore moving forwards, nil 
below the hollows are moving backwards, and all below the midway points 
A, C, E, O are for the moment stationary. And suppose the velocities of 
the honsontal motion of the particles m the vertical lines intermediate to 
those drawn in the figure are intermediate to the velocities of the partides 
in the linos drawn in the figure. This supposition will account for the motion 
of the wave or shape. For, take points B„, Bi near to Bi Co, Ci near to 0 , 
etc. . draw lines from them to the bottom and consider the horizontal motion 
of the particles in those lines, and Bj are both between the principal 
point of backward motion B and points at rest A, C, therefore the particles 



below Bo and those below Bi will be moving backwards and with nearly the 
same speed, so that the intermediate surface at B will not be sensibly elevated 
or depressed inasmuch as the vertical boundaries BqBo' and BiBi of the 
included column of water will after a short time be at the same distance 
apart os at present But the particles in the line CoCo' are between a point 
of rest C and a point of backward motion B and therefore are moving back- 
wards, those in the line CiCi are between a point of rest and a point of 
forward motion D and therefore are moving forwards, consequently the 
vertical boundaries CoCo’, C\Ci ot the included column are separating and 
therefore the surface at C will drop and after a short time will be found 
depressed to e. In like manner it will be found that the particles in Do Do' 
and D\ D{ are moving forwards with nearly the same velocity so that in the 
intermediate part at D there is no sensible alteration of level. But in EoEo 
the particles are moving forwards and in EiEi’ backwards resulting in a raising 
of the level from E e Pursuing this reasoning it will be evident that 
the continuous horizontal motion of the wave or shape forwards is entirely 
accounted for by the rising of some piortions of the surface and the falling ^ 
others and that these risings and failings may be considered as the efibct of 
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BmaU korixontal motioiu of the water, some forvanfe and othera batdnroida. 
And aa in the prqgreas of the wavea, the name pertioleB an alternaidj in the 
ereet and in the hoUow of the wave, every particle will be alternately moving 
forwards and backwards and alternatdy upwards and downwards, that is the 
particles are oscillating while the waves advance continually in the same 
direction. 

211. Mathematical repreientation of wave rnotton. 

Graphically the equation 

y=f{ct~x) (1) 

represents a wave motion, in which a curve of the form y 
moves in the positive direction of the ir-axis with velocity c. For 
if in (1) we increase t by t' and x by ct' we leave the ordinate y 
unaltered. 



Fig. 62 


A simple harmonic progressive wave is represented by a curve 
of sines moving with definite velocity in the direction of its length. 
Thus the equation 

y » a sin {mx — nf + e) (2) 

represents a wave moving in the positive direction of the tr-axis 
with velocity n/m, called the Telocity of propagation, V say. 
The distance between two consecutive crests of the curve is 2'irlmi 
this IB called the wave length and denoted by The period 
of the wave is 2w/n or X/F, for the wave at time t = iir/n presents 
the same appearance relative to the origin as at time 1 0, each 

crest in this interval moving forward a distance X, i.e. to the 
position occupied at the beginning of the mterval by the next 
consecutive crest. 

The maximum value of y, viz. a, is called the amplitude. 


Equation (2) may also be written 

y = a sin Y (® ~ + «') (3), 

or y = o sin 27r ^ (4), 


where in the latter case t denotes the period X/F. 
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The reciprocal of the period is called the Hraqnency; it 
denotes the number of vibrations per second. 

Phase. In equation (2) e represents the phase of the wave 
at the instant from which t is measured. If we compare the 
equations 

y = rt sin (mat — nt), 

and y = a sin (tnx — nt + e), 

we see that both represent wave motions having the same ampli- 
tude, wave length and period, but that they differ in phase. As 
regards position the one is a distance e/m in advance of the other, 
or as regards time the one has a start of e/n from the other. 
Strictly speakmg the difference of phase is a number e, representing 
radians, but in such a case as we are considenng it is not unusual 
to speak of the phase in terms of either distance or time ; thus, if 
e = 7r/2, one wave is one-quarter of a wave length in front of the 
other ; or, in terms of time, one is one-quarter of a period ahead 
of the other, and we may say that the phases differ by a quarter 
of a wave length or by a quarter of a period. 

212. Standing or stationary waves. If two simple har- 
monic progressive waves of the same amplitude, wave length and 
penod travel in opposite directions the resulting disturbance of 
the medium is represented by the equation 

y = a sin (mx — nt) + a sin (mx + nt) 

= 2a sm mx cos nl. 

Such a wave is called a standing or stationary wave At any 
instant the equation represents a sme curve but the amplitude 
2a cos nt varies continuously. The points of intersection of the 
curve with the ^-axis are fixed pumts called nodes. 

In the same way a progressive wave system can be regarded 
as the combination of two systems of standmg waves of the same 
amplitude, wave length and period, the crests and troughs of one 
system coinciding with the nodes of the other and their phases 
differing by a quarter-penod. 

For if yi = a sin mx cos nt be one of the standing waves the 
other must be y, = a cos mx sin ni, and by combining the two we 
get y *= yi ± y, = o sin (mx ± nt) representing a progressive wave. 
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218. We propose to consider waves in incompressible liquid 
under the action of gravity. Such waves in water are generally 
produced by disturbing forces such as wind pressure, by the 
relative motion of a body such as a ship on the water, or by such 
causes as irregularities in the bed of a stream, so that, neglecting 
viscosity, the uiption is irrotational. Roughly speaking the cases 
that we shall consider fall into two classes (1) Long waves in 
shallow water, where the depth of the water is small compared to 
the wave length and the disturbance aifects the motion of the 
whole of the liquid , (2) Oscillatory or surface waves, where the 
wave length may be small compared to the depth so that the 
effects of the disturbance cease to be appreciable below a certain 
depth. 


214 Long waves. Let us consider the case of waves 
travelling along a straight canal of uniform section Take the 
axis of X in the direction of the length of the canal and y vertically 
upwards, and let g be the elevation of the free surface above the 
cqiulibnmu level at the point whose abscissa is x at tunc t. If 
the wave length be large in comparison with the mean depth 
the vertical acceleidtion can be neglected in comparison with the 
horizontal, so that as far as vertical foices are concerned we may 
regard the liquid as in equilibrium and take for the pressure at 
.vny point the statical pressure due to the depth below the free 
surface. 


Therefore the pressure p at a point (ar, y) is given by 

p-Po^9p{yo+v-y) ( 1 ). 

whole yo is che ordinate of the undisturbed free surface and 
IS the pressure above the liquid supposed constant Hence we 
get 

( 2 ). 


dx 


dx 


and <is this is independent of y, and the horizontal acceleration 
of an element depends on the difference of pressure at its ends, 

ie.^ dx, it follows that the horizontal acceleration of all points 

in the same vertical cross section of the canal is the same, and 
consequently that points that are once in a vertical plane are 
always in a vertical plane. 


n. H. 


17 
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Considering a small horizontab cylinder PP' of liquid of length 

dsi the difference of pressure at its ends is gp^da;'. And if x 

be the abscissa of the vertical plane of particles through P in its 
equilibrium position and | the horizontal displacement of this 
plane of particles, 

+ f (8) 

and the horizontal acceleration is 

If K be the cross section of the cylinder PP', the mass is xpdx' 
and the equation of motion is 




di) 


or 


pKdx'^^^-gpK^^daf, 


de ^dx' 


.(4). 


If now we suppose the motion to be small and neglect the 
squares of small quantities, we get from (3) and (4) 


dt* ^ 9® 


.(5). 


We have now to form the equation of continuity. Let A be 
the area of the cross section of the canal, and h the breadth at 
the surface. In the position of equilibrium the volume of liquid 
between the planes ® and ® + d® is Adx. At time t the distance 

between the bounding planes of this liquid is (f® + ^ dx, and the 

area of the cross section of the liquid is A +br), therefore 

(A +bii)(^dx + ^d:i^ = Adx. 

Neglecting the product of the small quantities this becomes 


and we therefore obtain from (5) 

9^ 6 9®*' 


.( 6 ), 


.( 7 ). 


To integrate this equation we write 
gAfb = c» 

® — X + ot = Xt, 


and 
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80 that 

reducing equation (7) to the form 

the solution of which is 

f =/(®i) + -^W* 
where /,F axe arbitral^ functions. 


Hence the solution of (7) is 

^=.f{x-ct) + F(x + ct) (8), 

representing two waves travelbng in opposite directions with 
velocity c^(gAlb)i. 


If the canal be of rectangular section and depth h the wave 
velocity is (pA)^ ; i.e. a velocity due to half the depth of the liquid. 

The displacement being given by (8), the elevation i/ is given by 

that is, 17 = — — c<) — y F' (« + ct). 

We should expect the expression for 17 to contain two arbitrary 
functions because the elimination of f between (5) and (6) shews 
that 1 ) satisfies the same equation (7) as 

The particle velocity f is given by 

I = - c/' (® - ct) + cF' (« + ct). 

The meanmg of the solution that we have obtained is not that the 
hypothesis of the existence of a ‘long wave’ involves a complicated 
motion represented by arbitrary functions, blit that all possible 
motions subject to the limitations we have imposed are included in 
the general solution (8); and the forms of the functions^ F to suit 
any special case must be determined from given initial conditions. 
A discussion of the adaptation of the solution to special cases will be 
given in a later chapter. At present we will confine our attention 
to the determination of the motion of the individual particles. 

17*-8 
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216. AHH iimin g the canal to be of rectangular section it is clear 
that the particles move in planes parallel to the length of the canal. 
A vertical column bounded by two such planes and two others at 
right angles to them remains a vertical column on a rectangular base, 
but the area of this base changes during the motion and the heig)it 
Qf any particle m the column changes in such a way that the volume 
of the part of the column below the particle is unaltered; hence the 
vertical displacement of any particle is proportional to its height 
above the base. Therefore when the motion of a particle at the 
sur&ce is known the motion of any particles in the same vertical line 
is found by diminishing the vertical displacement in a given ratio 
without altering the horizontal displacement. 

To trace the motion of a surface particle when a progressive wave 
passes over it in either direction,‘we may take 

i = f(x-ct). 

Then from (6), putting A ~ bh, we have 

or 5 = (1) 

The particle is at rest until the wave reaches it, then it moves forward 
as well as upward with a velocity proportional to the elevation of the 
wave above the equilibniim level; when the crest of the wave 
reaches the particle the upward motion ceases but the horizontal 
velocity is a maximum, i) then decreases and f increases less rapidly 
and as the wave leaves the particle ^ = 0bo that the particle is at the 

same height from the bottom as before; but ( = ^J^cdt=‘^jb7/cdt 

and when the wave has passed the particle this expression represents 
the total volume of the elevated water divided by the sectional area 
of the canal. Hence the particle is finally deposited in front of its 
initial position by this distance. 

If the wave consists of a single depression instead of an elevation, 
everything is the same as before except that the particle moves 
backwards instead of forwards. 
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210. To recapitulate — the results of the foregoing Articles have 
been obtained on the hypothesis that the motions are so small that 
squares and products of { and i) can be neglected, and that the 
vertical acceleration can be neglected in comparison with the hori- 
zontal. We may observe that if we consider the passage of a wave 
consisting of a single elevation of length X and maximum elevation 
the time taken to pass a particular particle is X/e, where c is the 
velocity, and the vertical velocity will be of order itcfX, and the 
vertical acceleration of order But from Art. 215 (1) the 

maximum horizontal velocity is cii/h, and taking (?—gh, we get that 
the ratio of the maximum vertical and horizontal velocities is of 
order A/X, and the vertical acceleration being of order ^A/X* can be 
neglected if A/X is a small quantity. This shews that waves of the 
type described are propagated only when A/X is small, and justifies 
the application to them of the term ‘long wavea’ 

The foregoing discussion is based on an article by Stokes*. 


217. Long wawei— general equation. Reverting to Art. 
214, if we form the equation of motion for the liquid which in 
equilibrium occupies the space between two cross sections at a 
distance dx, x and x + dx being the abscissae in the undisturbed 

state, and x4 -^ and x + ^ + dx-^-^dx the abscissae at time t, of the 

bounding planes, the mass is pA dx and the equation of motion 


where as before 


dp dp 

Tx^^f^Tx’ 


so that the equation of motion is 



The equation of continuity is 


or 


(A + bp) Adx, 

A dxV^dx) 


( 2 ); 


* ‘ On Waves,’ Camb. avd Dub, Math, Journal, iv. p. 819, or Math, and Phy$. 
Paptn, n. p. 888. 
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and the elimination of q between (1) and (2) gives 

( 3 )*. 

a? > bijf\ M '' 


Our former equation is an approximation to this in which the 
squares of small quantities are neglected. Airy’s discussion of this 
equation shews that waves cannot be propagated to infinity without 
change of form. 


218 . lK>ng wawei — another method. In any case in which 
waves are propagated in one direction only without change of form, 
the problem of finding the velocity of propagation can be simplified 
1^ imposing on the whole mass of liquid a velocity equal and opposite 
to the velocity of propagation of the waves, the wave form having the 
same relative velocity as before becomes fixed in space, and the 
problem becomes one of steady motion. 

In the case of long waves, neglecting the vertical velocity, let' U 
denote the velocity of propagation, and u the small additional 
velocity due to the wave motion at points where the elevation is 17. 

The equation of continuity is 

{A+bf}y{U+u) = AU ( 1 ), 

where A is the area of the cross section and b the breadth at the 
sur&ce. 


If Sp denote the excess of pressure due to the wave motion 
we have 


therefore 


-^ + gi7 + i(l7^+tt)»» 

A* 






[ (S46 + Wj)_ J 

I*" <.!+»>,;■ *'} 


pv 


(2). 

,( 3 ). 


If 17 be small compared to Afb, this reduces to 

{f7*6/A -g] fni, 

and if U* > gAjb the sur&oe pressure is constant to a first approxi- 
mation, so that a free surface is possible. This vdue of U gives the 
velocity of propagation of a longwave in still water, or the velocity 
of the stream for a stationary long wave. 


* AJ 17 , • IldM and WavM,' Snepc. Metnp. 1646. 
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AMiiming that U**= g A jb and substituting in (3) we get 


as the second approximation, shewing that the pressure is defective 
at all parts of the wave at which is not zero. Hence, unless ij* 
can be neglected, it is impossible to soHs/y the condition of a free 
surface for a stationary long wave; that is, it is impossible for a 
long wave whose height is not small compared to the depth of the 
water to be propagated in still water without change of type. 


8gfbii* 

2A 


From (3) we see that Sp will vanish if 

TT, . 

~ 2Ab + h^7, ’ 


and since 


2g {A + bniY gA (3il + 2brf) 

'2Ab + b‘v 2A + bfi 


it follows that if y is positive everywhere the conditions for the 
propagation of the wave are more nearly satisfied by taking a 

value of U greater than (gAlb% and if y is negative everywhere 

a value less than (gA/b)^. Hence an elevation in the surface 
travels rather faster than a depression*. 


219 Osclllatoiy or ■uifhce waves. We shall first consider 
waves on an unlimited sheet of water under no force but gravity. 
The motion is supposed to be two-dimensional, the ridges and 
hollows of the waves being all parallel to one another. The axis of 
X is taken in the undisturbed sur&ce in the direction of propagation 
of the waves and the axis of y vertically upwarda The motion 
being such as could be produced from rest by natural forces is 
irrotational and the velocity potential has to satisfy the equations 




(1). 

throughout the liquid, and 


t-o 

on 

(2). 

at a fixed boundary. 



* Lord Sagrleigfa, ‘ On Wstm,’ PhU. Miyf. i. p. 957, 1876, or Sei. Papen, i. T* 
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The pressure is given by 

^ = + <3)- 

The free surface is a surface ot equipressnrc p = const., therefore 
as in Art. 14 


oC + “0 +® a =0> 
dt ox dy 


or writing — d^fdx for m nnd — dtpjdy for v we liave 


at the free surface. 


dt dx dx dy dy 


( 4 ). 


If now we suppose the motion so small that the squares of 
small quantities (e.gi velocities) can be neglected we may neglect 
g* in (3), and if we also regard the arbitrary function F(t) as 
absorbed in d<f>/dt and then substitute the value of p from (3) in 
(4) we get 

d‘^ d(f> d^<P _ ^—0 

do dx dxdt dy V0y0t ’ 


01 , neglecting the second and third terms which 'arc of the same 
onlei as g", 


d‘<^ 

do 




(5). 


This condition holds at the fiee surface. 


If T] denote the elevation of the free surface at time t above the 
point whose abscisaa is x, the equation of the free surface will be 
of the form 




and this being a boundary must satisfy the condition of Art. 14. 
Hence 


dt 


+ u 


dx 


But d//dt is y, and d//dx or dij/dx is the tangent of the slope of the 
free surface which by hypothesis is small so that the second tena 
can be neglected and the equation becomes 

B4> 


afe the free surface. 


( 6 ), 
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Hence in a wave motion in which the squares of the velocities 
can be neglected, the conditions to be satisfied are — 
equation (1) throughout the liquid, 

(2) at a fixed boundary, and 
(5) and (6) at the free sur&ce. 

220. Let us apply these equations to the case of water of uni- 
form depth k either of unlimited extent or contained in a canal 
with parallel vertical sides at right angles to the ridges and 
hollows. 


If simple hannonic waves as defined in Art. 211 lUre propagated 
we may try to satisfy the equations by assuming that ^ is 
proportional to e' («*-"«> or taking the real part only let us write 


Substituting this value in (1) we obtain 

= 0 . 




SO that fiy)- A •+ Be-’”'', 

and <f> = + Be-’”") COB {mx — nt). 


This value of <ft must satisfy (2), i e 9<^/9y = 0 when y»--h. 
Hence A e"™* =» Be’”’’ = J C, say, 

so that ^^CcoBhm(y + h)coB{mx — nt) (7). 

Again if we substitute this value in the sur&ce condition (5)- 
and put y = 0, we get 

n’ = gm tanh mh (8). 

Now if Uiyanjin) denote the velocity of propagation and 
\ (*= 2ir/in) denote the wave length it follows that 

U‘=^ tanh mh =• tanh (9). 

m 2'ir \ ^ ' 


If we write 2mh = /*, we have 


^ log f/* = — ^ cosech /A, 


d/A 


and lA being positive by hypothesis, this expression is negative if 
/*<8inh/t or <fA + /A*l9\ + ... 

which IS the case. Tbeiefore U decreases as (aot m increases, the 
depth being fixed, that is for water of given depth the velocity 
of propagation increases with the wave length up to the value 
(gh)^. Also it follows that (8) can only be satisfied by one value 
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of m corresponding to a given value of U, and therefore ^ contains 
only one value of m. 

The constant C of (7) can be expressed in terms of the ampli' 
tude of the wave by means of ( 6 ). If we assume that the wave 
profile is represented by 

17 = a sin (ma; — nt), 

we have, by substituting in ( 6 ) and putting y » 0 , 

— na— — mC sinh mh, 

^ . na cosh tft (tf + A) , 

so that i = S — C 08 (nuB — ra), 

tn sinh nth 

/o\ j. ga coah m (y + h) , .. .... 

or using ( 8 ) ^ ^ ( 10 )- 

221. Deep water. 


If the depth h of the water be sufficiently great in comparison 
with X for to be neglected, we must have U =* 0 in the last 
article, so that we have 



<f> — Ae"**' cos (mx — nt) 

(7') 

instead of (7), and instead of ( 8 ) 



n’ = gm 

in 

4 

or 



in 


Also if 17 = a sin (mx — nt) is the free surface we get iiom ( 6 ) 
na = mA, so that 

if>ss — COB (mx — nt), 


or ^ ~ ^ 

We may also deduce from Art. 220 the case of long waves in 
shallow water by taking h[X to be small, when (9) becomes 

U* = gh. 


222. The paths of the parttcles. 


If s, 7 be the coordinates of a particle relative to its mean 
position (x, y), neglecting the squares of small quantities we may 
write 





0y 


ai — no 


cos h m(y + h) 
sinh mh 
sinh m(y + fe) 
sinh mh 


sin (mx - nt), 
eoB(tnx — nt). 
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Whence by integrating^ we get 


co8bm(y + A) , 

x = o ■ , . — i(ioa{mx—m), 

Binh mk 


8inhm(v + A) • / 

to that the particle describes the ellipse 

itf/cosh* TO (y + A) + y*/einh*m (y + A) = o*/8mh*TOA 
about its mean position. For a given particle mx — nt plays the part 
of the eccentric angle in the ellipse , so that the eccentric angle 
increases at a uniform rate, as in an orbit described under a central 
force varying as the distance. 

The distance between the foci cosech mA is the same for 
all such ellipses, their major axes are horizontal, and both axes 
decrease as the depth of the particle increases, the minor axis 
vanishing when y = — A. When the depth is such that is small 
enough to be neglected, we have 

X =■ cos (mx — nt), j = sin (mx — nt), 
and the path of the particle is a circle 

x» + y**a*e*”‘', 

described with uniform angular velocity n, which in this case is 
equal to (yro)^ or (2irgj\)^. 


223. Standing or stationary waves. 

The velocity potential for a system of stationary waves can be 
deduced from Art. 220 by regarding the system as the result of the 
superposition of two such trains of waves as we have just been con- 
sidering moving in opposite directions as explained in Art 212. 
Thus corresponding to a wave profile 

y »asin mx coant (1) 

we shall have 

naco8hm(y + A) ... 

^ TO smbmA ' ' 

or ^»^'^^^*^^2-^^BinTOa?smnt (8), 

^ n cosh mA ' ' 

for ^ clearly satisfies Art 219 (1) and (2), and y and ^ together 
satisfy (0) of the same artiola 
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It is not necessary to regard standing waves as a case of super- 
position of progressive waves, we might investigate this form for ^ 
independently, starting with an assumption 

^ »/(y) sin sin nt, 

and proceeding as in Art. 220 we get the same equation for f as 
before, and hence the result follows as in that article. 

For Standing wavea tn deep water, as in Art. 221, equations (2) 
and (3) above take the forms 

■ na . . . 

A = - am mai sin nt, 

m 

and A 1 = ^ sin mx sm nt. 

^ n 


224. Paths of the particles in stationary waves. 

With the same notation as in Art. 222 we have 




dx 


• na 


cosh m (y + A) 


sinhmA 


- cos mx sin nt, 


j . dS 8inhm(« + A) . 

and y>*--^ = -na- --t , ' sin sin 

ov sinh mh 


dy 

so that, by integration 


and 


cosh (y + A) 

* = o — . , - cosmd^cosnt, 

sinh niA 

sinh m (y + A) . 

y = a -. -r sin mx cos nr. 
sinhmA 


Hence y/zstanhm(y-hA)tan7mr, 

and since this is independent of t the motion of each particle is 
rectilinear, the direction varying from vertical beneath the crests 
and troughs {mu, » (« -i- tt), to horizontal beneath the nodes 
{mx= Kir). 


226. We have supposed that the liquid is unlimited in the 
direction of the axis of x, so that there is no restriction on the 
value of m. But if the liquid bo confined in a canal with closed 
vertical ends, say at e 0 and I, then there is a restriction on 
the value of m, for as we shall see only waves of a certain length 
can exist in such a .(^anal. The extra condition is that d<f>/dx 0 
when d; K 0 and x^^l. The form for ^ in Art. 223 is upsuitable 
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because x occurs as sin nue, but a similar form with cos ma instead 
of sin nw will clearly satisfy the conditions for a system of standing 
waves (for we have merely altered the position of the origin), and 
it makes d^/dx = 0 when a; » 0 ; and when x — lve get sin ml - 0, 
or ml KTT, where k is any integer. Hence possible wave lengths 
ate included in the formula X = 211k 

Standing waves are really the principal or normal modes of free 
oscillation of (usually) a restricted system, and from this point of 
view the periods are fundamental and they determine the possible 
wave lengtha 


226. Progressive waves reduced to a case of steady 
motion. 

The method of Art. 218, of finding the velocity of propagation, 
namely, imposing on th^ whole mass a velocity equal and opposite 
to the velocity of propagation of the waves, may also be applied to 
the case of progressive waves considered in Art 220. The wave 
form having the same relative velocity as before becomes fixed in 
space and the problem becomes one of steady motion. As the 
problem is a two-dimensional one it only remains to determine 
suitable expressions for the velocity potential and stream function 
so that the free surface and the bottom of the liquid may satisfy 
the conditions for stream lines 


Consider the relation 

w= Vz + P cos mz — iQ sin mz, 
or if> + i'^^U(x + iy) + P cos m (x + iy) —iQ sin m (x -f iy). 

It gives 

^ = Ux + (P cosh my + Q sinh my) cos mx 
and ylr=V'y — (P sinh my + Q cosh my) sin mx ) ^ ^ ^ 

These expressions satisfy Laplace’s equation and give the 
general superposed velocity — U. 

For the bottom to be a stream-line we must have constant 
when y = — X, so that — P sinh m/i + Q cosh tnh <= 0. 


Hence the expressions (1) may be written 

^ibUx + A cosh m(y + h) cos mx ) 
t^ssUy — A sinh m (y -f- A) sinifta; J 


( 2 ). 



270 STEADY HCmOK [OEAY.X 

If the free sur&ce be a simple sine curve i; » a sin mat, equations 
( 2 ) will make this the stream-line -^ = 0 provided 

Ua — A sinh mA =>0 (3), 

neglecting squares of small quantities. 

Again, the formula for pressure is 

+ ^ {®)*+ ^)*} = constant. 

At the free sur&ce this becomes 

sin nuB + {1 — 27nacothmAsin mx] ~ const., 

neglecting a*. 

But p is constant at the free surface, therefore the coefficient 
of sin mx must vanish, that is 

mU*coth mh, 

or £r*=|^tanh?^ (4). 

Another way of regarding this problem is as follows . 

Imagine a straight horizontal pipe of rectangular section, the 
upper surface of which has small corrugations of the form 
17 = a sm 2'n-xj\. Water filling this pipe can be made to flow along 
it at any speed, but we have found in (4) the particular speed that 
the water must have if the removal of the corrugated upper surface 
of the pipe would leave the water flowing with the corrugations in 
its surface unaltered. 

We observe that the expression for tf> in (2) is the steady 
motion value, and the expression (10) of Art. 220 corresponding 
to the progressive waves can be obtained from (2) and (3) by re- 
imposing the velocity U, which amounts to omitting the term Ux 
and writing mx - nt for mx. 

227. Waves at the common surfhoe of two liquids. 

Suppose a liquid of density p’ and depth h' to be moving with 
velocity V' over another liquid of density p and depth h moving 
in the same direction with velocity V ; the liquids being bounded 
above and below by two fixed horizontal planes. 

Let U be the velocity of propagation of oscillatory waves at 
the common surface in the direetion in which the liquids are 
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m 


moving. Taking the axis of « in this direction in the undisturbed 
common surface and y vertically upwards, as in the last article, 
let us make the motion steady by supeiposing on the whole mass 
the velocity — U, thereby bringing the wave form to rest in space. 


Let — V)a! + A cosh m (y + h) cos ma 

and — (7"— U) y — .4. sinh m(y + A) sin 

relate to the lower liquid, and 


( 1 ) 


and 


= — (F' — t0® + .d'co8hm(y — A')co8 7>uc' 

= f7)y — .d.'8inhm(y — AOsinww: 


^ 2 ) 


relate to the upper. These expressions for and clearly make 
the boundaries ys= — h, y — K stream-lines ; and if i; a sin mx 
gives the displacement of the common surface and the liquids do 
not separate this must be a stream-line for both surfaces. We can 
satisfy this condition by taking the stream-line to be » 0, 

which gives 


and 


— (V—U)a — A sinh mh = O'! 
-(F'— I7')a + 4'8inhwtA'=0j 


neglecting the squares of small quantities. 
The expressions for the pressure are 




At the common surface, neglecting a*, these become 

•2+ya8in niir + J(F— U'fil — 2(iTn coth mA sin nuc) — const., 

P 

w 

S +oo8in77ia! + ^(F'— C/^)' (1 + 2am cothmA' sin nur)= const; 

p 

and p « p'. 

Hence we must have 

y(/) — p')«'(F— Z7)*mpcothmA4-(F'— l7)®mp'cothm/i'.,.(4). 

This equation determines U when p, p'. A, A', F, F' and m are 
given. , 
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228. Special oaaei. 


(i) If the depths of the liquids are so large compared to the 
wave lengths that we may put coth mh = coth mW = 1, and the 
liquids have the same velocity V, then (4) reduces to 


(F- Uf 


9}!-P-p' 

2irp + p’ 


(Bi 


(ii) If the liquids are at rest save for the wave motion, the 
wave velocity is given by 

{/■j — £ (0). 

m p coth tn/t + p' coth m/i' ' 

(iii) The foregoing results obtained for incompresmble liquids 
will be applicable to the case of waves propagated along the sur&ce 
of water exposed to the air, provided that in considering the effect 
of the air we neglect terms which, in comparison with those i^tained, 
are of the order of the ratio of the lengths of the waves considered 
to the length of a wave of sound of the same period in air. Thus, 
in (6), making A' = oo we have 

y* = ^ tanh mil |l - (1 + tanh mh) ^ | , approx. . , .(7). 


These results were obtained by Stokes*. 


229. It has been shewn by Greenhillf that if the velocities 
V, V' of the currents make angles a, a' with the direction of wave 
propagation, equation (4) of Art. 227 only needs modifying by the 
insertion of V cos a, V cos a' instead of V, V', the components 
V sin a, V' sin a' of the currents perpendicular to the direction of 
propagation of the waves having no effect upon the deteniiination 
of y. 


230. StabiUty. 

The motion considered in Art. 227 is really a case ot small 
oscillations about a state of stead}' motion. To examine the stability 
of the motion, we have a quadratic equation (4) for the velocity of 
wave propagation U and we require that the roots of this quadratic 
should be real. 

• ‘On the Theory ol Oeoillatory Wavee,’ Traus. Vamb. Ph Soc, mu. p. 441, or 
Math, and Ptiyt. Papen, i. p. 197 

t ‘ Hydromechanics,' £«eye, Pi it, 9th edition. 
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The condition for real or ima^nary roots in U is 
m* (Fp coth mh + V'p' coth mh’y ^ tn(fi coth mh + p' coth mh') 

[mp F* coth mk + mp' F'“ coth mh' —g{p— p')}, 
or 

gifi — p") (p coth mh + p' coth mh') 

5 mpp' coth mh coth mh' (F— F')*. 
This means that the stream motion is stable or unstable according 
as 

/ V- F'V p coth mh + p coth mh' g (p-p) 

' ' ^ pp coth mh coth mh' * m 

We reihark that if p < p', that is, if the upper liquid is denser 
than the lower, there is instability for all wave lengths. The same 
is true when p-= p', that is when two streams of the same liquid 
are flowing with different velocities and a horizontal common 
surface. 

In fact when p = p' and the depths are so great that 
coth mh = coth mh' ■■ 1, 

we get U^^\{V+V')±t(V- V')]. 

We may consider the case F = F' by first putting V — K (1 + a) 
and then making a tend to zero. 

The common surface in the steady motion being given by 
i; ■» a sin ma;, for progressive waves the corresponding form is 
i; = a sm (ma: — nt), when 

n = mil = JmF {2 + a + la) 

Hence i; = a sin to («b — Ft — (1 T i) Ft}, 

and as a tends to zero we may write this 

i; = o sin TO (« — Ft) — ^ama (1 ± i) Ft cos to {ai — Ft), 
or 1 } — a sin TO (a- — Ft) — 6TOFt cos to (a; — Ft). 

This shews that the corrugations of the surface increase in height 
indefinitely with t. 

This case is of special interest as it explains the flapping of 
sails and flags. The uniform medium can be regarded as divided 
by a thin membrane on both sides of which the medium moves 
with the same velocity, the motion is unstable and a slight disturbr 
ance will result in a larger departure firom the steady motion. 

18 


a. B. 
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This and other cases were considered by Lord Rayleigh in a paper 
‘On the Instability of Jets V 


231 Group Velocity. 

In general when waves are started by a local disturbance, such 
as, for example, the dropping of a stone into a pond or the motion 
of a boat through water, the successive waves'have different lengths 
and are propagated with different velocities. Let us examme the 
phenomena that arise from the simultaneous motioii in the same 
direction over the same water of two simple harmonic trams of 
waves of the same amplitude and slightly different wave lengths. 


We may wnte for the elevation at any point 
H = a sin (mx — nt) + a sin (m'x — n't) 

= 2a C 08 j{(m— m') x—(n—n') t) sin x~{n-\-n') <}. 

If*wi = »/t' nearly, {m — m)x varies with x much more slowly 
than does (m + m') x, so it is convenient at any instant to regard 
the equation as representing a sinuous curve obtained by drawing 
the curve ■jj=2a 8inJ{(j«+m') ®->(n+n') f} and multiplying the 
ordinates by cosJ{(m— «i') x—{n—n') t}. Hence the result re- 
presents a train of waves whose amplitude 

2a cos|{(»(— w') x—(n—7i') t), 

18 periodic, varjung between 0 and 2o. The profile of this tram 
will be a group of sinuosities of amplitude gradually increasing 
from zero to 2a and then decreasing to zero followed by a succession 
of equal groups. The appearance on the water will be that of 
alternate groups of waves separated by intervals of nearly still water. 


The velocity of propagation of the groups is given by 


or 


n—n 

= 

m — m 


u.^ 

dm 




* Pioc L M S. z. p. 4, 1879, or Set. Papert, i. p. 361 On the general question 
oflstabihty and instability of a perfect fluid gee a paper by W M''£. Orr, Pioe. 
R.I A xzvii p 9. 

T The theory of group velocity is genetmll> attributed to Stokes, who set a question 
on It in the Smith’s Prize Examination in 1876, Math, and Phyt. Paperi, v. p. 862, 
but the result (1) appears to have been obtained first by Hamilton m a paper on 
* Besearches respecting vibration connected with the Theory of Light,’ Proe. It I.A. i. 
p 341. For this reference the author is indebted to Professor Sir Joseph Larmor. 
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when the difference of .the wave lengths of the original trains is 
small. ' 

And the velocity of propagation of a single wave is 


therefore 

(2); 

or if \ be the wave length {2irjm), 



(3). 

Thus it appears that the group velocity, in general, differs from 
the velocity of propagation of the separate waves. This is in ac- 


cordance with the results of observation, for when the eye views 
a group of waves advancing over deep sea water, single waves are 
seen to advance through the group, their amplitudes increasing 
and then dying away as they give place to others. 

In the case of waves on the surface of water of depth h, we have 
V* ~ (glm) tanh mh, 

so that U=^V(1+ 2mA cosech 2wiA). 

Hence the ratio of the group velocity to the wave velocity is 

^ small compared with the wave length 

this ratio is unity, and as h increases to infimty the ratio decreases 
to ^ ; or the gr oup velocity for deep sea waves i8_half„the_y»ve 
veloc i^. 

232. The theory of group velocity has been treated in a mora general 
manner by Lord Rayleigh* We assume that a disturbance travelling in one 
dimension can be resolved by Fourier’s theorem into infinite trams of waves 
of harmonic type and of vanous amplitudes and wave lengths. Thus the only 
case in which we can expect a simple result is that m which a oonsiderahle 
number of consecutive waves are sensibly of a given harmonic type, though 
the wave length and amplitude may vary within moderate limits at points 
whose distance amounts to a large multiple of X. 

Assuming that the complete expression by Fourier’s senes involves only 
wave lengths which differ but little from one another, we may write 

i)3EaiSin{(»t+dm)}.2i-(n+3ni) t+ti} 

+<x* sin {(f» 4- 8»»j) - (n + J mj) t +€ 2 } + . .. 

s>sin (mx — nt) 2ai cos (^dfOi - (dni 4- cj) 

4-cos(»ix-nt) Zaisin(x8mi-tfini4-ci}. 

* ■ On the Velocity of Light,' Sature, xxv. p. 53, or Sei. Papen, i. p. 540. 

18^2 
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Also hypotheaiB 


^ih flitf dn 
4«i " 8mt" *■' ^ dm ’» 


and the first term in the expression for if represents a simple train of type 
sin («i«— ni) with varying amplitude Xoj cos («dmi-f8ni+<j}, and the ampli- 
tude itself is propagated as a wave with velocity dn/dm; and similarly the 
second term. Hence we arrive at the idea of groups of waves of a more 
general kind, but the velocity of propagation is given by the same formula ah 
in the special case cohsidered in Art. S31. 


238. The Energy of ProgreeslTe Waves. 

Considering a train of progressive waves at the surface of water 
of depth A, given, as in Art. 220, by 

ri = a^n(mx — nt) (1), 



if we calculate the energy of the water between two vertical planes 
parallel to the direction of propagation at unit distance apart, we 
have, for a single wave length, the potential energy 

J 0 

= \gpa*Ki since X = 2irlm. 

The kinetic energy is given by 

and, as in Art. 77, this may be transformed to 

r— 

integrated along the profile of a wave length, where dn is measured 
along the normal into the water. To the order of small quantities 
we are using this may be written 

= coB*{7nx — nt)da! 

Jq 

= iypa'A. 

Hence it follows that the total energy per wave length 
and that tf is half kinetic and half potential. 
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Also considering any length in the water, in direction of the 
wave propagation, which is either an exact number of wave lengths 
or is so long that the energy of a fractional part of a wave length 
may be neglected in comparison with the energy of the whole, it 
follows that it is correct to say that tits energy of a progressive train 
of waves is half kinetic and half potential. 

234. The Energy of Stationary Wawee may be calculated 
in the same way. Thus if we take 

i7<Ba8innkrcosnl, 

j , aa cosh m (v -f A) . 

and A = e — i sin tox sm nt, 

^ n cosh mh 

as in Art. 223, we find for the potential energy of a wave length 

V *■ igpa*K. cos* nt; 
and for the kinetic energy 

T = igpa’X sin* nt. 

Hence the total energy per wave length at any time is igpa’X 
and the amounts of kinetic and potential energy change continuously 
with the time. 

236. TransmiMion of Eneiyy. 

We have just seen how to calculate the energy of a progressive 
and a standing wave. In the case of a progressive wave the wave 
form advances with a definite velocity but it does not follow that 
this is the rate of transmission of energy, for it is the particles of 
water that possess the energy and there is no reason to suppose 
that they hand on the energy at the same rate as the wave form 
advances. This question was discussed by Prof. Osborne Reynolds, 
in a paper* from which we borrow some illustrations : — If a number 
of small balls are suspended by threads so that the balls all hang 
in a row, the threads being of the same length ; and if the balls 
be then set swingmg in succession in planes perpendicular to the 
row, as by running the finger along them, the motion will present 
the appearance of a series of waves propagated from one end of the 
row to the other, but in reality each pendulum swings indepen- 
dently of its neighbour and there is no communication of energy. If 

* ‘ On the Bate of Prograesion of Gronpi of Waves and the Bate at whioh Eneigy 
is Transmitted by Waves,’ Nature, un. p. 848 (1877). 
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however the balls are connected by an elastic string and any one 
be given a transverse motion, it will communicate its motion to 
the others, so that now there is a transmission of energy and the 
rate at which the first ball gives up energy to the others will clearly 
depend on the tension of the string. 

As another illustration ‘ — If a rope be laid out on the ground in 
a straight line with one end fixed and an upward jerk be given to 
the other end, a wriggle will travel along the rope to the other 
end leaving the rope straight and at rest on the ground behind it. 
This 18 a case in which the energy is transmitted at the same rate 
as the wave. 

The particular case with which we are concerned, that of surface 
waves on water, is a case intermediate between the two just con- 
sidered; energy is transmitted but at a rate less than the wave 
velocity 


236. Rate of Tranimleelon of Energy In simple har- 
monio aurfkce waves. 


The rate of transmission of energy is measured by taking a 
vertical section of the liquid at right angles to the direction of 
propagation and determining the rate at which the pressure on one 
side of this section is doing work on the liquid on the other side. 


Considering liquid of depth h, we have, as in Art 220, 

, oa cosh m(y + A) , 

A = e ' cos {nu: — nt). 

^ n cosh mh 


And neglecting squares of small quantities the variable part of 
the pressure is gived by 

Sp =» pd^ldt, 

and the horizontal velocity is — d<f)/dx. 

Hence the work dune in unit time or the energy carried across 
unit width of the section la 


W~ 



o'po’m sin’ ( mu’ — ?it) r* ,, . , . , 


g*pa*m sin* ( ma; — nt) / sinh 2 toA ^ k 
n , cosh’ mh V 4m 


h) 

2 /' 
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and since n*^gm tanh mh, this may be written 

+ 2mh cosech 2mA) sin* (mx — nt). 

The mean value of this expression over u complete period or 
any number of complete periods, or any interval that is so long 
compared to a penod that the part corresponding to the fractional 
part of a period can be neglected in comparison with the whole, is 

\gpa* — (l + 2mA cosech 2mh)*. 

Referring to Art. 231, since nlm= V, this expression for the 
energy transmitted in unit time is equal to 
^gpa? X group velocity. 

And from Art. 233, \gpa* is the whole energy per unit length 
at any instant. Hence the energy ia transmitted at a rate equal to 
the group velocity. 

237 Capillary Waves, When surface tension is taken into 
account, the snrfece conditions = const (Art 219) and p=p' 
(Art. 227) no longer hold good. They must be replaced by the 
condition that, if T denotes the surface tension or energy per unit 
area due to capillary forces, the difference of the pressures on 
opposite sides of the surface is given byf 



where p and p are the pnncipal radii of curvature of the surface. 





Fig 63. 


In the case of two-dimensional waves we have p' ^ao , and, if 
ij denote the elevation, 1/p » — d*v}/da^, neglecting squares of small 
quantities. So if 8p, Sp^ deiiote^ the variable parts of the pressure 
below and above the surface, eis in the figure, we have 

T^+¥-¥-o ( 1 ) 

as the surface condition. 

• Lord Bsyloigb, * On ProgreBsive Waves,’ Proc L 31. S . ». p. 21 (1877), or Sei 
Papers, i. p. 828, or Theory of Sound, i. Appendix 
t T. Hydroilattce, Art. 101 . 



280 


CAP4.LABT WAVES 


[chap. X 


238. Capillary waves on a canal of unifbnn depth. 

Taking the case considered in Arts. 2l9 and 226, let us use the 
method of Art. 226, reducing the problem to one of steady motion 
by superposing a velocity — U on the whole mass, where U is the 
velocity of propagation. As in Art. 226, we have 
‘<^=sUy — A sinh m (y + h) sin mx, 
and for the fiee surface 

1 } = a sin ma, 

provided Ua — A sinh mh = 0. 

And the v ariable p art of the pressure is given by 

— + yci sin rtw + jr- (1 — 2nia coth mh sin nuc) = const. 

P 

But from (1) Art 237, .since in this case we regard the air pressure 
as constant, we have 

Sp = — = Tanp sin mw 

Substituting this value in the last eipiation and equating to zero 
the coefficient of am wi.r, we get 

Iji—ffl ^ ^^jjh m/i 
\m p j 

(g\ 1itT\, ,2'irh . 

= A 

When h is large compared to this becomes 


oX 27r2’ 

ZTT \p 


( 2 ) 


239. Capillary waves at the common surfhee of two 
liquids. Proceeding as in Art 227 the investigation is the same 
until we arrive at the equations for the pressures on either side of 
the common surface, which may be written 

+ yo sin vix + P— U )- (1 — 2 ( 1 (h coth mh sin mx) — const, 

and 

Sp' 

-V + ga sin mx + i ( V' - Uy (1 + 2a»u coth vih' sin mx) = const, 
where r^ + Sp-^'*=0, and i/^asinin®. 
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Hence Sp — Sp'^^ Tam* sin mx, 

and bj eliminating Sp, Sp', we get 

Tm* + g {p — p") = {¥ — Uympcoihmh + ( V'— V'fmp' coih i 


■( 1 ). 


As a special case, if the liquids are so deep compared to the 
wave length that we may put coth mh = coth mh ' s 1, and the 
liquids are undisturbed save for the wave motion, then the velocity 
of propagation £/"„ is given by ^ 

^ 2 ). 

° 2Tt p + p' ^ (p + p') 


Again we get the case of the effect of wind on deep water, 
regarding air as incompressible, if we retain V' but put F =* 0, 
(1) reducing to 

Tm + (p- p) gjm = U*p + {V' -UY p, 
or , VU + J'- , V* - r7.* = 0, 

p+p p+p 


where Ut denotes the velocity of propagation when there is no 
wind. 


This gives U= ± jlTo* - 


P + P 


(3). 


Tins result was obtained bj Lord Kelvin*, who considered some special 
cases as follows — For a given wave length iirlm, the wave velocity F is 
greatest when the wind velocity K'»Cn(l+p7p)-> having then the same 
value as V Hence it follows that “with wind of any other speed than that 
of the waves, their s^ieed is less For instance, the wave speed with no wind, 
which IS U„, IS less by appro.\imately p'/2p of Uo (i e about jjfgff of To) than 
the speed when the wind is with the vraves and of their speed. The explana- 
tion clearly being that when the air is motionless relatively to the wave crests 
and hollows its inertia is not called into play ” 

From (3) we drati the following conclusiouB: — 

“(1) tVhen + 

one of the values of U is zero, that is to say, static corrugations of wave 
length d»r/wi, would lie eipiilibratod by wind of velocity tu(l+p/p’)^ 

But the equilibrium would lie unstable 

(2) When r;t'o-(p+p')W)' = 28'7(l + Hk). 
the two values of U are equal. 


* Letter to Professor Tait, August 10, 1871. Printed in Math, and Phyt. Paperi, 
IV. p. 76, also m Baltimore Lectures, p. 500. 
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(8) When r7tro>0i+p')/(^p')i, 

both values of U are imaginai^, and therefore the wind would blow into spin- 
dnft waves of length 2tr/m or shorter. 


Looking back to (2), we see that it gives a minimum value for fTo equal to 



f+p'/p 


Hence the water with a plane level surface would be unstable, even if air 
were ftnctionless, when the velocity of the wind exceeds 



y(i-p'V ) 

p'lp 


n 


240. Ripples. Referring to Art. 238, we may write (2) in the 
form 

U* = (V^V2ir - s/^niTjXpf + 2 ^JgTjp, 
shewing that V has a unique minimum value 2 Vgr Tjp when 
X = 27r V Tjgp. Lord Kelvin has defined a npple as any wave on 
water whose length is less than this value of \. The corresponding 
value when the air is taken into account is obtained from (2) Art. 
239 which gives as the ontical value 


\ = 27 r ‘\/Tlg(p — p) 

Ripples may be seen in front of any solid cutting the surface 
of the water and moving honzontally at any speed, fast or slow. 
The ripple length is the smaller root of the quadnitic in 


gX p-p 2'7r7’ 

2irp + p' \{p + p') 




where is the velocity of the solid. “The latter may be a sailing- 
vessel or a row-boat, a pole held vertically and carried horizontally, 
an ivory pencil-case, a penknife-blade, either edge or flat side fore- 
most, or (best) a fishing-line kept approximately vertical by a lead 
weight hanging down below water, while earned along at about 
half a mile per hour by a becalmed vessel*.” . 


241. WawM du« to a given local dirtorbanoe on tlie 
mirikco of water. We shall consider first a simple case where 
the liquid is limited by vertical planes, distant I apart, parallel to 

* Iiettmr from Ld^d Kelvin to Profesaor Tail, of date August 28, 1871, loe. elt. 

p. 281 . 
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the creats of the waves, and suppose that the moUon starts from 
rest with a given initial elevation 

“/(*)• 

The motion is therefore irrotational and if the liquid were unlimited 
in extent there would be no limitation on the lengths of the waves 
but the motion would be the result of the superposition of waves 
of infinite variety of lengths. In this case, as we ^all see, there is 
a limitation on the possible wave lengths. If A. be the depth of the 
liquid, a suitable solution of Laplace’s equation for the velocity 
potential is 

cosh m (y + h) cos mx sin nt, where n? = mg tanh mh, 
making <f> zero when t = 0, also when y = — A. But we also require 
that d<f>/dx=*0 when and when x=sl; and this makes 

sin ml 0, or nU = iir where i is an integer. 

Again the pressure equation 

gives initially at the free surface 

ft \ 


And the most general expression for ^ is 

^ = 2 A, cosh (y + A) cos sin nt, 

1=1 t <’ 

« 

and, substituting this value in the last equation, we get 

* . , Vfrh iirx ,, , 

2 nA, cosh , cos —pr = gjKx). 

But by Fourier’s Theorem we have 

fiv)dv+-^ i^cos ^ ^ 

and, by comparing the series, we get 


n A, cosh 


tirh _ 2y /•' ... 


> cos -j- dv. 


so that 


_ cosh ^ (y + A) • fz 
. 2o S f VTTX r - - tw j . . 

S cos — j- f(v) cos - 7 - dv sin nt, 

^ Z r, . twA I J o' ^ ' I 

' « cosh 




where 
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If we require the form of *the eur&ce at any subsequent time, 
the relation 




2 2 »V® f* .. . im j . 

gives <7 “ 7 2 cos — j- f / («) cos , av cos nt. 

• »=i t j 0 « 


842. We may now consider the case in which the liquid is un- 
limited in extent, the initial disturbance being of the same type as 
before, that is, given by 

17 -/(<>=). 

SO that we are still dealing with two-dimensional motion. To 
simplify the expressions we shall suppose the depth of the liquid 
to be infinite, then from Art. 223 we can write down as a typical 
solution for a wave of length 2v(m the equations 

sin 

« =: mx cos nt, 
cos 

j . g „„8m 

and S=rs mxBinnt, 

^ n cos 

whei-e n^ = gm. 

To obtam general expressions which embrace the superposition 
of all such solutions and give the initial values 

^ = 0. 

we most make use of Founer’s double integral theorem 
1 /■* f* 

fix) = - I dm I /{a) cos mix — a) da, 

VfJ 0 J -X 
and the required expressions are 

17 = - f dm f fia) cos rd cos 7/1 (a? — a) da, 

’TJ « J -X 

^ “ f dmf f (a) e’"* cos ?« (a: — o) da ; 

wj 0 J -X w 

for these expressions qlearly satisfy all the conditions specified, 
and as an additional verification they make 17 = — (9^/dy)y,,o, ui 
vlHue of the relation n*=gm. 

243. A similar method may be adopted when the surface is 
initially horizontal but subject to initial impulsive pressure. Thus 
we may suppose that initially 

^^Fix) and 77 >>0. 
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Then, taking as the typicid eolation 

6 e"*' itix cos nt, 

^ 008 

nsin . 

ffucBinnr, 

gem 

' where n* *= mg, 

we have for the general solution 

^ = - f" dm r* ^*( 0 ) cos nt 8"*v cob m {le — a) da, 

V J Q J — ao 

11 “--— f dm f F(a)n8mntcoam(x — a)deL 
0 J “90 

For a full discussion of these results see Lamb’s Hydro- 
dynamics, §§ 238 — 240 and Lord Kelvin’s papers on ‘Deep-Water 
Waves*.’ 

244. Stationary waves in running water. The waves pro- 
duced in a stream by obstacles or by inequalities in its bed have 
been discussed at length by Lord Bayleighf and Lord Kelvin^. 
We shall consider two examples which serve to illustrate different 
methods ; — 

( 1 ) A ttream flowing vntk uniform vdodtg over a corrugated led whoee 
eeetion repreeent* a vine curve. 

Taking axes as usual, let the bed of the stream be given by 
g= -A+KDinnuv,* 
and let The the mean velocity. 

The conditions of the problem will be satisfied by the equations 


— Fx+(A ooehwy+5sinh my)cos»n* (1), 

and - l^-(Asichmy-t-flco8hmy}8mmx (S), 


provided they make the bed a stream line and the free surface a sur&ce of 
constant pressure as well as a stream line. 

The condition that the bed 

y= -A+« sin nw 

may be a stream line is that 

- F(-A+«8in»»*)— (— A siiih «iA+5cosh »»A) sin »i.r 
may be constant for all values of « 

* PhiL Mag. June, Oot. 190A, June 1905, Jan. 1007, or Math, and Phg$. Papers, 

IT. pp. SB8 — 4M. 

t ' The Bonn of Standing Waves on the surface of Bnnning Water,' Proe. LM.S, 
XT. p. 69, or Sei. Papers, u. p. 358. 

X ‘ On Stationary Waves in Flowing Water,’ Phd, Mag, Oet. 1886, or Math, and 
Phys. Papers, if. p. 970. 
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Therefore kV=A einh nk-B ooeh mA (3). 

If we assume for the free surface 

i}=amn?»« (4), 

this will'bc the stream Ime provided 

- Va-B^O (6). 

Again the pressure equation in the steady motion is 

^+S!y+i9’-con8t (6), 


and at the free surihoe p is constant, so that by substitution from (1) and (4) 
in (6), neglecting squaies of small quantities, we must have 
gatmmx+ rAmun«iwr= constant 

for all values of x. 

Therefore ga +- f’Am’mO (7), 

and from (3), (5) and (7) we get A, B and a, and the free surface is given by 

n= 5 - -r — r-r ^.-SmnWT (8). 

' coshww -y/mF*. SI nh 

Taking k to be positive, the mnitiplier of sin mx in the last expression is 
positive or negative according as P* is greater or less than {gim) tanh mh 
That IS, according as F is greater or less than the velocity in still water of 
depth h of waves of the same length &n-/nt as the corrugations. In the former 
case the ridges and hollows of the free surface are vertically over the ndges 
and hollows of the bed of the stream, and in the latter case the ndges of the 
free suiface are over the hollows of the bed. 

(n) If water Jlovi» aloiig o rtetangeiar canal which conn$t$ of two wnifonn 
portions of slightlg different breadths, with a gradval transition, the free surface 
will be lower where the canal is narrower, or contrariwise, according as u* $ gh, 
where u it the mean velocity, and h the mean depth. [The motion it swppoted to 
he steady. (M.T. 1912.) 

Let A, B denote points on the free surface of the two portions, A+Oi 
A+a' the depths, A+/3, &+/9' the breadths, and u+v, v+v' the velocities in 
the two portions, h denoting the main breadth 



Pig, 84. 


From continuity we have 

(A + a) (6 +/3) (« + r) = A6» — (A + o') (6 +/3') Cm + r'). 

Tlieiefmo •'“"“(f + aiidFa-M^y + 
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If p, p’ denote the preseares at A and B 

= - (A + a - A - a') y - i {(» + »)* ~ (« + w")*}. 

But the preeeures at A and B on the firee surface are equal, therefore 
0= ~(a—a)g—u(v—i/) 

and ^^-^=*‘(( 9 -^). 

Hence a— a' and|3— /S' have the same or opposite ugns according a8«*$pA, 
i.e. the free sur&ce is lower where the canal is narrower or contrariwise ac- 
cording AS u‘ $ gh. 


246. Oentner’s Trocholdal Wavei. An exact solution of 
the equations representing wave motion on the sur&ce of deep 
water was discovered by Gerstner in 1802 and re-discovered by 
Bankine in 1863*, but the motion represented is rotaMonal and 
cannot therefore be brought about by natural causes in frictionless 
liquid. 


Consider the equations 


<B= a -h ifi'^sin * (a + c<)' 
y «= 6 - ^ e** cos * (o -i- c<) 


.( 1 ). 


where the Lagrauigian notation is employed, a and b being 
parameters which specify a particular particle whose coordinates 
are x, y at time t 


Since 


3(0,6) ^ W’ 

therefore the equation of continuity of Art. 9 is satisfied. The 
equations of motion of Art. 30, in this case, become 


and 


or 


Ic^ 3*y0y 

pda ^ da~ dP da d^ da' 
d*xdx S^dy 


pdb'^^dh 


3 

3a 


+ fft/j = wV® sin * (o -i- cf). 


and ^ +yy^ = /ce’e**® — ic(?e*‘coB#c (o + c<) 


* 'On the EsMt Form of Waves near the Bui face of Deep Water,' Phil, Trant. 

1868 , p. m. 
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If we multiply these equations by eta, (26, add and integrate we 
get 

? m. const. — flrjh — ie‘‘co8*(o + c<)| 

— c*e** cos « (a + ct) + . .(3). 

At the free sur&ce the pressure must be constant, which 
requires that 

(4). 

Now the periodic form of equations (1) shews that they repre- 
sent a wave motion, the waves of length 2ir//ic being propagated 
with velocity c in the negative direction of the ^-axis ; and the 
relation (4) shews that the velocity is what we have previously 
found for deep-water waves. 

If we substitute from (4) in (3) we get 

P » const. —gb + ^cW** (5). 

This sheAvs that p is constant when b is constant, hence if the 
motion were converted into steady motion by superposing a 
velocity equal and opposite to that of propagation all stream lines 
would be curves of constant pressure. This is a peculiarity of this 
type of wave motion, for in general it is only necessary that the 
particular stream line at the surface shall be one for which p is 
constant* 


To shew that the motion is rotational, we have 
u=d; — c«*‘ cos * (a + ct)\ 
and v=*y=c«‘*sinit(a-Hct)) 

and the spin is given by 

„ dv du 


But 


therefore 


^ 3 jv, y) / dim, y) , du d {x, a) i d (x, y) _ 
0® ” 3 (o, by 3 (o, b) 3y ™ 3 (o, by 3 (a, b) ’ 

d(x,y) d(v,y) d(x,u) 


2a>; 


3(o, 6) d(a,b) d(a,b)’ 
and on substituting from (1), (2) and (6) we get 
o» — — — e***) .... 


( 6 ). 


.(7). 


* See Stokee, * On the Theory of Oeeillatory Waves, Appendix A,’ Traiu. Comb. 

Phil. 8oe. vni. p. 441, or Math, and Phyt. Paytn, i, p. 219. 
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From (1) it is clear that the path of the partide (a, b) is a circle 
of radius 


The curves of equi-pressure are the paths of the particles when 
the motion is made steady by superposing the velocity — c, that is 
they are given by 

«=a+i«*‘sinieo, y = 6--^e**oos*o, 
or, putting xa ^ 6, 

X s= k~^6 + sin 6, y = h — cos 0. 

These equations, for any constant value of b, represent a trochoid 
traced by a point at dii^tance from the centre of a circle of 
radius which rolls on the under side of the line y = 6 + k~K 
Any one such trochoid may be taken to represent a possible form 
of the free surface, the extreme case corresponding to 6 0 being 

a cycloid with cusps upwards*. 


EXAMPLES. 

1. Assuming that the velocity of prop.agation of long waves lu a canal is 

^(gA/b) where A is the area of the sed^ion and b is the breadth at the water 
surface, apply the formula to obtain numerical results for a water-trough, the 
top being of width 80 inches, the base of width 12 inches, and the depth 
10 inches (St John’s Coll. 1811.) 

2. Find the velocity of ocean rollers, 20 yards long from crest to crest, in 

miles per hour. (St John’s Coll. 1801.) 

3. Find the type of waves that would travel on deep water at 30 knota 
How much IS the velocity of the waves affected by the presence of the atmo- 
spheie above the water, its density being ‘00137 

(St John’s Coll. 1887.) 

4 . A fixed buoy in deep water is observed to rise and fall twenty times m 

a minute, prove that the velocity of the waves is about ten and a half miles 
per horn-. (Coll. Exam. 1907.) 

5. Prove that if a wave-system is travelling over water with velocity V, 
the kinematical condition to be satisfied at the free surface is Py^coust., 
where ^ is the stream function, and the motion is supposed two dimensional, 
the waves advancing along the axis of x. 

Find the value of V for water- waves on a canal of depth h, when the wave 

length is X, gravity alone being considered. (St John’s Coll. 1811.) 

' * 


8.H. 


For a diagram see Lamb's Hyirodgnamei, p. 418. 


19 
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6. Shew that when inotational waves of length X are propagated in water 
of infinite depth, the pressure at any particle of the water is the same as it 
was in the equilibnum position of -the particle when the water was at rest. 

(Coll. Exam. 1908.1 

7. A wave consisting of a single elevation and a single depression travels 
along the surface of water contained in a straight uniform canal. The slope 
of the wave is gradual, and its length is great compared with the depth of the 
water. Trace the motion of a particle on the surface. 

Shew that the potential energy of the wave is equal to the kinetic eneigy 

(St John’s ColL 1901.) 

8. From considerations of dimensions alone shew that the period of 
oscillatory waves in a deep cylindrical tank vaneh as the square root of the 
diameter and inversely as the aquare root of the intensity of gravity. 

(M.T. 1879.) 

9. Prove that in a uniform heavy liquid, of depth h, there is not more 
than one wave length corresponding to any given velocity, and that any 
velocity less than is the velocity of some wave. (Tnnity Coll. 1902.) 

10. If a horisontal rectangular canal of great depth has two vertical 

bamers at a distance I apart, prove that the penods of oscillation of the water 
are where « is a positive integer; and that corresponding to any 

mode, all the particles of fluid oscillate in straight lines of length inversely 
proportional to exp (««rr/f), where z is the depth. 

(CoU. Exam. 1906.) 

11. If in the irrotational motion of homogeneous liquid in two dimensions 
under gravity there be a free surface exposed to an atmosphere of constant 
pressure, shew that there must be a surface of equal pressure at which 



Work out the case ^•ftcosfrjv/acoshn’ (y+A)/aBin/>t and give it a 
possible physical realisation , 6 being so small that its square is negligible 

(St John’s CoIL 1906.) 

12. The space between two infimte horizontal planes is filled with two 
fluids, one of density p and depth h and the other of density p' and depth A'. 
Shew that the velocity of a long wave on the surface of separation is 
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13> Let a shaUpw trough be filled with oil and water, and let the d^h 
of the water be t and its density <r, sod the depth of the oil A <uid its denirily 
p. Then shew that if ^ be gravity, and v the velocity of propagation of long 
waves, 

«*/y-i(A+-t)+4{(A-i)*+4AipMi. 

^ Note that there may be slipping between the two fluids. (M.T. 1888.) 

14. A harmonic tram of surlbce waves, of wave length X, impinge directly 
upon a breakwater with a vertical sea front, and are reflected. The maximum 
variation of the surface level about the mean height' on the face of the break- 
water is a. Prove that the extra pressure on the breakwater per unit length 
of sea front is 

f, , X ^ , StrA) Sit Vt 
.9P«jA+^tanh^}cos-j-, 

where V is the wave velocity and A the depth of the sea. 

(Trinity Coll. 1887.) 

15. Prove that in a fluid of depth A, limited by two vertical barriers, 
distant I apart, at right angles to the direction of propagation of strai^t 
crested irrotational waves, the penods of the waves are found by giving r 
positive integral values lu the formula 

2 coth (Coll Exam. 188flU) 

16. Two I fluids of densities pi, pt have a horisontal surface of separation 

but are otherwise unbounded. Shew that when waves of small amplitude an 
propagated at their common surface, the particles of the two flmds describe 
circles about their mean positions ; and that at any point of the surfXoe of 
separation where the elevation is the particles on either side have a reUtiva 
velocity 4ir Vii/X. (Trimty ColL 1907.) 

17. If a canal of rectangular section contain a depth A of liquid of denuty 
p on which IS superposed a depth A' of liquid of density p', the free suifruse of 
the latter being exposed to constant atmospheric preesnre, prove that the 
velocities of propagation of waves of length 2ir/m are given by 

wliorG 

p (h coth «iA - 1) (a noth »iA' - 1) —p' (I - «*). 

(CoU. Exam. 1807.) 

18. Two-Dimensional waves of length Sw/m are produced at the surfisea 
of separation of two liquids which are of densities p, p' (p > p') and depths A, A' 
nnnfinail between two fixed horisontal planes. Prove that, if the potential 
energy is reckoned sero in the position of equihbrium, the total energy of the 
lower hqmd is to that of the upper in the ratio 

p {(8p — p') coth mA -t-p' coth mA*} p' {(p— ip') coth nth' - p coth mA). 

(H.T. 1888.) 

1 ^ 
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18,' If there be two liquids in a straight canal of uniform section, of 
• dmiwtiwi in, Vi and depths li, 2|, shew that the velocity V of propagation of 
long waves is given hy the equaticm 



where irt> , and it is assumed that the liquids do not mix. 

(St John’s Coll, 1800.) 

28, Shew that 

^•■r[-y+8inaccoseoiec(aeinh«(y+c)-6sinhry)]l . .. 

ein KX exp « (y +c)] / '* ' 

may he used to find the velocity of small periodic waves in a system made up 
of a layer of thickness c and density ir resting on an infinitely deep mass of 
fluid of density p, the origm being taken in the free surface. Shew that the 
possible values of V are given by 

V*=glK and F*=p (p— <r)/« (p coth nc+ir). 

(St John’s Coll. 1900 ) 

21. An open rectangular box of length a contains two liquids of densities 

p, p' and depths h, h' respectively, that of density p being at the bottom Prove 
that the periods of oscillation when the liqmds are slightly disturbed so that 
there is no motion perpendicular to the sides of the box are determined by 
equations of the type ' 

where n is an integer. (M.T 1906.) 

22. A layer of fluid of density pg and thickness h separates two fluids of 
densities pi and pj, extending to infimty in opposite directions. If waves 
of length X, large compared with A, be set up in the fluid, shew that their 
velocity of propagation is either 

l*«rpj+pj/ V PtiPt-pi) ) 

(Trinity Coll. 1906.) 

23. A canal,, of infinite length and rectangular section, is of uniform depth 
A and tn^adth i in one part but changes gradually to uniform depth A' and 
breadth b' in another part. An infinite train of simple harmonic waves 
travelling in one direction only is propagated along the canal. Prove that, if 
a, a’ are the heights and 2ir/m, 2>r/m' the lengths of the waves in the two 
uniform portions, 

m tanh mA m' tanb m'k', 
and 

secb‘ »»A (siiih 2mA + 2mA) = o'*6' sech* m'A' (sinh 2 m'A' + 2m'A'), 

(Coll. Exam. 1903.) 
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24. Shew that waves are propagated in a liquid munly by gravity if 

longer than, and mainly by molecular forces if shorter than Sir W — , where 

▼ ffp 

T is the surface tension and p is the density. (M.T. 1876.) 

25. Shew that, if the velocity of the wind is just great enough to prevent 
the propagation of waves of length X against -it, the velocity of propagation of 

waves with the wind is SF{(r/(l where o- is the specific gravity of air 
and V is the wave velocity when no air is present (Coll. Exam. 1887.) 

26. Determine the velocity of propagation V, of waves of length X, along 
a canal of depth A in terns of the gravitational and capillary forces, neglecting 
the density of the air above, and shew that, for such waves on deep water, 
there is a wave length Xo for which the velocity is a minimum. 

Shew that the velocity of a group of waves of sensibly the same length is 

^ {mV), where m=Sir/X, and that, for waves on deep water imder giavita< 

tional and capillary forces, the group velocity is greater or leas than the 
wave velocity according as A S Ag . (M.T. 1908.) 

27. Find the velocity of straight ripples of length X, on water of density 
p, surmounted by aur of density p', as maintained by gravity and the surface 
tension r, and if ri^Sl c o s. for water, find for what wave length the velocity 
of propagation is least, and also the value of this minimum velocity. 

(St John’s Coll. 1899.) 

28. If water of depth A be fiowing with velocity proportional to the dis- 
tance from the bottom, V being the velocity of the stream at the sur&oe^ 
prove that the velocity U of propagation of waves in the direction of the 
stream is given by 

(ff- F(£r- F) FF*/fA- 1P=0, 

where W is the velocity of propagation in still water. (M.T. 1881.) 

29. A stream of water is running steadily with uniform velocity Vin a 
horisontal canal of depth A of which the bottom is slightly undulating : shew 
that there will be a depression tj in the steady free surface, above each 
elevation i;i in the bottom, and viee vena, given by 

What happens as CT* approaches and passes the value pA 1 Explain the 
general principle of which this is an example. (St John’s ColL 1889.) 

30. Prove that, if a canal of rectangular section is terminated by two 
rigid vertical walls whose distuioe apart is So, and if the water is initially at 
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TMt and has its auHhoe plane and inclined at a small angle 0 to the length of 
the oanal, the altitade 7 of the wave at any time t is given by 

oats s .• 


1 


nix niet 


where c is the velocity of a wave of length 4a/t on an infinitely long canal, and 
X implies summation for all odd integral values of i. (M.T. 1898.) 


81. Find the possible periods of standing oscillations in a troijgh of depth 
k and length f, ai^ shew that, if initially the water be at rest with its free 
Burfoce plane and inclined at a small angle a to the borisontal, the vdodty 
potential and the stream function at any time are given by 




* 4Pp*ainj9,« eos{(2*+l)»r(*+»y)/l} 
(3*+l)* 8inh{(2*+l)irA/f} ’ 


where pJ2n is the frequency for the vibration of type a 

(Tnnity ColL 1908.) 


38. The free undisturbed surface of a liquid of great depth is the piano 
and it extends to infinity in both directions of the axis of x. In the 
surface there is a shallow depression, bounded by the planes ±«/a°>l+y/«, due 
to the inresence of a fioating body Everything being at rest, the floating body 
is suddenly removed. Shew that after the lapse of a time t the equation to 
thefreesurfhceis 

an Jo “ 

33. A rectangular trough containing water of given depth is shghtly 
tilted at one end, and then let fall again into the honxontal position ; find 
the period of the t<Mmd-fro oscillations of the water that are thus set up. 

Shew that, if the tilt is removed suddenly in comparison with this period, 
but without jarring, the surface of the water will assume, at the end of each 
swing, the form of an inclined plane, until friction and other causes modify 
the motion ; and^also tha^ if the water is shallow, its surlhoe will at any inter* 
mediate time be in part hciuontal, and in part a plane of constant slope. 

(St John’s CoU. 1896.) 

34. Prove that the free oscillations of water in a straight tank of uniform 
depth are represented by certain curves of sines which are stationary save for 
the variation of their amplitudes with the time. 

Begardiug the resolution into such curves of sines of an arbitrary initial 
diqilaoement of the surface as a Fourier series^ shew that the latter refers to a 
frinction supposed known for a range equal to double the length of the tank ; 
what is there in the physical conditions that enables us to doable the range 
over which the function is known? 

Work out the case in which the liquid starts from rest with its surfhoe 
plane but al%htly indined to the horisoa. (St John’s ColL 1906.) 
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6S. If the bottom of a horiioDtal canal of depth h be constrained to 
execute a simple harmonic motion such that the vertical displacemeut at 
distance « from a fixed line across the canal and perpendicular to its length 
at the bottom be given by Acosm {x~vt\ k being small; shew that, when 
the motion is steady, the form of the surface is given by 
♦ 

y = A + ^ — jcos m{x- vt). (M.T. 1879.) 

4 ^ 

36._ Shew that, if water is flowing with velocity K along a horizontal 9 anal 
of rectangular section and depth A, and the bottom of the canal is sgitat^ so 
that its form is given by a cos m ( 4 ;— «f), where a is small, the form of the free 
surface is given by 

y «« o' cos wi ( 4 ; - et), 

where o— a' (cosh mh - sinh »sa\ , 

I m(fr-v)* I' 

T is the surface tension of the water and p its density (M.T. 1698.) 


37. The bottom of a straight uniform canal of rectangular section has 
the form y=asin (iirxfK) referred to horizontal and vertical axes Ox and Og 
through a point 0 in itself, and is moving with uniform velocity V in the 
direction Ox, a being small. If the mean depth of the liquid in the canal be 
A, find the velocity potential of the wave motion generated, and shew that 
the form of the free surface is given by 


.,2iriT 2fr(x-Vt) 

=A+ o sinh — r— oosech — — ^ ' sin — . , 


referred to fixed axes originally coinciding with Ox and Oy, H being the depth 
of the liquid corresponding to the free propagation under gravity, with velocity 
V, of waves of length X. (M.T. 1900.) 


38. Shew how to take account of a variable pressure acting on the surface 
of a uniform canal ; and in particular examine the effect of a travelling distri- 
bution of surface-pressure of the type 

A-\-Boo6k(ct~x), 

where x is the longitudinal coordinate, the canal being supposed infinitely 
long. (M.T. 1911.) 


39. Find, at any time, the form of the free surface of an infinite canal, of 
uniform breadth, and uniform equilibrium depth A, if the initial conditions 
are ij^asinAr and i)a>Q. 

If the variations of pressure on the surface of such a canal are given by 
6 Bin hr sin An, (, where h is small, then the form of the surface at any time 
will be 

^ sin kx Biu kt’nt, 

9P 

where v is the velocity of propagation of waves of length (Sw/A). 

(Cdl. Exam. 1908.) 



CHAPTER XI 


VIBRATIONS OF STRINGS 

246. In the last chapter we considered some cases of small 
oscillations of fluids regarded as incompressible. The theory of the 
oscillations of elagtic fluids is also a branch of Hydrodynamics and 
it includes the theory of sound or waves in the atmosphere. The 
theory of sound is too extensive a subject to receive adequate treat* 
ment in an elementary text-book on hydrodynamics; but we propose 
in this chapter and the following to give a short account of some 
of the elements of the theory of sound waves together with the 
kindred subject of the vibrations of stretched strings. 

247. Tnuuvene vlbratlonf of a stretehed rtring. By 

transverse vibration we mean a motion in which each point is 
displaced at right angles’ to the equilibrium position of the string, 
and the slight extension of any element of the string is of the 
second order compared to the displacement. In &ct the string is 
regarded as inextensible " or rather the elastic modulus of extension 
is indefinitely great. The very beginnings of a local disturbance 
of tension will then be equalized along the stnng with speed prac- 
tically infinite*” , and we may take it that the tension P remains 
constant along the string and throughout the motion. Let the string 
be of uniform line density p Take the d^axis in the equilibrium 
position of the string, and let y be the displacement at the point tv 
at time i. If tfr he the inclination to the ,r-axis of the tangent to 
the string we shall suppose that is small. 

The equation of transverse motion of the element Sx is 
pixy = — P sin ^ + P sin ^ + 5 (P sin ^), 
for the forces acting on the element in the direction of motion are 

* See a paper 'On the Dynamioe of Badiation' by Sir Joseph Larmor, Inter- 
national Congrete 1918, Proeeedmge, YoL i., where the motion of a stnng is used as 
an illustration. 
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the components of the tension at its ends; viz. Psin'^ at one 
end and Psin‘^ + 6(Psm'^) at the other, and sin^*^™^ 
approximately, neglecting (dyldaif ; therefore 



Tfg. 65 . 


If we put P = pc* we may write the result 

dt‘ 0®* 


( 1 ). 


This is the same equation as we obtained in the theory of long 
waves in shallow water and as in Art. 214 the solution is 


y=/(c<— ®) + P(ct + ®) (2), 

where /and F are arbitrary functions. 


If, for the moment, we take P to be zero, we baye 

y=f(ct-x) (3). 

This represents a wave form travelling with velocity e in the posi- 
tive direction of the ®-axis. For, if we increase x and ct by the 
same amount, we leave y unaltered, which means that the displace- 
ment which exists at the instant t at the place x will at time t + r 
be found at the place x + ct. 


In the same way the equation 

y^F(ct + x) (4) 

represents a wave form travelling with velocity c in the negative 
direction of the ®-axis. 


Referring again to equation (3) we find by differentiation 


dt dx 




which is a relation connecting the velocity at any point with the 
slope of the string. It is obvious that motion might be begun 
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with arbitrary velocity and arbitrary slope, but unless the two are 
connected by equation (5) the resulting motion cannot be given by 
a relation of the form (3) In the same way a motion represented 
by (4) implies a relation 


ajf 

dt 



( 6 ) 


between velocity and slope. 


The general motion of the string may be regarded as the result 
of the superposition of two such wave systems travelling in opposite 
directions ; and in this case the initial values of dyjdt and dyjdx 
may be regarded as composed of two parts which separately satisfy 
equations (6) and (6). 


248. UnUmited string with given Initial eondltlona. 


Suppose that, when t = 0, we have 

y =<!>(«>) ( 1 ). 

and y = (2). 

Taking for the general solution 

y=/(ct-x) + F{ct + x) (3), 

we have, when t^O, 

^ix)^f{-x) + F{x) (4), 

and (x) = cf' (— x) + cF' (x) (5). 

By integrating the last equation we get 

f ir(i)dz^-c/(-x) + cF(x) (6), 

and then from (4) and (6) 


and F(x)^i<p(x) + ^J ir(t)de; 

so that 


. , 1 /■*+<< 

ym>i{^(a!-ct) + <f>(x + ct)l + ^J^ ( 7 ). 
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249. A glTcii Initial djaplaoement. In the special case in 
srhich there is no initial velocity bat merely an initial displacement, 
the last result reduces to 

in which the two component waves resemble the initial form of 
the string but are of half the height at corresponding points. 

The form of the string at any subsequent time may be con- 
structed by drawing a curve in which the ordinate of each point 
is half the initial displacement of the point, imagining that two 
such carves initially occupy the same position and then moving 
them in opposite directions along the a;-axis with velocity c. The 
sum of the ordinates of the two curves at any point at any instant 
will give the displacement of the point at that instant. 

260. Snergy. The kinetic energy of any portion of the string 
is given by 

( 1 ). 

For the potential energy F it is necessary to calculate the work 
done in the slight extension of the string against the tension P. 

The increase in length in the element 8x 



Therefore (2). 

Now P =: fxP, and in either component wave from Art. 247 (6) 
and (6) 

3y/3i s T cdyjdx, 

hence in any single progressive wave the kinetic and potential 
energies are equal. 

261. String of Umltod length. Suppose that the origin is 
a fixed point on the string. In this case we must have'y mO when 
« 0, for all values of t. Hence, in the equation 
y */ (c< - «) + P((!< 4- x), 
we have 0 » /(ct) + F(ct), 

P(x)— /(X). 


or 
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The general solution in this case is therefore 
y -/(ot - «) -f{ct + x). 

As applied to the string on the left of the origin this means the 
superposition of an incident wave, represented by the first term, 
travelling towards the origin, and a reflected wave, represented by 
the second term, and travelling away from the origin. The waves 
are similar in profile, their amplitudes being equal in magnitude 
and opposite in sign. 



Components Beenltant 

Fig. 66. 


Let ns consider the case of a disturbance represented by 

y*/(c#-®) (1) 

advancing towards the origin, the disturbance being confined to 
a length I of the string, and suppose the string to be fixed at the 
origin 0. Until iihe head of the disturbance reaches 0 the motion 
is represented completely by (1), but when this instant arrives we 
must take as the equation that represents the motion 

y»/(c«-«)~/(ce + ») (2> 
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The terms of this equation do not both apply to the same range 
of the string continuously. Thus if when the head of the 
disturbance reaches 0, then when 0<t<l/e the first term applies 
between xmO and ais* — l + et, and the second term between « <■ 0 
and — When t » l/c the first term ceases to apply and the 
subsequent motion is represented by 

y--/(c« + «) (3) 

alone, or the reflexion of the wave is complete. 

When the initial form of the disturbance is given the form of 
the string at any time can be constructed graphically. Thus in 
the accompanying diagram the figures on the left represent the 
components of the displacement at intervals l/Sc before and after the 
head of the disturbance reaches 0. They are obtained by drawing 
the curve that represents the disturbance with its head at 0 and 
drawing a similar curve so that the two are anti-symmetrical with 
regard to 0, and then displacing these curves to the right and left 
respectively with velocity c. The resultant form of the string, as 
shewn on the right, is obtained by taking the sum of the ordinates 
of the component waves on the left. 

Later this will be seen to represent also the reflexion of a sound 
wave at the closed end of a straight pipe. 

262. If however the end of the string at the origin is capable 
of free transverse motion — it might, for example, be attached to a 
ring of negligible mass free to slide on a smooth wire along the 
2 /-axis — the condition iajdyldx = 0, when st sil, for all values of t, 
This follows from the equation of motion of the massless ring along 
the wire, which shews that there can be no component of tension 
along the y-axis. 

Taking y=/(c<-*) 

for the incident wave, and 

y = f(,ci —x) + F{ct + x) 
for the complete disturbance, we have 

0 fict) + F'(ct) 

for all values of t 

Therefore F' (z) =/' (z), 

or F{i)^f(z), 

so that y */(cf - «) +/(ct + «). 
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The reflected' wave is therefore exactly the same in form aa the 
incident wave, the amplitude being unchanged in sign. 

This case corresponds to the reflexion of a sound wave at the 
open end of a straight pipe. 

263. String fixed at both ends. Let the fixed points be at 
aaxO and ai^l. Then we have 

y = /(ct —a!)+F(a + ar), 

and the condition that y 0 when a; » 0, for all values of t, makes 
—faa before. 

Hence y = f(ct —x)— f(ct + x). 

Also y 0 when x^^ I, for all values of t, so that 

0=/(ct-l)-/(ct + 0; 

or, putting x for c< — I, 

f(z+2i)=f(zy 

Therefore /(t) is a periodic function with a period 21 in t. 
Hence the motion of the string is periodic with respect to t, the 
period being 2l/o, or twice the time taken by a wave to travel the 
length I, 

It is otherwise evident that if a disturbance starts from any 
point A of the string, and moves with velocity c in either direction, 
it will after successive reflexions at the two ends pass the point 
A again in the same direction with its original amplitude and sign 
in time 2l/o. 

264. Plucked string. When the string starts fixim rest with 
a given displacement, as for example when the string is drawn aside 
at one or more points and then set free, we have initially 
y = ^((F), say, and y»0. 

And by substituting in the general solution 
y =/(cl -x)+F{ct + x), 
we get 0 (<e) »/(- x) + Fix), 

and 0 = cf' x) + cF' (x). 

Therefore, by integrating the last equation, 

0^-/i-x) + Fix)-, 


whence 
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Hence y «» (» — rf) + (« + ct), 

as might have been written down from Art. 249. 

Again y vanishes when 0 and when xml for all values of t, 
so that 

0 = ^(— c<) + ^(c<). 

‘and Om^(l — ct) + ^(l +ct). 

Therefore <j>{— t)=‘ — <^(z); 

and, putting ct >= « + 2, we have also 


<p{t + 21) m — 4j>(—z) = t^ (z). 



Hence we get the following method for constructing the succes- 
sive forms of the string : — draw the curve ym^{x) between « = 0 
and xml and continue it in both directions subject to the foregoing 
conditions, i.e. draw a similar curve in the third quadrant between 
xmO and xm — l and then repeat the whole figure m every suc- 
cessive space of length 21, Imagine curves of this type to travel 
in both directions with velocity c and take the arithmetic mean 
of their ordinates at any instant. The resulting curve represents 
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the form at that instant of an unlimited string moving in such a 
manner that the points ai — 0t±l,± 21, etc. are at rest, and there- 
fore the portion between and satisfies all the required 
conditions See fig. 67. 

In the case of a string plucked at one point and then set free 
the string at any instant consists of either two or three straight 
portions, generally three ; and the two outer portions sue always 
in the directions of the two portions in the initial positicm, while 
the gradient of the intermediate portion is a mean between the 
gradients of the other two having due regstrd to sign. Thus fig. 67 
shews the form of a string of length I plucked at one point after 
three intervals of time l/3c. 

266. Normal modM of vlbratlom The position of a ^stem 
which possesses m degrees of freedom and vibrates about a position 
of stable equilibrium can be defined by the values of m parameters 
or coordinates j,, ... g^- The kinetic energy T is given by 

22’= + aag»*+ ... + 2a„j, j,4- ... ; 

and the potential energy is given by 

2V— + Cttgt + ... + + ..., 

where the a's-are generally functions of the g’s, but in small vibra- 
tions they may be regarded as constants. 

In the case of free vibrations, Lagrange’s equations give 

0)1 qj -h Ou^i dimgm + Clijl + CjoJ* + . .. + Ci,n9m “ 0 

and m — 1 similar equations. 

If, to solve these equations, we substitute 

9) = .d| cos (nt -t- e)> 

g, = Aj cos {nt -(- e), 
etc., 

we get m equations of the form 

{fill — ji*0]i) 4" (Ci2 “ w*Oij) + . . . -^ (C),,! “ >1*0), n) Am 0. 

These m equations give the ratios of the amplitudes Ai, A ^, . . . Am 
in terms of the o’s, the c’s and n. 

If we eliminate Ai, At, ... Am from the m equations we get a 
determinantal equatitm for n’ of the mth degree Taking any one 
of these values of n, there is a corresponding set of values of the 
coordinates g„ g„ ... qm involving only two arbitrary .constants. 
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viz. the absolute value of one of the amplitudes, say and the 
initial phase e. In the corresponding motion the system vibrates 
so that the coordinates q,, ... bear constant ratios to one 
another. This is called a normal mode of mbration. The physical 
characteristic of a normal mode is that it is periodic with regard 
■ to the time, and m general the different normal modes have 
different periods. In general there are m such normal modes all 
distinct from one another. These various m normal modes of 
motion each with its arbitrary absolute amplitude and phase may 
be superposed ; and the complete solution is given by m equations 
of the form 

cos («,t + «i) + cos («^ + «,) 4 . . . + Bn cos {njt 4 €„), 
and contains 2m arbitrary constants, namely Bi, Bi, ... Bm and 
Ci, £i, ... Cm. These are all the arbitrary constants because the 
quantities corresponding to the B’s in the expressions for the other 
m — 1 coordinates are all constant multiples of tiie Ra. 

It is shewn in books on Dynamics* that it is possible to choose 
the coordinates of a system so that the expressions for kinetic and 
potential energy only contain squares and not products of the ^’s 
and the q'a. When the coordinates are so chosen they are called 
the normal coordinates or principal coordinates of the system and 
each normal mode of vibration affects one and only one coordinate. 
For we have 

2T = CT], ji’4 4 . ., 

and 2 F — Cj, q^ 4 c^q^ 4 . . . , 

so that by Lagrange’s equation we get m equations 
+ c„g, = 0, Oaq* 4 c»g, = 0, etc., 
and the complete solution is 

= .4i cos (Jiif 4 Cl), g» = ilt cos 4 Cg), etc., 

where 

containing as before 2m arbitrary constants A^, .dg, ... A ^ and 

*ii *»> ■■• *111 ■ 


256. Normal mode* of vibration of a finite, itrlng. Since 
a string has an infinite number of degrees of freedom it has an in- 
finite number of normal modes of vibration. To find these normal 


a. H. 


* Whittaker, Analytical Dynantta, § 77. 


SO 
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modes let us assume that the displacement of every point of the 
string is proportional to co8(nt + e). 

The differential equation to be satisfied is 


dt’ a®**'” 


•( 1 ): 


and if y oc cos (nt + e), we have y = — n*y, therefoi-e 

B-Sy-o- 

The complete solution of this equation, including the tune factor, is 


r = ( A cos ^ + i# sin — I cos {nt + e) . 


( 2 ) 


If the ends of the stnng are fixed at the points x ■ 
we must have .4=0 and sin nljc = 0. 

irc 2'jrc Sttc 

Hence n = 


: 0 and X- 1, 


I 


I 


I 


etc. 


.(3). 


This gives the infinitely many values of n that correspond to the, 

different normal inodes, and the solution corresponding to the sth 

normal mode may be wntten 

D strx fsvet . \ 

y = .8, sin ^ cos ^ + 6, 1 (4) 


The gravest or fandament.il note ol the stnng i.s that tor which 
5 = 1 Its frequency i.s 

w _ c _ 1 /P 
2-tr~2l~2l\ p ■ 

The facts embodied in this formula, namely that the frequency 
varies inversely as the length and the square root of the density and 
directly as the square root of the tension, are known as JMersenne’s 
Laws They are capable of experimental venfication by fixing 
one end of a ^tnng and then {lassing the string over two edges or 
‘ bridges,’ whose distance apart can be varied and measured, and 
sus|K*nding a weight from the other end of the string. 


In the next ribrnial mode to the fundamental s-2 and the 
middle point of the string x = \l remains at rest throughout the 
motion. In the sth normal mode of which the frequency is «c/2/, 
the (« — 1) points 

I 21 {8-\)l 

s’ s’" s 

aic at rest throughout the motion. These points are called nodes ; 



256-258] 


PLUCKED RTBINO 


307 


the points midway between them are the points of maximum ampli- 
tude and are called loops. Each segment into which the s — 1 nodes 
divide the string vibrates like the fundamental mode of a string of 
length Ijs. 

A general vibration of the string is obtained by the super- 
position of the several normal modes with amplitudes and phase 
constants chosen to suit whatever may be the given initial con- 
ditions. The equation that represents this motion is therefore 

- „ . avx fSTrct \ 
y - 25, sin -j- cos f ~ + c, ) , 

where B, and e, are chosen to suit the initial conditions and the 
summation extends to all integral values of s. 


267 Two ipecial cases. 

(1) If the string starts from rest at time ^ = 0, then y = 0 when 
>0 for all values of x, so that all the e’s are zero, and 

_ „ sirx sirct 
y = xB, sin -j- cps . 


(2) If the string starts from the equilibrium position at time 
t — 0, then y = 0 when t = 0 for all \ alues of x, so that all the e’s are 
odd multiples of ^tt, and 




25, sin sin 


sirct 

T 


268. Plucked String. Let the string be drawn aside through 
a small distance B nt n distance b from the end a; s 0 and then 
released 



Fig. 6S 


We have to determine the coefficients B, in the solution 

V D * Sirx sirct / , \ 

y = 25, sin -j- cos -j (1). 


The initial values of y are 

y-Bxlb, {0<x<b)-, and y-B{l-<B)l{l — b), (b<x<l). 
Multiply both sides of e«]aation (1) by sin and itategrate be- 
tween the values 0 and I of x, giving y its proper values in terms 

80 — S 
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of « for each part of the range, and taking <<>>0. Then, since, 
' vhen r+*, 

/■* . nrx . nrx j ^ 
j sin -j- sm -j- ax emO, 

therefore 

l*Sx . nrx , . f*fi(l~x) . nrx , /■*„ . .nrx , 

which gives 
so that y ■■ 




2y3Z’ . nrh 


- 1 . nrh . nrx nrct 


269. Energy of a atrlng with fined ends. If the string 
be vibrating in its «th normal mode we have from Art. 256 

D . «ra: fnrd , \ 

y * J, sin — cos / + e,j . 

The kinetic eneigy T is given by 

r-lc/Vii* 

+ „) (IX 

And the potential energy, as in Art. 250, by 

n , , /nrct , N 

“ co8» + e, j (2). 

in the same way. 

Also since P* c*p. Art. 247, therefore 

( 3 ) 

gives the whole energy of the vibration in the sth mode 

Again if the motion be of the general type 

. nrx '/nrct . ^ 

y * zB, Bin-y COB \-j- + e,j , 

we have 

T- ^ /'[* lin (5^ + 
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Now 

f* . rtrx . nrw j ^ 
j sin -y sin oc ■■ 0, 


and 

/■* . ,3vai 1 
io®“ 1 “1- 


Therefore 



(4). 

Similarly we get 



(5); 

and 



(6). 


In these results it appears that the whole kinetic energy, con- 
taining square terms but no product terms, is the sum of the kinetic 
energy due to each separate normal mode of vibration, and similarly 
in regard to the potential energy, which is of course in accordance 
with the general theory of normal modes as explained iq Art. 255. 


260. Normal fiinctloiu and coordinates*. When a vi- 
brating system has a finite number (m) of degrees of freedom, 
we saw (Art. 255) that its position could be specified in terms of 
m normal coordinates each corresponding to a normal mode of vi- 
bration,. and that the kinetic and potential energies contained only 
squares and not products of these normal coordinates. A vibrating 
string has however an infinite number of degrees of freedom and 
therefore infinitely many normal coordinates, and when we express 
the form by the equation 

srrx /sirct . \ 

y - IB, sin — cos -I- (1), 


the coefficients of sin for all integral values of s are the normal 
coordinates and the typical one may be denoted by so that 

y=*2^,sin^ (2). 

Taking the «^’s as the coordinates that determine the position and 


* Thii QM of nonnsl eoordinatei i* doe to Lord Bsyleigh, see Theory of Sound, 
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motion of tlie string we may nse Lagrange’s equations. As in the 
last article we have 

and (8). 

And if is the force tending to cause a displacement S<ftt (using 
the word force in a generalized sense) we have 

dt\ld<f>J * 

That is + (4). 

If we write this equation 

2 

+ (5), 

for a particular integral, using D for djdl, we have 
2 1 . 

^ 1 _ f 1 ^1 . 

** inpl (i) — til D + in] * 

* {**"* ~ 

and adding the complementary function, the complete solution is 

= (M cos nt + ^ jmn n{t- 1') . . .(6), 

where the zero suffixes denote values when f » 0. 

If the impressed force is a single force Y at the point x»h, 
then 

= Yiy, 
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261. Bmaplu at use of normal cooittinates. Plucked 

string. Taking the case considered in Art, 258, <S>, is zero except • 

svb 

when t^O, and then its value is Y sin , where Y is the forcd' 

by which the string is held. Since the string starts from rest 
(^»)o = 0 and (6) gives 




And at time t we have from (6) 


j. /j. \ . . svb . 

9t = (9*)o cos nr = sm -p cos nt. 


Therefore 


^ t o'/i tC 

y = 2^,sin — 

2F- sirb . STTx cos nt 
pi I I n' 

21Y 1 svb sirx snrct 

” — Ti * sin sm -f- cos -J- , 
pifc* «* < I I 

which agrees with the result of Art. 258, if we note that F is equal 
to the resolved part of the tensions perpendicular to the a;-axis ; 
that is 

F = P ^ J + , to the first order of 

c?pl8 

~b{l~by 


262. String set in motion by an impulse. Let an impulse 
I be applied at the point x — b. We may regard this as the limit 

of f I'dt', where /' is a force that begins to act when the string is 
Jo 

at rest and ceases to act after a short time r. Then using (6) of 
Art. 260, « 0 and = 0 so that 

A, = f sin n (i — 0 

nplJo 

2 

■« — i sin nt I 
npl J 0 
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Delecting the tenA tmn^ for the range to f ' »t since t is 
small. But from Art. 260 (7) 


therefore 

Hence 

and 


. r, * sirb 
«», = /' sm-p, 

- ain - /sin . 


. 21 . sirb . and 

dt,» am -r- am 

^ ancp 


I 


I ' 


27 £ 1 . anb anx . and 

y »■ z - sm -r- sm — am — r- . 

^ ncp i a I I I 


S. Forced pibratlons of a string. There are two cases 
to be considered ; the first, when a given point 6 is given an 
arbitrary transverse periodic motion; the second when a given 
periodic force acts at x=‘b. 

In the first case let the given motion at a; = & be represented 
by 

y*»7Cos(pt + a). 

We have to satisfy the equation 

ar a**’ 

and if we assume that y varies as cos(pt + a), this equation be- 
comes 

the solution of which, including the time foctor, is 
y = ^ A cos ^ cos {pt -I- a). 

We have now to determine A and B so as to satisfy the con- 
ditions belonging to each portion into which the string is divided. 
For the one portion 

ysiO when x = 0, and y’=ycoa{pt + a) when x=b, 


so that 
and we may write 


A — 0 and B — y/sin-^, 




( 1 ). 
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Far the other portion when x^l, and y» 7 C 08 (pt + a) 
when « * i, BO that 


A ^ B ^ 7 

sinpl/c -coajd/e 8inp(i — 6)/c’ 
and for this portion we may write 



In the second case, let there be a force Fcos(pt + a) at the 
point x^b. We may deduce the solution for this case from the 
last by the consideration that the resultant of the tensions at the 
point must balance the impressed force. 


That is, if P denotes the tension 


Fcos (p< + a) - P - P 1^* , at ® = 5. 

- ^ uW OX 

Therefore, by differentiating (1) and (2) 

p_ P'fP wapljc 

c smpSJca^pJjr^W^c* 

whence we get 


and 


Vi 


P ain p (f — 6)/c sin px/c 
P pic sinp//c 


COB {pt + a), 0<x<b ...(3), 


_ P sinp6/c sinp (I — x)/c 
~ P p/c sin pl/c 


co8(p« + o), b<x<l ...(4). 


This is an example of a reciprocal theorem that the motion at x 
when the force acts at b is the same as would be the motion at b 
if the force acted at x. 


264. VibrationB of a string curylng a load. Let a particle 
of mass M be attached at the point x = b. 


If we assume that the motion of the particle 1£ is given by 

y = 7C08(pt + H) (1), 

then the motions of the two parts into which it divides the string 
are given by (1) and (2) of the last article. And the frequency 
pl2ir IS to be found from the equation of motion of M ; namely 


at X 


m 


,-p^+p 

ox 


da; 


b, P denoting the tension of the string. 
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Substituting from ( 1 ) and ( 2 ) of the last article and from (IV 
•above, we get 

^ C C C 0 


Therefore pM = - ■ (2). 

^ c sm jmjc sin p (t — bye 

This equation must be satisfied by p, and the form of the string 
at time t is then given by ( 1 ) and ( 2 ) of the last article, 7 and a 
being arbitrary constauits depending on initial conditions. Since 
those normal modes of motion which have a node aA, could 
exist without causing the motion of this point, it is clear that the 
presence of M will not affect these normal modes. Thus if Af be 
at the middle point of the string, the normal modes of even order 
are unchanged, and we can shew that the frequencies of the odd 
components are diminished. For, in this case 

so that ( 2 ) becomes 



or 


2 <!^“ 2 o c»Jf M 


The frequencies of the normal modes concerned are therefore given 
by 

plj2c = x^,x„j,. ., 

where jT], a;, ... are the successive roots of the equation 

ictana;™^. 


By drawing the curves y^tana; and y^plfMx it is easily seen 
that the roots lie between zero and Jir, tt and fw, 2 ir and jw and 
so on. 


But the natural frequencies of the unloaded string are given by 
pljic = w, fir, 27r, |w. . . (Art. 256). 

Hence it follows that frequencies of the normal modes of odd 
order are decreased. 


266. Finite string with ends not rigidly fhstened. We 

will consider two cases, namely when one end of the string is 
attached to a mass M capable of moving transversely, either 



264-269] ENDS NOT EXOIDLT FASTENED 315 

(i) as a bead on a smooth wire, or (ii) under the control of a spring' 
of strength /t, the other end of the string being fixed. 

As solution of ^ ^ > 

Or OX* 

we take ^Aco8*^4-5ein^jcos(7rf + e) (1); 

the terminal conditions being 


(i) 

My = Pdyidx when « = 0, 


and 

y = 0 when 


Therefore 

— n*AM= PB n/c, 


and 

A cos nl/o + B8in nljc = 0 ; 
rd nl PI pi 

(2). 

whence 

— tan — = -r-i5=^ 

c c <^M M 

which is the 

same equation for the frequencies as 

if the particle 

were at the middle point of a scring of length 21 , 
obvious. 

as is otherwise 

(ii) The terminal conditions m this case are 
My + fty = Pdyfdw when » = 0, 


and 

yaeO when x^l. 


Therefore 

— n*M) A = PB njc, 


and 

A cos n//c 5 sin nl/c = 0 , 



Pn _ pea 



c c{n*M—ft) n*M—n 



In either case equation (1) takes the form 

y = C sin ^ cos (nt + e) (4) ; 

c 

and equations (2) and (3) both have an infinite number of solutions 
so that t}ie motion in geperal will be given by equating y to the 
sum of an infinite number of terms like (4) 


266. Damped oscillations. If the motion of the string be 
retarded by a force acting on each element of mass and propor- 
tional to its velocity, the equation of motion of Art. 247 becomes 


dt* 3** % . 


in 
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If we pat y"‘ze~^, this redaces to 

(*)• 

and we may obtain eolations of this eqaation to salt particalar 
cases. Thas to find the freqaency p/2w of waves of length 2ir/m, 
if we assume that 

we get 

where p*=c*»n’ — i**- 
And the solution is 

y * Ae ~ 1** cos {(c*»n* — t + o}, 
or, rejecting the imaginary part, 

y -As " i** cos mx cos j(c*m* — t + a} (3). 

This represents a vilmition whose amplitude diminishes con- 
tinuously because of the factor The time 2/je in which the 

Amplitude is reduced to of its former value is called the 
modvlu* of decay, 

267 . If the resistance is so small that may be neglected, 
(2) becomes 

the solution of which, cis in Art. 247, is 

z = /{ct — x) + F(ct + x), 

and therefore 

y = e~i'‘*/(ct — x)+e~^'‘*F(ct + x) (4). 

Since the functions are arbitrary we may write 

e \ — ar) instead of /(ct — x), 

and ^ F(ct + x) instead of F(ct+x), 

so that y = e - x) + F(ct + x) (5) 

is also a solution. 

For example, suppose that the string is of infinite length and 
is subject to a forced motion E cos pt at a particalar point, which 
we may take to be the origin, the motion will be represented by 
y W-B«“*“'^oosp(i — */c) (6) 


z cc 

g+P*A-0, 
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on the positive side of the origin; and by 

y E Et!^ cos p (< + «/c) (7) * 


on the negative side ; these equations representing a progressive 
wave whose amplitude decreases in the ratio 1 : s as the distance 
from the origin increases by 2c//ic, Le. at intervals of time 2/iK, since 
c is the wave velocity. 


268. Longitudinal vibrations. 

Suppose the string to be elastic and stretched and to obey 
Hooke’s Law. If P, Q are two points whose coordinates are x, 
X + in the equilibrium position and these are displaced to P', Q' 
where the coordinate of P is then that of Q' is 

X+ 8® + f ^ &E. 

If 7 be the tension at P' and E the modulus of elasticity 

„pv-Poe. 

where PvQoC’^ is the unstretched length of PQ. 


Therefore 


7 = P (&B + ^ &t - 8®.y &r. 

_ p &c . p 8® - 8*0 


Now Bx/Bx, is the ratio of the equilibrium stretched length to 
the natural length for the whole string, so we may write E' for 
EBxlBxf, where E' is a definite constant ; and then 

T^E'^l + T,. 

where 7o is the equilibrium tension. 

Let p be the line density and X the external impressed force 
per unit mass at P acting on the string; then the equation of 
motion of the element PQ is 

t+(t+|s.) + ,xi«. 

Y 

dt‘~ p 3®*^^ 


or 


( 1 ). 
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If there be no impressed force, and we write » pc’ the equation 
takes the form 


df da? 


( 2 ). 


This is the same differential equation as for transverse vibrations 
and its solutions may be interpreted m a similar manner when 
applied to the propagation of longitudinal vibrations, but it is im- 
portant to observe a difference in the form of terminal conditions. 
Thus, at a fixed end we have {=0, and b^jdt^Q, for all values of 
t , while at a free end T = 0 and therefore d^ldx = 0. 


The argfuinents of this arti^e also apply to the longitxuiwal 
vibmUona of bars. 


269. Effect of an obstacle or of a sudden change of density. Beflec- 
tion and transmission of waves. When a tram of waves advancing along 
a string encounters an inequality such as a massive particle or a change of 
density the waves are partly reflected and partly transmitted. The method of 
treating such a case will be evident from the solution of the following 
problem —A dattic drifuf of very great length it Oretehed on a mooth 

homontal plane and hat attached to it at one point a particle tvhoee mate it 
equal to that of a length k of the ttretehed ttnng. Shew that a train of longi- 
tudinal imvet of length > travdling along the ttring, will undergo partial 
reflection at the particle and that the tranemitted wavet have their amplitude 
dminithed in the ratio 1/ J I and their phate altered hy <a»~‘(irK/X]f. 

{Math Trtpoe, 1902.) 


Since the density of the string is the same throughout, the equation 


cfl cx* 


.( 1 ) 


must be satisfied by all the w.ives, vhere, if E denotes a certain constant 
and p the hne density, <^=Ejp. We may represent the incident train by 

(=A coa{mx-nt), 

bi't fur facility in working it is lietter to take it to be the real part of 
If we assume similar expressions and 

for the reflected and transmitted Slaves, continuity requires that the period 
shall be the same for all, so that /q =n' =n , and as the velocity of proiiagation 
c has the same numtrical value for all three waves therefore m's: - in and 
Ml, = m , or, the wave length X is not altered by reflection or transmission 


Hence taking the ongiii at the particle, we may write 

' 2 ) 

fur the one portion of the string, and 

( 3 ) 


for the other portion 
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For the motion of the particle we have 

where the T’a denote the tensiona on opposite sides of it. That is, 

when r—0. 

Hence -«n*(il+.<l')=ui*m(Ai-il+A') 

and 

therefore iKm(A+A')‘=At — A+A' 

Again, when x=0, we have f — £i, so that 


From (4) and (0) we get 


A + A'=Ai 


Ai = 


2A 


2—ticm ' 
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(4). 

(■i) 


therefore 




2^2+t«m) 
4 + it»)n^ 


where tan»=J(cift = »r(e/X 


2 A 


gt(iii*- 111 + 


Therefuie the amplitude of the transmitted wave is reduced in the ratio 
2/v/4+ic*/«* or ll<s/l+7r*K^'K~^, and the phaae is altered by the amount 
tan"' (itk/X) 


270 Transverse vibrations of a stretched membrane. 

Wc shall suppose the membrane to be perfectly flexible and of 
uniform material and thickness and so stretched that the tension 
at every point is the same m every direction and constant through- 
out the motion If Ti denote this tension, then, as in Hydro- 
statics, Art 145, there is a normal force on an element of area dH 
surrounding a point P equal to 



where p, p are the principal radii of cunature of the surface at P. 
If a-, y, z are the coordinates of this point in the displaced position, 
the xy plane coinciding with the cquilibnum position, and the 
displacement is such that squares of 'dzibx, and 02 /dy can be neg- 
lected, ^\e have 


1.1 d-z 
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Hence if m is the mass of unit area 



where c* ■» T,/to. 

When the membrane is circular it is convenient to change x, y 
for polar coordinates and the equation becomes 

<^)' 

which is the form suitable for a drum head. 

The hypothesis zcot^P^ reduces the equations to the form 

<*)■ 

, 3*« 1 3* , p* - , 

3r* r3r c* 

If the membrane be rectangular and bounded by the axes and 

a; « a, y = 6 a particular integral is clearly 

. mvx niry 
z = sm - - sin - co&pt, 
a 0 

where = cV> + y|) . 

and m and n are integers , and the general solution is 

2 2 . wimr . niry , . . . n • 

A = Z Zsm 8 in-r^(il„,„C 08 p< + fi„,„smpt). 

**i »=i ® 0 

The solution of (4) involves the use of Bessel’s Functions. 

EXAMPLES 

1. Shew that, if a stnng is of infinite length and the disturbance at time 
tmiO is given 

ij-X (*) and 1’-^ W. 

1 ft+ct 

then V’=iix(^+<’0+x(^'-<*)}+^ 

Prove further, that if the initial disturbance is confined to a finite portion 
between the points «== ±a and be such that 7»0 and rj^B («), then, for any 
time ( greater than a/e, there will be a portion of length Set-Sa which will 

1 f* 

be straight and parallel to the axis of x and at a distance ^ i d (s) dt 
from it. (Coll. Exam. 1906.) 
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> 2. A gtoetohed atnng is drawn asido at n- 1 points and let go from test 
Shew that general^ the string consists of 2m - I straight pwtions ; and in 
the case where the two points of triseotion are drawn aside equal distances in 
the same direction, draw the shape of the string after three intervals each 
one-twelfth of a complete oscillation. (M.T. 1896.) 

S. If in an infinitely long string of line density p stretched to tension P 
the initial transverse displacement and velocity of any point are k.«* and Xjt 
respectively, shew that at any subsequent time t the displacement is 

K^+hxt+xflP/p (ColL Exam.) 

4 . A uniform stretched stnng of length I, line density p and tension a^p 
is initially at rest and the displaoement of any point at a distance x from one 
end IS where « is small, so that the curvature is constant and equal 

to «. Prove that at any subsequent time ( less than l/Sa it consists of an arc 
of constant curvature « and length I -Sat and two straight pieces, which are 
tangents at the ends of the arc. (ColL Eum.) 


5. A uniform stnng whose length is SI and mass Sim is stretched at 
tension T between two fixed points, the middle point of the string being dis- 
placed a small distance b peipendicular to the stnng and then reldhsed, shew 
that the subsequent motion of the stnng, referred to axes through its middle 
point, along and perpendicular to the stnng, is given by the equation 


Z 


(2r+l)« 

where a is given by the equation »aa*«= T. 


cos cos 

COS> ^ COB— , 


(M.T. 1900.) 


6. A stnng of length 2+f' is stretched with tension P between two fixed 
points. The length I has mass m per unit of length, the length I’ has mass m' 
per unit* of length. Prove that the possible penods t of transverse vibration 
are given by the equation 


tan 


tan 




(Coll. Exam. 1888.) 


7. If a slightly elastic string is stretched between two fixed points and 
motion is started by drawing aside through a distance b a point on the string 
distant one-fifth of the length I of the string from one end, the displaoement 
at any instant will be given by the equation 


256 


2 

NbI 


/I , nir nnx nwci\ 

(^-,sin^«a-r'^-rj- 


Find the energy of the nbrating stnng. 


(ColL Exam. 1896.) 


8. A stretuhed string of length I has one end fixed and the other attached 
to a masriees ring free to slide on a smooth rod. If the nng is displaced a 
small distance b from the position of equilibrium and the system start from 

21 


B.H. 
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rart, ilMir tiiat the duptoeenwi et tine t of enjr l*eiat ot the etriag et 
liiitemir » from tht flied end u 

« ; ML „„ 

*• t^Sf+i)»"“ « ’ 

'where a ia the velooitj of tmiUTene Tilmtiens. 

Shew tbeA, if «r<i, the ehape of the etriag ie given bj 

tnm x^O to l-xt, 

y^6 (I— at)/l heyatd, (Trinity OoU. 1900.) 

9. One end of e etriog of length I » fixed et d' and the other end ia 
ieateued to the end Bat e red BC of length h whioh oan turn freely about C. 
Shew that the period of a principal tranevtoae oacillation ie Sw/eg, where 
( ia a root of the equation 

p being the denaity of the atring and M the maaa of the rod. (M.T. 1890.) 

10. If a atretched atring be acted on at two pointa equidiatant from the 
two anda by equal tnnavarae foroea Y, prove that the modea of vibration of 
oven cedar are not exeited and the modee of odd order are excited in the 
annae way A if a aingle ferae SFhad acted at one of the pointa. 

(M.T. 189fi.) 

11. A atring ia atretched between two given pointa and a given point of 

the atring in (1) drawn aaide and then let go, (S) atruck by a aharp point ; 
ahew that the relative intenaity of any upper partial libne to the fundamental 
tone ia gieat y in the aaoond oaae than in the flret (M.T. 1807.) 

12. A atretehed cord la held diaplaoed from the natural atiaigbt poaition 
at a Aumbar of poiiiti^ ao that it aaenmea the ferm of a aenee of atraight 
linaal ahew that when it ia let go, the form aaeumed at each inatant in the 
enauing tranavene vibration will be a aenea of atraight linee. 

In the particular caae when the two points of triaeotion of the cord are 
held diaplaoed tranavendy by equal amounta, compute the ratioa in which 
the harmonica of the fundamental enter into the tone of the note emitted by 
the cord when ralaaaed. (St John’a ColL 1896.) 

IS. A umformapbere of maaa Jf and radiua a la capable of moving about 
ita centra^ which ia fixed. Three uniform inextenaible atringa are attached at 
the extramitiea of three mutually perpendicular radii and drawn tight, and 
have their other enda fixed ao that the directiona of the atringa paaa through 
the centre of the aphere. Prove that the perioda Pi , Pt, Pt of the amall 
oeoillationa of the aphere are given by equationa of the fbrm 



Wrhere the lengtha and M], 04 , 04 the maaaee of the atringa, and 

the frmdamental perioda of their natural vibrationa when they 
aie fixed at both enda. (M.T. 1904.) 
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14 A ttnifiwwly stretched string, ot which the eitrenutiss sre ftud, 
starts from rest in the form y^A sin where m is an integer and f* 

distance between the fixed extremities. Prove that, if the resistanoe of 
the air be tabm into account and be assumed to be Sir times the momentum 
per unit length, the displacement after any time t is 

y^A» “ ( oosm <+— ,sinm <lsin — 

where mi*= ^ ^ ^ - Ifl and a is the Velocity of waves of transverae vibration, 
when there ia no resistanoe. * (Coll. Exam.) 

15. A uniform string of length 3(l-fl') and line density p is stretched 
between two fixed points , a length SP in the middle is unifr^Iy wrapped 
with wire so that its line density becomes p’ Prove that, if the tension 
T=a*p=oC*p', the periods of the notes which can be sounded are Sw/j>, whme 
p satisfies either of the equations 

a tan(/>P/a')+atan(fil/a)=0 and tau(pP/<>')tan(pf/a)>Ba7a. 

(Coll. Exam 1801.) 

16. If a stretched string be held at its middle point, drawn aside at a 
point of quadriseotion, and released from rest, prove that in the SDsaing 
vibration the energy in the harmonic of order r is proportional to 

r~*sin*(r«r/4)sin‘(nr/8). (St John’s Ooll. 1908.) 

I 

17. Find the periods of the normal modes of vibration of a tense string 
fixed at the ends. Prove that the period of the gravest mode is almost axaotfy 
nine-tenths of that of a simple pendulum whose length is equal to the sag in 
the middle (due to gravity) if the etnng be honxontaL 

If the string consist of two portions of lengths Ui, Oi, and diflbrent 
densities pi, pj, prove that the periods (Sw/p) are determined by the equation 

ki cot ki ai -h cot ji, ai=0, 
provided k^-^p^pilT, 

T being the tension. 

Examine the case of pia^O, and exphun bow the resulting penod-equation 
may be solved graphically. (M.T. 1911.) 

1& A imiform inextensible string is stretched, at tension 7*, between two 
points A and B, distance I apart; and the wave velocity for small trsnsvene 
vibrations is a. At the middle point a particle of mass it is attached, ilie 
ends A and B are given small inexorable transverse vibrations, the displaoe- 
ment of each at any time being Find the owresponding forced 

motion of the particle. (Trinity ColL 1898.^ 

81—8 
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18. The coda d » itretohed unifonn string, of length {, are attaohed to 
'small rings without mmi which oan slide on two parallel tods at right aoglm 
to the string. The middle point of the string is acted (m by the transrerse 
ftaioe /'sin pA Prove that the forced vibration at a distance ( trcm either end 
is given by , 

where a is the wave velocity and T is riie tension. (Trinity GolL 190S.) 

80L Two uniform strings are attached together and stretched in a straight 
line between two fixed points with tension T and carry a particle of mass M 
attaohed at the point of junction. Their bne-densities are p and p' and their 
lengths I and V. Shew that, if Tmia*p=a'*p, the periods 2 tr/n of transverse 
vibration are given by 

cot^+o'p'cot^ . (Coll. Exam. 1906.) 
d o 

81. A pressure p sin nt acts for a time ir/n at a point distant ( from one 
end of a stretched string whose length is i ; find the displacement at any point 
at any aubeequent time provided i>airln,l>(+ ait In. (M.T. 189B.) 

28. A transverse force y sin pt acts at the point of junction of two strings 
at different mass per unit length which are joined at this point and stretched 
between two points at distance I apart, the lengths of the strings being h and 
l—h. Prove that, if O] and be the velocities of transverse wavee in the 
two strings, the displacement of the point of junction of the strings at the 
time ( is 

ysinpr/ l^cot^+^cot^Mj, 
where T is the tension. (Trinity Coll. 1886.) 

83. A string is stretched between two fixed points on it and a point at a 
distance h from one end isjcompelled to move so that for it y=i; sin nt ; shew 
that, for any point at a distance x < h from that end, 

y= 78 ]n (fur/c) cosec (n 6 /c) sin nf, 
and find y for a point at a distance x> b from that end. 

Explain the case when n 6 /irc is an integer and find the amplitude of the 
vibration in this case when the equation of motion is 

^+, ^-e* (Coll Exam 1897.) 

84. If the density of a stretched string be ht/.i.''. Where x is measured from 
a point in the line of prolongation of the string, the ends of the string being 

shew that the frequency equation is 

4p*/«** 1 +{2nir/(log (*/(,)}*/• 

where a*meTlm and T is the tension in equilibrium, the vibrations being 
transversal. (M.T. 1906.) 
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SBi If a string of length I and tension stoetofaed between two fixed 
points be not nniform but of line density pg/d+Kx)* where x is the distance* 
from one end, shew that the transverse vibrations are of period 2ir/n when 

' ^/4»* log(l+Kl)*SM»K»r 

when a*»! fg/po and t is a positive integer. Examine the case of taO. 

(Coll Exam. 1896.) 


96. A tight struts of length I hangs in the catenary y oosh x/o, under 
the action of gravity, from two points, distant I apart, in the same horisontal 
line. If gravity be supposed suddenly to cease to act, prove that after a time 
t the form of the string will be given by the equation 


4cl> . I 8in*irir . /X .l\ 

y= - — cosh y S - 

e being very large compared with I 


rwtJeg , . I 

COB cosh nj , 

(C(dL Exam. 1896.) 


27- A particle of mass M is suspended by a string whose mass is ei. 
Shew that if the particle be slightly displaced iii a vertical direction the 

periods of the vibration are the values of ^ where t is given by the 

equation stan 2 °»^; { being the natuntl length and X the modulus of 
elasticity of the string. (BC.T. 1899.) 


28. Two long strings of the same material and thickness are united. to a 
mass U and stretched in a straight line with tension T. Harmomc waves of 
transverse vibrations of period Sw/n are propagated along the first string; 
prove that the phases of the reflected and transmitted waves wall be different, 
and that the ratio of their amplitudes will be Man iT where a is the wave 
velocity (Coll. Exam. 1900.) 


29. A very long uniform flexible string is stretched in a straight line, the 
tension being T, and the line-density m A portion of the string of length f, 
far from the ends, receives a small transverse displacement, and is released 
from rest. Describe the ensuing motion, and find an expression for the dis- 
placement at any point of the string at any subsequent time, the given 
displacement being denoted by /(x), where 0 < x < f Shew that the ratio of 
the kinetic energy to the potential energy of the string changes in time 

(mjT)^ from 0 to 1, and afterwards remains eqiml to 1. 

A bead of mass M is fastened to the string at a point x=0, and a train of 

waves in which the displacement is A sin ^ (x - at) advancec towards the 

bead. Shewthat after passing the head the energy per unit length of ttte 
waves is diminished in the ratio 

1 ; l-b(lfir/X*n)* ; 

and find the change of phase on passing the bead. 


(M.T. 1910.) 



EXAXPLE8 


S8« 


[chap. XI 


80. A anifonA Mritag of gn»i length end of line deueity Te~* hee one end 
1 Hm.< ouriw a «««>— if at a dietanoe a from the fixed end, and is stretched 
with T. A train of transTeree waves of period Sw/p is coming along 

the string and is being reflected; prove that the change of phase that 
accompanies the reflexion at if is 

w +Seot“* ~ "^1* (St John’s Coll. 1905.) 


81. A uniform string is of indefinite length, stretching from - oo to 
and IB at tension T\ at its end (a;»0) it is tied to two strings of similar 
make to the first, eadi at tension \T, which sfretoh from ^rwO to 4-00 
nearly parallel to each other. A harmonic train of waves of transverse 
vibrationa perpendicular to the plane of the string, is continually advancing 
on the first string along the axis of x towards the junction , its unplitude is 
h. Prove that the amplitude of the transmitted truns and that of the reflected 
train are S (VS— 1) it and (VS - 1)* i respectively, where the mass of the knot 
IS neglected. (Trinity ColL 1908 ) 

38. If a stretched elastic stnng is of great length and its end A is 
fhatened to one end of an elastic string of different material, whose other end 
B is fixed, shew that if a train of longitudinal waves of period Sir/p advances 
upon A, the reflected train is of equal amplitude. Shew also that each iwrtion 
of the string forms stationary waves, the amplitudes of the waves mAB and 

in the rest of the string being in the ratio sin a sin ^ , where m', a! are the 
line-mass and wave velocity for the portion A£, m, a are the corresponding 
quantities for the rest of the stnng, I is the length AB and 

Una»-^tan£f. (M.T. 1908.) 

mV a ' 


38. Longitudinal waves come from infinity along the string (0), are 
transmitted through a string of length I and proceed to infinity along the 
string (1), shew that the amplitude is lessened in the ratio 

where n/Sw is the frequency. (St John’s Coll. 1895.) 

3A. A stretched string, mfinite in both directions, is of density p, when 
undisturbed, and has attached to it a single particle of mass m. The velocity 
of waves of longitudinal disphoement in the string is a An infinite harmonic 
tram of such waves, such that the period of the displacement of each point of 
the string is Sw/p, impinges on the particle. Prove that the tram is partly 
transmitted and partly reflected: that the energies per wave length of the 
incident, the reflected, and teansmitted trains are as m*p*+4p*a* to m*p* to 

4p*a* : and that the change of phase of the transmitted train is tan~> . 

8p<I 

(Trinity Coll 1897.) 
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M; A atMtobad atriag ia io aquiydbrimu with ita enda dtad ; ahaw that, 
<« baiog alightly diaturbad fiwm ita poaitun of aquililniam, the potantial' 
enetgx of daConnatiom par unit laogth of atiatehad atring ia 

whare m ia the aquilibrium lina-maaa, and a, & tha longitodinal and tnuMvaiBa 
wave Tolodtiaa. Deduoa the equationa of vibration. (M.T. 190fr.) 

38. A uniform eztenaible atring ia atiatehad with ita enda filed and' 
aimultaneoualy axeoutea io a plane free longitudinal motiona, which are not 
neoeaaarily email, and tranaverae vibrations which aie smalL The ooordinataa 
of any point in the string whan undisturbed are* (£, .0) and at the time 
*(^+*iy)» prove that 

3** T.+xa** 

3 ?“ p, 

where Tt, p, are the undisturbed tension and line density, X is the coefficient 
of elasticity and y, ^ are aaeumed to be always small. (Trinity Coll. 1909.) 

37. A uniform rod of mass Jt is freely pivoted at its nud-point, and its 
ends are fiutened to the mid-points of two stretched strings, one elastic, the 
other inextensible. There is equilibrium when the rod is vertical, and the 
atrings are straight, horisontal, and perpendicular to one another. Shew that 
the period Sw/p of a small oscillation of the system satisfies the equation 

iJfp -- cot ? f -i- ^oot |r, 
o a p p 

where T, Sf, UTjt?, are the tension, length, and mass of the inextensible 
string, and £, 21', the modulus, equihbnum length and mass of the 

other. (St John’s Coll. 1008.) 

38. A uniform extensible string has its two ends fixed, and is stretched 
when in equilibrium to a length h+lf. At a distance f,.from one end a ring 
of moss m is attached, which oon slide on a smooth fixed rod making an angle 
a with the undisturbed string which is straight. Prove that the periods 8jr/p 
of small oscillations of the aystem are given by 

mpiB p6 ooa*a (cot jdi/fi -t- cot pit/b) +pa sin*a (cot pi, /a +ootplt/a); 

where p is the density per unit length and a and 6 are respectively the wave 
velocities of transverse and Imigitudinal disturbances of the string as thus 
stretched. (Trinity CoU. 1800.) 
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99. If A membrane be a rectangle of edges a and b shew that 

. . . mwx . nirw 

(kA nnplsm — ^ am 

is a possible form of stationary vibrationa, where 



the origin bemg at a comer, and e being the vdooity of propagation of a reoti- 
linear disturbance across the membrane. If shew that there are two 

such modes of vibration of period r/Vll, r being the period of vibration. 

(Univ. of London, 1911.) 


40. If a stretched membrane be of the shape of a sector of a cirde of 
‘ angle 72*, shew how to calculate its natural tones. 

(Univ. of London, 1907.) 



CHAPTER XII 


SOUND WAVES 

271. A FEW simple appeals to experience shew that sound is 
transmitted by waves in the atmosphere. If a bell is rung under 
the receiver of an air pump from which the air is gradually ex- 
hausted the sound becomes Winter and soon ceases to affect the 
organs of the ear; shewing that atmospheric communication is 
necessary between the ear and the disturbance that causes the 
sound. We infer that sound is accompanied by the motion of the 
intervening medium from the fact that a musical note sounded 
on any instrument may produce a vibration, in unison with it, 
in another body not in contact with it. That the motions of the 
medium are small is evident from the fact that sound will travel 
through a dust-laden atmosphere without perceptible motion of 
the dust. 

In this chapter we shall consider the propagation of waves in 
an elastic fluid, confining our attention for the most part to plane 
wavea ■ 

272. Oeneral equatloiu. 

In considering the propagation of sound waves we shall regard 
the velocities of the elements of fluid as so small that their squares 
may be neglected. In the kinetic theory of gases, a mass of gas 
is regarded as composed of a large number of separate molecules 
moving in different directions with velocities which unde^ fi%- 
quent changes owing to the collisions of the molecules; Wt the 
hypothesis that we now make about the magnitude of the velocity 
of a fluid element in wave propagation does not contravene this 
conception of a gas, because what we take to be the velocity of a 
fluid element in a given direction is the average velocity in that 
direction of the molecules composing the element; and there is 
nothing in the molecular hypothesis to prevent this average 
velocity from being small, since molecules may move in opposite 
directions. 
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Neglecting friction, the motion being due to natural causes 
ihust be irrotational, so that the pressure equation is 

/?-»-*«■- '*>• 

If pt denotes the equilibrium dmisity of a mass of fluid which 
is compressed until its density becomes 

+«), 

« is called the eondenaaiion. 


When the condensation a and the velocities u, v, w are small, ‘ 
the equation of continuity 

dp . dpu . dpv . dptv_^ 

^ 3« dy dz 

becomes S + ^ + + 

dt dx dy dz 

or (2). 

Again, if jp = p, + ^ denotes the pressure when the density is 

p, po b^g the equilibrium pressure, and if we neglect q* and all 
impressed forces, (1) may be written 

(3) 

p» Of 

If c* ss dpidp, so that dp <^pta, the last equation becomes 

'■'-I W’ 

and by eliminating a between (2) and (4) we get 

(5). 


278. The simplest case is that in which the wave fronts are 
planes. If we take the x axis perpendicular to the wave fronts the 
last equation reduces to 


de 



( 6 ); 


the solution of which is 


d>^fizi-ct) + F{x + ct) (7), 

representing the propagation of independent waves in the positive 
and negative directions with the same velocity e. 
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272-276] 

874 Th« Tsloolty of sound. The quantity c of the last 
article which represents the velocity of propagation of sound waves, * 
within the limits of the approximations which led to ( 6 ), is clearly 
independent of the form of the waves. It was defined in Art. 272 
by the relation c'» dp/dp , and it is possible to calcnlate a numerical 
value when the relation connecting p and p is known. Xewtini 
adopted Boyle’s Law p=^Kp m the basis of his investigation. This 
makes c=:Viv<BV(Po/p«)’* 279*945 metres per second at O’Cent., 
foiling short of the result of observation by about, one-sixth part*. 
The discrepancy is due to the foct that Boyle’s Law requires the 
compressions and rarefactions to take place isothermally, whereas 
it is a matter of observation that the compression of a gas is always 
accompanied by a rise in temperature. The hypothesis that the 
vibrations are so lapid that there is no time for a gain or loss 
of quantity of heat, i.e. that the relation between p and p is the 
adiabatic one ps epY'h, leads to a result more in accordance with 
observation. This makes 

c* = dp/dp = Tp./po, 

and if we take 7 = 1*41, we get c= 382 metres per second at 0 ‘ Cent., 
which agrees with the result of experiment. 


276. Intensity of sound. The rate at which energy is 
transmitted across unit area of a plane parallel to the front of a 
progressive wave may be taken as a measure of the intensity of 
the radiation. 


Considering a simple harmomc wave, let 

^ = A cos ^ (a: — c<) ( 1 ). 

Then if | denote the displacement of a particle at x, the velocity 

A 2«ir 

so that f = — cos (a: - ct) ( 8 ). 

C A» 

The pressure is p » po + % where 

8 p * ptd^/dt = ptcA sin ^ (a: — cf) (4). 


* Bayleigh, Theory of Sound, n. p. 19. 
t Uydroriauet, Ait. 94 
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Hence if W denote the work transmitted across unit area of the 
plane at x perpendicular to the c axis in time t 

^ (p» + %») f - ip.c (^) -d* + periodic terms . . .(5). 

This expression is the required measure of intensity. By integra- 
tion we get the work transmitted in any given time, and if the 
interval be an exact number of periods, or be so great that the con- 
tribution arudng from the fraction of a period is negligible compared 
to the whole, the periodic terms may be neglected and we may 
take as the measure of intensity 

ipoc(“)’4* or or 

where T^Xfc is the period, and is the maximum displacement. 
Hence in a given medium, the intensity vanes directly as the 
■ square of the amplitude and inversely as the square of the periodic 
time. 

276. Knergy. In a plane progressive wave the energy is half 
kinetic and half potential. 

The kinetic energy is 

( 1 ), 

where dv is an element of volume and u is the velocity. 

The potential energy of an element is the work stored up in its 
compression, or the work that can be done by its expansion from 
its actual to its equilibrium volume ; the expansion being opposed 
by the equilibrium pressure p,. If p, dv and p„ dv, be corresponding 
values of the density and volume, the latter being the equilibrium 
values and the former the actual values, we have 

PtdVf — pdv = p# (1 + «) dv, 

BO that dvt = (! + «) dv. 

If at an intermediate state the condensation is «' the effective part 
of the pressure is 

«p=-p,c*s' (Art. 272), 

and a small increment in volume is dvds', so that the work done 
in this small expansion is 

tpdvdtf « p^dtr . sW. 
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The poteotial enei^gy of the element is therefore the integral of 
this as the volume eApands from dv to (1 +«)({», that is 

p^vi s'd»'»^p^tNtv. 

J 0 

Hence the potential energy of the whole mass of gas is 

iptfffoVdv (2). 

Now we may represent any plane progressive wave by 

so that 

or by Art. 272 u — c« = 0. 

Whence it follows that the expressions (1) and (2) for the kinetic 
and potential energies are equal. 


277. Bsaot equation in terms of displacement. So for 

we have based our investigation on the velocity potential and the 
general equations of motion. We may also express the motion 
of a plane wave in terms of the displacement { of the layer of 
particles whose abscissa is w. Thus the layer which in equilibrium 
lies between x and x + dz becomes at time t a layer between » + f 

and x+^ + dx + ^dx. 


The equation of motion of unit area is 


or 


ptdxi^ = — dp, 
dp 
dx 



( 1 ). 


But 

therefore, 

and 


Ptdx * p (d® + 0f/0® . dx), and p =p» (p/po)’i 

p*p,(l+8f/a®)-T; 

* Pt daP\ ^dx) 


.( 2 ). 


This equation is an exact equation giving f in terms of x and t 
If the motion be assumed to be small, we may neglect d^/dx and 
(2) takes the form 
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m 

with a gemeral solution 

+ + (4). 

The connecting link between these last two equations and (6) 
and (7) of Art 273^ lies in the &ct that — and if we 
differentiate (7) with regard to e and then integrate with regard 
to t we get for f the sum of two arbitrary functions of x — et and 
0 -f ct, so that (4) follows from (7X 


278. We may obtain the differential equation which gives 
the actual position of a layer at time t in terms of t and the 
equilibrium position x, by writing y=x + (, when (2) takes the 
form 


dfi 3®* \dx/ 


To solve this equation let 


(5). 






and by comparing this equation with (5) we get 

f 

,- 4 ( 7 - 1 ) 




so that 


at' 


'A ± 


2c 

7 — 1 V3», 


.( 6 ). 


Again for a progressive wave with no translation of the medium 
as a whole dy/dt * 0 when p = p„ that is when dy/dx =• 1 ; therefore 
A = T 2 c /(7 - 1), and 



The complete integral of this differential equation is of the form 

ymi'ax + fft + C, 


provided the cmistants a, 0 are chosen so as to satisfy (7), that is 
provided 
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Hence the complete integral is 




•<«), 


And the general integral is the result of eliminating a between 

»— 

and 0 = + 

where ^ is an arbitraiy function. 

Taking the upper sign, if u denote the velocity “y, we have 


and, eliminating m from ( 9 ), 

y “ - - ( 7 + 1) a* a - ^ (a). 

so that y— {c + i(7+l)M}<«^(a)-o^'(o). 

Hence y — {e + i (7 + ^ arbitrary function of a and 

therefore of u, and conversely u is an arbitrary function of 
y - {c + i (7 + 1) «} t, and we may write 

« =/[y - {c + i {7 + 1 ) «} <] (10), 

where / is an arbitrary ftuiction. 


This equation was given by Poisson for the special case 7^1*. 
The equation shews that a progressive wave in air cannot be 
propagated without change of type. A relation u»/{y — ct) 
would represent the propagation of v with uniform velocity c, 
and relation (10) shews that if we draw a curve whose ordinate 
represents the value of u corresponding to the abscissa y at any 
instant, then the form of the curve at time t later is got by 
moving each point of the original curve a distance {c + ^ (7 + 1) «) t 
in the direction of propagation, and as this is a different quantity 
.for the different pomts of the curve it folbws that the curve is 
continually changing shape and a discontinuity will occur as soon 
as the velocity curve has a vertical tangent, after which we cannot 
infer that the integral has a real application. 


279. Condition Ibr pormanonoe of ^rpe. To find the 
condition that a train of plane waves may be propagated un- 

* Journal do I’ieoU Potftoehm'gue, t vn. p. S19. 
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changed in type, we impose on the whole mass of air a velocity 
•equal and opposite to that of propagation so that if the wave 
form is permanent it becomes stationary in space and the motion 
becomes steady. 

If u«, Pi, pt denote the velocity, pressure and density in the 
undisturbed state of the fluid and u, p, p are the corresponding 
quantities at a point in the wave, the equation of continuity is 


pu^p^ut ( 1 ), 

and the pressure equation is 

( 2 ). 

Jp^ r 

If we eliminate u we get 

(3). 

jp, p 

so that ^ = Wpijp' (4), 

or p = const. — (6). 


This relation must exist between pressure and density in order 
that the wave may maintain itself. As this relation between the 
pressure and density of the atmosphere is an impossibility a train 
of waves cannot maintain itself unchanged in form. If however 
the variations in density are small the condition is approximately 
satisfied by taking », — ^/{dpldp), and this hypothesis is the basis 
of our theory to the order of approximation to which it is earned. 

280. In developing the theory of plane waves it is open to 
ns to make oiir investigation in terms of the velocity potential 
tj> or the displacement {. In the former case we use the equations 
of Arts. 272 — 3, and in the latter case the equations of Art. 277 
and we observe also that since, as in that article, 

281. Vibrations in tnbos. Using ^ to denote displacement 
the general solution for a plane wave is, as in Art 277 (4), 

f =/(ct — ») + /' (ct + «) 


in 
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If there be a fated harrier at the origin parallel to the wave fronts 
then f = 0 when « = 0 for all values of t ; therefore o 

0=f(ct) + F(ct), 

or J’*— /, so that 

^mLf(ct — x)-f(ct + x) (2). 

The first term may be regarded as a wave system approachmg the 
origin firom the left and the second term as the reflected system. 
The two have equal amplitudes, the velocity I is reversed in the 
reflected system, but the condensation « (>« — has its sign 

unchanged. 

Another type of boundary condition is the hypothesis of a 
surface of constant pressure, i.e Sp = 0, but 5p = c*po« (Art. 272), 
therefore « 0, or d^ldx « 0. If this condition holds at the origin 
for all values of t we have 

— /' {eb) + F' {ct) s= 0. 

Hence f and F differ only by a constant which we may omit as 
it would merely imply a displacement of the whole mass , therefore 
in this case 

^=f(ot-x)+f(ct+x) (3), 

and as before the first term may be taken to represent an incident 
tram on the left of the origin and the second term the reflected 
train. The velocity | is now reflected unchanged but the con- 
densation s(’= — a^jdx) has its sign reversed. 

The condition « = 0 is realized approximately at the op^n end 
of a tube whose diameter is negligible compared to the wave length. 


282. Normal modes .for a unUbrm straight tube. The 

equation to be solved is 

..( 1 ) 


at* a«* 


and, as in Art. 256, to find the normal modes we assume that 
^ oc cos (ni + 6), so that ^ — n*f, and the equation becomes 




.( 2 ). 


and the complete solution including the time factor is 

f (A cos nxjc + 5 sin nx/c) cos (ni + e) (3), 

representing stationary waves, the corresponding progressive waves 
in free air being of length X >= 2-rcJn. 


an. 


2S 
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(1) Tube closed at both ends a;sO and x*>l. We have ^>*0 
€when ® « 0 and * * /. Therefore 

.4 = 0 and sin nljc = 0. 

Hence nl/c = mv, where m is an integer, gives the frequencies of 

the normal modes, and 

„ 2 n • mvx (niirot \ 

f* ^ cos^ + 

The frequency of the gravest tone is n/2w or c/2l, that is, the' 
period 2//c is twice the time taken for a pulse to travel the length 
of the tube. In any particular normal mode, say the mth, there is 
a series of nodes, or points for which ^=0, at intervals Ijm along 
the tube, and a series of loops or points of zero condensation 
{d^ldx = 0) half-way between the nodea 


(2) Tube open at bo^ ends. We have — d^/dx = s = 0 when 
JE = 0 and x = L Therefore 

B = 0 and sin nl/c =* 0, 

so that the frequencies of the normal modes are the same as in 
the last case, and 

„ 2 . 7nn-jr /mvct , N 

f= 2^ .4, „ cos -pcos^ ^ +emj. 

The nodes and loops arc distributed at the same distances as in 
the closed tube, but in the open tube the ends of the tube are 
loops. 


(3) Tube open at x — I and closed at x = 0 Now we have 
f = 0 when x = 0, and — d^/dx = 0 when a: =* f. Therefore 
= 0 and cos ni/o = 0, 

Hence nl/c = mir/i, where m is an odd integer, gives the frequencies 
of the normal modes, and 


Ir V U ■ \^P+ 

pssO 


21 


The frequency of the gravest mode is now r)/2w or c/4f, so that 
the period Hfc is in this case four times the time taken by a pulse 
to travel the length of the tube. In the pth normal mode the 
nodes will be at distances 2l/(2p — l) apart and there is of course 
a node at one end of the tube and a loop at the other. 


The period of the gravest mode in each of the foregoing cases 
may also be obtained from the considerations of the last article 
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by ooDsidermg a pulse of coodensation to start from a point P in 
the tube and travel towards the end A, if ^ is a closed end in the 
reflected wave the sign of a is unaltered and that of ^ is reversed, 
and the same happens when the reflected wave reaches B, and 
after time 2l/e the wave is passing P again under the same con- 
ditions as at first. A similar argument holds for a tube open at 
both ends. 

For a ‘ stopped tube,’ i.e. a tube open at one end A and closed 
at the other B, under similar circumstwces, at the reflections at 
A the sign of a is changed and that of ( is unchanged and at the 
reflections at B the sign of a is unchanged and that of | reversed, 
so that it is not until after four reflections or an interval il/c that 
the pulse passes through P again under exactly the same con- 
ditions as initially. 



Fi«. 69. 

Hence in eveiy case the frequency of the gravest mode varies 
inversely as the length of the tube and for a stopped tube the 
gravest mode has half the frequency or is an octave lower than for 
an open or closed tube of the same length. 

283. Since the velocity potential ^ satisfies (1) of the last 
article its value is also given by 

^ ( A cos fur/c -I- P sin ruv/o) cos (nt e) 
with the conditions d4>/dxs‘0 at a closed end of the tube and 
d<f>ldt^0 at an open end, smce (^a^d^ldt. This method of course 
leads to the same results as ore obtained in the last article. 

284. Forced vibratloiu in a tube. Let a vibration of given 
frequency n/2w be maintained at one end of a straight tube. The 
motion may be due for example to the inexorable motion of a 
piston at the origin, so that ^^Ccoa^nt + e) when » = 0. Taking 
the solution 

f ■= (A cos nee/o -h Pain mfc) cos (nf e) 
we must have A — C, and if the tube be closed at I, 

0 s Ceos nl/o -I- P sin nl/c, 

so that f . co8(n« + e) (1). 

. 28—8 
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But if the tube be open -at e >■ I so that d^jda » 0 at this end, then 
0 = — O' sin ni/c + 5 cos nZ/c, 

j „ ^coBn(l~x)lc / . . V /a\ 

and f = C cos (nt + e) (2). 

* cosnt/c ' 

In the first case the amplitude of the displacements is a 
mihimum if sin8Z/c=el 1. i.e. if Z is an odd multiple of irc/2n or 

apd as, in this case, x = l is Bk closed end this makes jc «= 0 a 
loop. If Z is an even multiple of ^X, the amplitude appears to be 
infinite, but the origin would have to be a node which is precluded 
by the conditions of the forced motion at the origin. 

In the second case, in like nmnner, if Z is an odd multiple of 
wc/2n or ^X, the amplitude according to ^2) is infinite, but it xml 
were really a loop the origin in this case would have to be a node 
and so the solution again fiiils. 

In cases in which sin nZ/c or cos nZ/c is small the amplitude 
will be large, and if the tube contains a little fine sand, or lyco- 
podium powder the positions of the nodes will be rendered visible. 
This method was used by Eundt* in experiments for comparing 
the velocity of sound in different gases 


286. Piston controlled bj a spring. As another example 
let us find the velocity potential and frequency equation when the 
end x = l of the tube is closed and, at the end xmO, there is a 
piston of mass M controlled by a spring of strength ft. 

Let ^ (A cos wejc + B sin mr/c) a*"*. 

When « s Z, we have d^/dm = 0, therefore 

0 = — A sin nZ/c + B cos nl/c (1). 

For the motion of the piston, supposed be of unit area, 

M}^ + — pd^fdt, at d; s 0 

* — »/)» As*"*, 

p being the equilibrium density of the gas in the tube. 

Therefore f = ^7“ • 

Jan* — p 

But at A' SB 0 we have — d^jdx » so that 


nfl — pn*A 
c 


•( 2 ); 


* Pogg. Ann. t. oxxxv. p. 8S7. 186S. Bee also Bayleigh’s Tkeorp of Sound, n. 
Axt.m 
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and from (1) and (2) we get the frequency equation 


< 3 ).- 

The velocity potential is of the form 

^-SCnCOS^^fc^C*"* (4), 

c 


where the summation extends to the values of n given by equa- 
tion (3). 

• 286. Sound waves In a branching pipe. 



A solution may be obtained by assummg expressions of the 
form 

(£i COS nxjc + .Fsin Jiar/c) 

for the velocity potential in each branch A, B, C and determining 
the constants so as to satisfy the conditions at the junction 0, viz. 

i 

(i) the pressure at 0 must be the same in each branch, i.e 8^/91 
has the same value at 0 for each branch ; 

(ii) < velocity x cross section in A = sum of velocity x cross section 
in B and C. 

These conditions together with the conditions obtained from 
data as to whether the ends of the pipe are open or closed will 
suffice to give the ratios of the constants and an equation for the 
frequency. 

267. Reflection and Refinctlon of plane wavei. When 
a train of plane waves reaches the surface of separation of two 
distinct media, there is a reflected and a transmitted train of 
waves. Let the plane yz separate the two media and let the wave 
fronts be oblique to this plane, the x-axis being taken parallel to 
the line of intersection of the wave fronts with the yz plane. 

Let the a;-axis be drawn into the first medium and suppose 
c, c, to be the velocities of sound in the two media 
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The equations for the velocity potentials in the two media are 



dip 3y*y 

(1). 

and 



(2). 

for the first ; and 

(3). 



or Vo®* qy* / 

and 



(4), 

for the second. 



Also if p, Pi dre the equilibrium densities and p, p, the cor- 
responding pressures, 

c**^*7^. aad 

dp p dpi Pi 

hut in equilibrium the pressure must be contmuous, i.e. p^pi, so 
that 


<^P = Oi*pi (5). 

The special conditions to be satisfied at the boundary s; = 0 are 
(i) continuous velocity normal to the boundary, i.e. 

d^/dx =» dtftijdx ( 6 ) ; 


(ii) continuity of pressure, i.e. if these denote the 

small increments of pressure due to the wave motion. 

But 5p = c*ps and 8pi-c,*pA (Art. 272), hence from (5) we 
must have s = s, when « = 0; and from (2), (4) and (6) this makes 
pd4>ldt = pid<f>i/dt, when jf»0 (7). 

To represent waves of harmonic type we take for the incident 
train 


# 


^ ^8), 

so that o® + 6y = const, gives the direction of the wave fronts. 

We may then assume that the reflected and refracted trains 
are represented by 


and 


SB A (9) 

A,s*<*>*+*s+*>*i ^10). 


The coefficient of t must be the same m all because all the 
waves must have the same period, and, the coefficient of y must 
be the same .bepause an incident, reflected ii^d refracted wave front 
will all have the same trace on the yz plane. 
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The velocity potential of the whole motion in the first medium 
is ^ and by substituting the values fmm (8) and (9) in (1) and 
observing that the result must be true for all values of x, y, and 


t we get 

- c* (o» + 6*) * c» (a'* + 6*) (11) ; 

and in like manner from (8) and (10) 

«*=.c,*(o,* + 6») (12). 


Hence it follows that a's — a, or the reflected and incident 
waves are equally inclined to the sur&ce of sepacration. 

Again if S, d, are the angles that the normals to the incident 
and refracted waves make with the d;-axis, 

sin d ^ h/Va* + 6’ and smd, = 6/\/oi> + fc*; 

and therefore c/sin 6 = c,/sin (13) 

This 18 the law of refraction. 

It remains to find the relations between the amplitudes A, A', Ai 
of the waves, by means of the boundary conditions (6), (7). From 


these we get 

and 

o(A — A') = o,A,l 

p{a+a')^p,aJ 

(14). 

Therefore 

A A' A, 

i^R\ 

api + ihP ®Pi — 


If we use a, 

tan 01 ^ a tan 6, and 



Pj _ c* _ sin* 0 
p c,-* sin* 0j ’ 


we get 

,, ,tan(d-^,) 

tan(0 + 0O 


and 

.. 2 sin’ 01 cot 0 

‘ sm(^ + ^,)oo8(0 — ^i) 

(16), 


and we observe that in the case in which d + di = ^vr we have 
A' s 0 or the wave is wholly transmitted. 


In the special case of normal incidence b = 0 and c,ai = ca, so 
from this, (6) and (15) we get 
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The foregoing solution holds for any given angle of incidence * 
provided c> Ci, but if Ci > c then, since sin (Ci/c) sin 0, 0i will 
be imaginary if ^ > sin~'c/ci. In this case there is total reflection 
and no wave is transmitted into the second medium. 

288. Energy. The energy transmitted in any time across 
any area of the incident wave must be equal to the energy trans- 
mitted in the same time across the corresponding areas of the 
reflected and refracted waves. These three corresponding areas 
are in the ratio 

COB0 cos d: cos ^ 1 , 

and taking the expression for energy transmitted from Art. 275, 
the frequency being the same for all the waves, we have 
cos 0 , pA*/c = cos 0 . pA'^jc + cos 0^ . p^A^jc^ ; 
or, using c/sin 0 » Ci/sin 0^ , 

p (A* — A'*) cot 0 = piAi* cot 01, 

This is the energy condition and it agrees with the result of multi- 
plying together equations (14) of the last article. 

289. Impact of plane waves on a flexiblB membrane. 

Let the membrane of surface density a- and uniform tension T soiMirate 
media of densities p, p\. Take the yt plane to coincide with the undisturbed 
membrane and the r-axis parallel to the intersection of the wave fronts with 
the membrane, and draw the x-azis into the first medium 

If, following the line of argument of Art 287, we assume as the velocity 
potentials of the incident, reflected and reihioted waves the expressions 


<^=Ae*(«*‘i’+-«) (1), 

( 2 ), 

and ( 3 )^ 

we may take for the displacement of the membrane at time t 

(4), 


where a, a|, 6, « are connected with the velocities of sound in the two media 


as in Art. 287 

From the continuity of normal velocity, we get 

^ 1 when x-0, 

or -«fl=a(A-A')=Oiil, (6). 

The equation of moUon of the membrane is 

<ri'= TiP(ldj/*+Spi - when x=0 (6), 

where 8pi=Pi3^i/3< and lp^pd(j^+^')/dt. 
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Sttbatituting from (1), (S), (3), (4) we get 

B(Tb*-a<tt*)=i»iptAi-p(A+A% 
and eliminating B by means of (5), and writing n for b/» 

ip(A+A')-At{at(T»»-e)+tpi}~0 (7). 

From (6) and (7) we find 

4. £ A ...(8). 

api+atp — iaai(7W-<r) api—aip-iaai(2^*—tr) Sap 

which may also be written 

A A' ^ A, 

J(a/»j+aip)*+a*ai*(7’n*-(r)*}i«'* {(a(»i-a,p)*+a*o,*(7W*-ir)*}J«<*' Sap 

(»), 

where tan c = — aa^ {Tn*— a)l{api + Oip), 

and tan »'= — aoi (7’«*-o')/(api-Oip). 

The amphttides of the incident, reflected and transmitted waves are there- 
fore in the ratio 

{(ap,-Haip)*-ho*ai*(7%i’‘-o')*}i . {(opj— Ojp)*-)-o*Oi*(7'»*-(r)*}i : 

while the phases of the reflected and incident waves differ by <'— « and those 
of the transmitted and incident waves diifiir by < From (5) it follows that 
the vibrations of the membrane are in the same phase as the transmitted 
wave, as is otherwise obvious 

290 Spherical Waves. When there is symmetry about 
a point, the general equation 

takes the form 

dt' ’ 

or ai(r« 

81- ar- w 

which hfls a general solution 

rtf>=f{ct — r) + F{ct + r) (2); 

the two terms representing two wave systems one diverging from 
the origin and the other converging on the origin with velocity c. 

The velocity and condensation are given by 

M = -9^/9r, and «a»c*9^/3f (8). 

If the origin be not a source at which fluid is produced the' 
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total flow across the sur&oe of a ^here of radios r is 47rr*u, or 
by (2) and (3) 

4ir {/(ct - r) + F{at + r)} + 4wr (/' (ct - r) - J?" (c< + r)) 
and this must vanish with r, that is 

• f(et) + F(ct)^0. 

for all values of t 

Therefore = f{ct — r) — f{et + r) (4). 

This form of solution will apply for any spherical region having 
the origin as centre, and the solution (2) may be applied to any 
region between concentric spheres provided suitable boundary con- 
ditions are given. 

For harmonic waves if we assume that k s'"^ (1) reduces to 

+ = 0 (6) 

which gives as solution 

•= cos nr/e + B sin nr/c] (6). 

If ^ be finite when r = 0, as in the case when the origin is not 
a source, since from (4) vanishes with r, therefore it is clear 
that = 0 and 

^ == 5r“* (sin »r/c) (7); 

and if the fluid be enclosed in a spherical envelope of radius a, 
we have d^/dr = 0 when r =■ a which gives 

tanna/c = Nu/c (8) 

as equation for the frequency. 

The foregoing equations clearly apply to the case of a conical 
pipe. The condition for an open end, that the condensation be 
zero, gives rtft = 0, and since this also holds at the origin, a conical 
pipe which 18 complete as far as the vertex may be treated as if 
the vertex were an open end. 


0r» 


291. Musical Sounds. Musical sounds as distinct from 
noises possess three main characteristics. (1) pitch, (2) intensity, 
(3) timbre. 

The pitch of a note depends on the rapidity with which the 
successive waves impinge upon the ear, that is on the frequency 
of the vibration or on the wave length. For the velocity of propa- 
gation is the same for waves of all lengths so that the frequency 
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varies inversely as the wave length. A siren is the instrament 
used for experiments on the pitch of sounds. It is an apparatus 
by which air under pressure emsapes through a hole which has as 
a shutter a revolving disc pierced with holes at regular intervals. 
When the disc revolves with sufiBcient rapidity the vibrations 
caused by the escaping air produce a note of definite pitch, and 
it is found that increasing the frequency of the vibrations raises 
the pitch of the note. If the frequency of one note is double that 
of another the former is an octave higher than the latter. Notes 
who^ frequencies are multiples of that of a given note are called 
its harmonics. 

The intensUy of a note depends on the amplitude of the vibra- 
tiona The loudness of notes can only be compared when they axe 
of approximately the same pitch and then the square of the ampli- 
tude gives a physical measure of the intensity. 

The timbre of a note is a quality dependent on the method 
by which the note is produced, for example, there is a marked 
difierence in quality between notes of the same pitch produced 
from the pianoforte and the violin, this quality is called timbre 
and experiment shews that it is dependent on the form of the 
wave produced*. 

292. Beats. When two notes of nearly the same frequency 
are sounded together a phenomenon known as ‘ beats ’ occurs, that 
IB a succession of intervals in which the resultant vibration gradually 
increases to a maximum and then dies away. Let the vibrations 
have equal amplitudes and be in the same phase so that the re- 
sultant vibration may be represented by 

y 3= a COB (nt) + a cos (m<) 
where m and n are nearly equal. 

Hence y — 2a cos (w — niS t cos (n + m) t, 

which may he regarded as a simple harmonic vibration of frequency 
(n + m)/27r with amplitude 2acos(n — m)t, and as the amplitude 
varies between 0 and 2a with a period 27r/(n — m) the phenomenon 
will be as described. For example, if two tuning forks of frequencies 
600 and 501 be equally excited there is a rise and fall of sound 
once a second corresponding to the coincidence or opposition of 
the vibrations. 

* A paper on ‘ The Oraphleol Becording of Sound Waves ’ was read by D. C. 
Miller at the International Congrett, 1018. 
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298. For fiirther information on the subject of the last two 
■ chapters, reference should be made to Donkin’s Acoustica, Lord 
Bayleigh’s Theory of Sound and Professor H. Lamb’s Dynamical 
Theory of Sound. 


EXAMPLES. 


J. Prove that the velooitj potential of the one-dimeneionol motion of a 
goe, for which p=Kp, aatiefies the equation 



where d/dt denotes difierentiation at a fixed point. (Trinity Coll. 1897.) 

2. Prove that in a fluid medium m which the pressure (p) and the 
density (p) ore connected by on equation (p), where (p) is positive and 
increases when p increases, a plane wave of finite amplitude cannot be 
propagated indefinitely without the occurrence of discontinuity. 

(M T. 1897 ) 

3. In an organ pipe of length I, closed at one end, the pressure at the 

other end is made to vary according to the law dp^p^am nt Find the 
velocity potential of the motion of the air inside (Trimty CoU. 1897 ) 

4 Taking y as 1 41 and the height of the homogeneous atmosphere as 
8000 metres, calculate the velocity of sound in air in metres per second. Find 
also the length of an organ pipe which with one end open and the other 
stopped will sound the middle C (frequency 2&6). 

(Univ. of London, 1911 ) 

6. Assuming the atmosphere to be in convective equihbnum (i.e. in 
equilibrium according to the law of pressure p»KpV) under the action of 
gravity, prove that the equation of propagation of sound vertically upwards is 

where gX {y—l)/y is the ratio of the pressure to the density at the surface of 
the earth and ( is the displacement at a height x (ColL Exam. 1899.) 


6. A tube containing oir has one end rigidly closed, and the other end 
stopped by a plug of mass Jf. which can move without friction in the tube. 
If the length of tube filled with sir be 1, prove that the periodicity of the free 
vibrations is given by 

pi pi M’ 
a a M 


where a is the velocity of sound in the enclosed air, and W the mass of the 
air. (ColL Exam. 1908.) 


7. In a uniform straight tube of length and section A, closed at one 
eud^ a i^uantity of air at atmospheric pressure is imprisoned by a thin movable 
pudup of mans Jf which works in the tube without friction. If the piston, 
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when in equilibrium, is at the middle of the tube, prove that the periods 8ir/p 
of its small oscillations are given by Mp’=2Aap cot {Iplla) where p is the 
density of the atmosphere and a the velocity of propagation of sound. 

(Coll. Exam. 1807.) 


8. A tube of unit oross section open at both ends i» divided into two 
parts of lengths I, V by a thin piston of mass M attached to a spring such 
that 2ir/m is its natural period of vibration. When the air waves are taken 
into account prove that the period of vibration is 2ir/» where 

M (e »* — «•) = pan [tan /a + tan nf /a]. 

(Coll. Exam. 1907.) 

9. A piston of mass Jf is supported by a spring of strength Mn*, and 
separates two gases of densities p, p' in a long tube, the area of the section is 
.S' and a, a' are the velocities of sound m the two gases. Shew that the free 
oscillations of the piston are given by 

^ + ^iap+a'p) ^+n«f *=0 

(St John’s Coll. 1910.) 


10. Air is confined m a straight tube of unit section between two pistons, 
one of which is made to vibrate with velocity acosnst, and the other is of 
mass Jf and is constrained by a spnng of strength p. Shew that the velocity 
potential for the air vibrations is 


a co8»(f-x+«) 

^ T cos nxt : 

n Bin n(l+t) 

where tan ^ bemg the distance between the pistons and p the 

density in equilibrium. (M.T. 1903.) 


11. A straight pipe of length I is closed at one end and open at the other. 
Prove that, if the air extend only from the open end to the middle pomt, the 
other half being occupied by a gas of density pt, then the frequencies of the 
natural modes of the pipe are the values of p satisfying the equation 


tan tan a, /pa, 


where p is the density of the air, and a, Oj are respectively the velocities of 
sound in air and in the gas. (M.T. 1895.) 


12. In a cylindncal pipe, open at one end, dosed at the other, it is found 
experimentally that, when the fundamental note is being sounded, the pressure 
at the dosed end varies on dther side of its mean value by one nth of that 
value. Prove that at the open end the amplitude of vibration of the partides 
of air is il/nwy, where I is the length of the pipe and y the ratio of the spedfio 
heats of au ait constant pressure and constant volume. (ColL Exam. 1911.) 



850 


BXAMPLBS 


[OBAP.Zn 

13. In a nnifonu tube of iodeflnite length is placed a diao which fOls it 
, and makes n complete vibrations in a second, their amplitude beipg e : another 
disc of nuuw Jf is placed at a distance I from the first, and is supported by a 
spring, whose dosticity is such that the disc, if vibrating freely, would make 
ffl vibrations in a second ; shew that after a sufficient time has elapsed for the 
excursions of the air in the tube beyond the second disc to become unifom 
their amphtude will be 

o' ••coos /3 (1 - 8 sin 0 sin y +sin* 

where tan/S*»ir — - A and ysK^+dw^, 

pv \fl* / V 

p being the density of air, and v the velocity of sound. 

f 

Find the vahiee of I for which s' is a maximum or a minimum, and shew 
that the maxima are greater and the minima smaller the greater the value of 
tan |3. (M.T. 1867.) 

14 In a uniform straight tube of length 2t and sectional area «, closed 
at one end, a quantity of gas is imprisoned by a thin movable piston of mass 
if. Under the pressure of the external atmosphere of density p the equi- 
hbnum position of the piston is at the middle of the tube, and the density 
of the enclosed gas is then a. Prove that the periodic times 2tr/p of the 
oscillations of the piston about its position of equilibrium are given by the 
equation 

MpJ<i=aa’ cot (plla)—a'p tan (pl/a'), 

a tmd a' being the velocities of propagation of sound in the enclosed gas and 
in the atmoephere respectnely (St John’s Coll. 1900.) 


15 A long straight speaking-tulie is obstructed in the middle by a uniform 
ngid plug with plane ends, of length t and density equal to If times that of 
the air The plug fits the tube accurately, but is free to move in it without 
friction. Prove that, if sound of wave length \ is advancing along the tube, 
the intensity of the sound transmitted beyond the plug will be less in the 
ratio 1:1 + ir*A^r*/X*, and its phase retarded by 

{tan-»(»riVi/X)-8vr/X}. (M.T. 1901.) 


16. A closed pqie of length 2l contains air whose density is slightly 
greater than that of the outside air, in the ratio 1 +* - 1. Everything being 
at rest, the discs closing the ends of the pipe arc suddenly drawn aside. Shew 
that after a time t the velocity potential is 


, 8tcU’' 


2 izlL cos ^i?±l^*sin(??±l)£“‘ 

,! o ( 2 *+ 1 )* SI ’ 


tlie origin being taken at the middle of the pipe, and a denoting the velocity 
of sound. (St John’s CoU. 1908.) 


I 17. A strai^t pipe of length I is open at one end and the disc closing the 
other end executes small inexorable oscillationB, its displacement at any time 
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t being A tin pt. Prove that at any time the krnetio energy of the air in the 
pipe is 

^3fA* see* ^ ^ co8*p<, 

where a » the velocity of eouud m air and Jf is the mass of air contained in 
the pipe Investigate also the potential energy of the air in the pipe. 

(Trinity CoE 1900.) 

18 Plane waves of sound represented by <j>^AeoiBm(:e+at) impinge 
perpendicularly on a rigid screen and are continuously reflected by it. Prove 
that the increment of the pressure per unit area on the screen lies between 
±iAmapo where po is the density of the air. (Coll. Exam.) 

19. Plane waves of sound of wave length X impinge perpendicularly on a 
fixed flat elastic surface, which is such &at a ixisitite or negative mcrement 
of pressure bp produces a uomal displacement fip/p. Prove that the amplitudes 
of the incident and reflected waves are equal, but their phases differ by 

2tan-'(2irp,'y//iX), 

where is the atmospheric pressure and y the ratio of the specific heats. 

(CoE Exam. 1901.) 

20. If a straight tube of indefinite length be occupied by two difibrent 
gases with the section x=i0 for surface of contact; shew that the displace- 
ments in an incident waie together with those of the corresponding reflected 
and refracted waves may be represented by 

A/{t+xlai), Bf{t-xjai), 

where A B 1 Pi^i+pt<ht 

and determine the distriimtion of the primitive energy between the reflected 

and refracted systems (St John’s CoE 1906.) 

21. A ware of sound travels up a long vertical pipe of which the lower 

part IB filled with air, and the upper part with hydrogen Assuming that the 
transition from the one gas to the other takes place in a length small compared 
with the leugth of a wave, find what proportion of the intensity of the wave 
is reflected down again at the transition ; the density of hydrogen is to that of 
air as 1 to 14^. (St John’s CoE 1896.) 

22. Air endless tube of uniform cross section and of negligible curvature 
is seitarated by two discs of mosses if, per unit surface into two portions 
of lengths f|, f, which are filled with gases of densities p,, p,, in which the 
veiocities of sound ai« I'l, P, shew that the periods of vibration are 2ir/p 
when 

and aapiFicot(pf,/r,)+p,F,oot(f)f,/r,), 

fimpt I’l oosec (pf,/ F,)+p, Fjcooec (pf,/ F,). 

(Tniiity CoE 1886.) 
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23. An endless tube of uniform cross section oontsins two pistons ; the 
inteirening portions of the tube, of lengths Z) respectively, containing air at 
atmospheric pressure. If one of the pistons be found to vibrate so that its 
displacement at time < is A* ooapt, shew that the displacement of the other is 

a{ooaee(pZ|/a)+ooaec(j9Va )} 
a {oot ij^a) + cot (jdja)} - mp 

where is is the ratio of the mass of the piston to that of the air contained m 
unit length of the tube and a is the velocity of sound in air. 

(Trimty CoU. 1898.) 

24. The period of the fundamental note of a flue pipe, open at one end 
and dosed at the other, would be T, if the closed end were rigid But the 
bamer at the dosed end is replaced by a piston of mass Jf, controlled by a 
strong spnng of strength p. Prove that the period of the fhndamental note is 
approximatdy 

r/i + - 

where m is the mass of the air in the pipe and l6m/('/t7^- 4ir*if) is assumed 
to be smalL (Trinity Coll 1902 ) 


26. A straight tube, containing air, is closed at both ends. The tube m 
hdd hontontally and contains an air-tight piston, of mass md, where A is 
the cross section. Prove that the penod (T) of a pnuoipal (or normal) 
oscillation of the piston and air is any root of the equation 


2irm 

~T 


. iirXi , . 

<*iPi cot +«*sPs cot . 


where pi and pi are the densities of the air on either side of the equilibrium 
position of the piston, Ui and ug the corresponding velocities of sound, xi and 
Hg the distances of this ^ition from the ends of the tube 

(Trinity Coll. 1901.) 


26. A train of waves of air, vdocity potential- d cos , is 

advancing in a straight pipe infinite in both directions, and at sr— 0 impinges 
on a movable piston of mass M which separates the air of the pipe into two 
portions. Prove that the velocity potential of the train of waves transmitted 
to the air beyond the piston is 


, 2irf Sw(at-x—*) 

does cos- 3__ 


where m is the mass of the air in a wave length of the pipe, and 


cos {ir*Jf*+in*} ”i. (Trinity ColL 1903.) 


27. One end of a vertical straight pipe (length 1) is dosed; at the other 
end a inston is placed, the densities of the air inside and out being equal. 



'nw ^atoo ainka to ita poaition of oqoQibriuin and eseoutaa amall vibiwtioua 
about it Arova that tbs period (T) of a nonna] vitwation miiat aatiaff 

*** A+A , SirM A. 2wil 

hr" ir^af(Ui)~i**^ir(A+Jk)> 

adieie a u the veloctl^ of sound in air, y tho ratio of the speu6c heats, gtrh 
the pressure of tiw atmosphere, ok x (cross sectiou) is tiie mass of the piston. 

(Trinity Coll. 1904 ) 


n. A long straight tube, of cross section m, is obstructed in the middle 
by a pistrni of mass if, whose ends are plane, fitting the tube accurately but 
fine to move m it. To the right of the piston is gas of density p, to the left 
gi^ of dmisity p', and the velocities of propagation of sound in the gases are a 
and a'. Sound of wave length X is advancing through the tube from the right, 
and undergoes partial reflection at the piston. Shew that the intensities of 
the reflected and incident waves are in the ratio 


(St John’s Coll. 19010 


S9. An infinite long straight tube of unit section contains gases of 
densities p and p', at the same pressure p, separated by a piston of mass if 
which can vibiate under the action of a apniig of strength p. Sound waves 
of harmonic type and amplitude A travelling in medium p are incident on the 
piston. Shew that if Ai and A' are the amiditudes of the reflected and 
transmitted waves 

A* .Ai» : d'*=(M-«*if)>+y*p*(»»+m')* ; (p-n*if)*+ y^p* («-»')* : *y*l»*«*. 
whwe injm, 3ir/m' are the wave lengths in the media p and p' and njm is the 
velocity of the waves in medium p. (M.T. 1898.) 

30 Plane waves in air, density p, impinge directly on the plane boundary 
of a layer of gas, density pi and thickness A The train of waves is partly 
reflected and partly refract^ through the layer into the oir beyond its second 
surface. Find the ratio of the amplitudes of the transmitted and the incident 
traina (Trinity ColL 1897.) 


31. Plane waves of soiuid ars travelling normally frem a gas of dmsity 
Pi into one e( density pj. Shew that the mean tra n s m i s sion of eimrgy into 
the latter gas is increased by interposing betiveBa tiie gases a layer of a 
diffhrent gaa of density pj, provided that pi is intermediate in value between 
Pi and pt, tiie ratio of the apemflc heats having the same value in eaoh gas. 

(ILT, 1011.) 

32. Two media of diflhrent deosities have a plane surface of separation, 
one medium extends to infinity and the otiier is bounded by a rigid plane at 
a distanoe I from their common plane of separatum. Plane waves of sound 
travelling in the first medium are refracted into the second medium and, alter 
refleotimi at the ngid boundary and another refraction, emerge into the firat 

28 


ILH. 
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medium again; prove that the amplitudes of the incident and emeigent 
waves are equal, and that there is a loss of phase of amount , 


2 ton' 


Jsin 2a' 
lsin2a 


tan 



whei'e a and a are the angles of incidence and refraction at the surface 
sejiarating the two media and X' is the wave length in the second medium 

(M T. 1906.) 


33. Simple harmonic plane sound waves of small amplitude are incident 
on a plane interface between two media in which the velocities of sound are 
V and V, and the second medium is bounded by two parallel planes distant 
I apart , beyond the second bounding surface there is a medium of the same 
character as the first. Prove that, if 13 is the ratio of the amplitudes of the 
reflected and incident waves when the second medium extends indefinitely 
from the interface, and if S' is the angle of refraction, then for the problem in 
hand the ratio of amplitudes is 

2/3 am x/V(l + ^ - 2/3* cos 2^), 

where x = fflVK, X being the wave length in the hrst medium. 

(St John’s Coll 1897) 


34. A tram of plane waves of sound of a type given by a velocity 
potential 


= A sui ^ (xr - of) 

A 


IS incident at an angle a on an infinite plane rigid surface Find the velocity 
potential of the reflected system of wstvee, and shew that the pressure on a 
square area in this plane, whose side is 2c, differs from its equilibrium value 
by the quantity 

8Aap<,c 2ir( sin a . 

— sin ^ cos a, 

sm a X 


where 0 is the phase at the centre of the square, po lioing the mean density 
of the fluid, and the sides of the square being parallel and perpendicular to 
the mterscctioiis of the wave fronts and the rigid surface. (M T 1900 ) 


35 A plane wave of sound of wav» length X travelling with velocity V m 
an mfimte medium of density p is transmitted through a plane plate of thick- 
ness I and density m which the velocity of sound is F, into another infinite 
medium of density p^ in which the velocity of sound is Fj Shew that the 
phase ot the transmitted disturbance is the same as that of the original 
distiirbincc if 

tan A’spa EE^-^E^ 
tan 1^\P\ E\ {E^ E^) * 

„ 2ir/cO8 0 

-~Tr~ ' 

E, = M ( 1’*/ TV - my‘0)il\pt , ft'. = 2Trf ( P* Fj* - sin*d)4/Xp.„ 


where 
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6 is the angle of incidence at the first surface of the plate and it is supposed 
that VIVji> Vj Fi>sin 6 What would be the physical nature of the disturb- 
ance within and beyond the plate if F/r2>8in S> Vj Vi ! (M.T. 1898*) 

36. In the case of refraction of plane waves of sound at a plane surface of 
separation of two media of densities p, pi, the ratio of the energy transmitted 
per mat time into the second medium through a given area of the boundary 
to the energy of the train incident per unit time on that area is 

(4ppi cot a cot ai)/(pi cot a+p cot ni)®, 

a, ai being the angles of incidence and refraction. (M T 1894 ) 


• 37 An infinite plane membrane of uniform surface density o- and uniform 
tension T’, coinciding with the plane xOi, separates two gases of densities p 
and p' in which the velocities of projiagation of sound are V and V The 
infinitesimal motion of the membrane being given by y = A cos m.v siii pt, shew 
that the velocity potentials in the gases are 

0= - /Ipji"’ «““*'8in i/ircos/it and 0’= ilpit' sin ow uixp/ 

where 

and Tm‘!f>‘=a-\-plnA-p'ln’, 

all the quantities concerned being supixxsed real (Coll Exam 1896 ) 


38. A gas extends everywhere to a distance >■ from a plane rigid wall and 
18 separated from a second gas by a light {icrfectly flexible menibrane from 
which the second ga.s extends to a great disLiiice Shew that, if d) , be the 
velocities of sound in the two media, the displacements perpendicular to the 


wall for plane waves of period 


an‘ resjK'ctnely of the form 


|i = d cos ( -I- o) sin ^ cosec — 

Oi u, 


f j a= A cos f pt + a) cos 



■) 


and deteiminc the necessary value of v 


(Coll Exam 1903 ) 


39 A tube of small uniform section .S' and length I has one end closed 
while the other end branches into two tubes of small unifonn sections S', S” 
and lengths V, I" resiiectively with their ends dosed Shew th.it the j.)criods 
of the notes which the air in the tiilxis can sound are the \ allies, of T 
satisfying the equation 

0 4 . 2 vV „„ ivl" 

5 tan _-|-4S'taii ,„-P4S'"tan ,jr=0, 

aT aT al * 

where a is the velocity of sound in .iir (M T 1899 ) 


40 Determine the penods of the fundamental tone and ovi>rtoncs (i) of .i 
conical pipe open at both ends, (ii) of an o^ien wedgc-shaiicd pipe whoM* walls 
are formed of two planes inclined to each other and two other planes per|ieH- 
diciilar to both of them (St .Tohii’s Coll 1699 ) 



3M KX&iCFLas [CBAP. xn 

41. llxphiin tile chanwtew of the ■ouroes of Bound which gittt at admUnee 
fdoaty potmtiala of the forsoa 

d rnnKU-rjc) . <P einc(f-r/o) 
s — r — — ? — 

reapeetivalj. Which of them would meet suitably reiumeBt the action of an 
ordinaiy tuning fork? 

Explain the alternations ot sound and silenoe that occur when a vibntuif 
fiwfc is rotated on its axis near the ew (St John’s CtiL 1897.) 
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Aeceleration, 3 

Analogy from eleotromagnetiam, 221,235 
Beats, 347 

Bernoulli’s theorem, 19 
Borda’e mouthpiece, 58, 135 
Boundary conditions, 12, for the motion 
of a cylinder, 93 ( for the general 
motion of a solid, 166 

Capillary waves, 279 
Cauchy’s integrals tof Lagrange's equa- 
tions, 22 ; proof of the permanence of 
irrotational motion, 23 
Christoffel’s theorem, 128 
Cironits, reducible and irreducible, 71 , 
reconcileable and irreconcileable, 74 
Circular disc, motion of, 171 
Circulation, 69 , eonstanoy of, 71 ; about 
a oucular oylinder, 99 
Clepsydra, 56 

Coaxial cylinders, initial motion of, 96 
Concentric spheres, imtial motion of, 156 
Condensation, 330 
Confocal comeoids, 173 
Conformal representation, 120; applica- 
tions of, 122-125, 127-146 , to vortex 
motion, 224-227 

Conjugate functions, defined, 42 , appli- 
cations of, 44, 52-55, 102-107 
Contracted vein, 57, 132 
Coordinates, normal, 305, 309 , ortho- 
gonal curvilinear, 172 
Current function, 40 ; Stokes’s, 157 
Cyclic constants, 75 

Cylinder, circular, motion of in a liquid, 
94,97, circulation about. 99; elliptic, 
102-107, 106, 109, 111-113, parabolic, 
107 , general motidh of, 196 

Damped oscillations, 315 
Dead water, 126 
Decay, modulus of, 316 
Disc, motion of, 171 
Discontinuous motion, 126 
Doublets, 45; in two dimensions, 47, 
124, 125 ; irrotational motion regarded 
as due to a distribution of, 89 

Efflux of liquid, 56 ; of gases, 58 
Electromagnetism, analogy from, 221, 
235 

Ellipsoid, motion of, 166-169 , of vary- 
mg fofm, 175 


Ellipsoidal shell, motion inside a rota- 
ting, 164 

Elliptic cylinder, 102, 105, 111 , general 
motion of, 196 

Energy of irrotationally moving liquid, 
85, 87 , of a plane wave of sound, 
332 , of progressive waves, 276 ; of a 
solid moving in an infinite mass of 
liquid, 187, 191 ; of stationary waves, 
277, of a system of vortices, 239;* of 
a vibrating string, 299, with fixed 
ends, 308 , transmission of, 277 
Equation of continuity, 5-7 , m the 
Lagrangian method, 8 , particular 
oases of, 9-11 , in curvilinear coordi- 
nates, 173 

Equations of motion, 17 , integrated, 18; 
formed by the flux method, 21 , for a 
solid in infinite liquid, 186, 189 ; for 
sound waves, 330 
Eulerian method, 2 
Eulei’s dynamical equations, 17 
Exact equation for a plane wave of 
sound, 333 
Expansion, 236 

Flapping of sails and flags, 273 
Flexible membrane, transverse vibra- 
tions of a, 319 , impact of plane air 
WBies on a, 344 
Flow, 69 

Forced vibrations, of a string, 312 ; of 
air in a tube, 339 
Fourier’s theorem, use of, 283-285 
Free stream lines, 127 et §eq 

Oerstner’s trochoidal waves, 287 
Green’s theorem, 76, deductions from, 
78, 79 , Kelvin’s modification of, for 
cyclic space, 86 
Group velocity, 274, 279 

Helicoidal solid moving in infinite 
liquid, 198 

Hydrokinctic symmetry, 191 

Images, 48 , examples of, 48-52 
Impact of a stream on a plane, 136- 
146 ; of plane nir waves on a flexible 
membrane, 344 

Impulse, 182 ; in terms of velocities, 
188 ; rate of change of, 184 , string 
set in motion by an, 311 
Impulsive action, equations for, 27 


I'he numbers rtfer to thf pagrt 



GENEBAL INDEX 


359 


Initial motion of coaxial oylinden, 96 ; 

of eonoentrio Bplieres, 1S6 
Intensity of sound, 331, 347 
Irreducible circuit, 71 
Irrotationsl motion, defined, 16 , per 
manenoe of, 23, 26, 72; impossible 
in a liquid whose boundaries axe all 
at rest, 79, 83 , in multiply connected 
space, 66 

Isotropic helicoid, motion of, 198 

Jet of liquid, through Boida’s mouth 
piece, 135 , through a slit in a plane, 
132 



Kinetic energy, of cyclic irrotationsl 
motion, 87 , of an infinite mase of 
liquid moving irrotationallv, 85 , of 
a solid moving in an infinite ma-,8 
of liquid, 187, 191 , of a system of 
vortices, 239 

liSgrange’e hydrodynamical equations, 
22 

Lagrangian method, 2 
Lamina, impact of a stream on a, 136- 
146 

Lines of motion, 13 
Loaded string, 313 

Longitudinal vibrations of a string, 317 
Loops 307, 338 

Love’s method for problems on free 
stream lines, 128 

Mean potential over a spherical sur- 
face, 80 

Mersenne s laws, 30b 
Minimum kinetic energy, HI 
Modulus of decay, 310 
Moving axes, motion of a solid referred 
to 1H5 

MiiUipl> connected space, 73 
Musical hounds, 340 

Nodes, 30(>, 338 
Normal coordinates, 305, 309 
Normal modes of vibration, 269, 304 ; 
of a finite string, 306 , of air in a 
uniform tube, 337 

Orthogonal curvilinear coordinates, 172 

Parallel sections, 50 
Feriphraotic regions 60 
Permanence of iirotational motion, 23 
26, 72 

Permanent translation, 190 
Permanent type, waves of, on water, 
263 , in an, 336 


Pitch of a note, 346 
Plucked stnng, 302, 307, 311 
Pressure equation, in irrotational mo-* 
tion, 19 

Progressive waves, 263 , in deep water, 
266 , the energy ot, 27b , reduced to 
a state of steady motion, 269 
Pure strain, 68 

Quadrantal pendulum, 193-196 

Beducible circuit, 71 
Beflection and tiansmission of waves, 
along a string, 318 , of sound, 341 
Itipples, 282 

Botatioii of a fluid element, 67 
Botational motion, 213 

Schwarz’s theorem, 128 
Simply connected region, 73 
Sinks, 45 

Solid of levolution, motion of, 161, 192, 
193, stability of, 196, stability in- 
creased by rotation, 197, steady 
motion of, 198 

Solids, motion of, in liquid, 182 
Sound, general equations, 330, velocity 
of, 331 , intensity of, 331 , energy 
of a plane wave, 332, exact equation 
for plane naves, 333 , condition for 
permanence of tvpe of wave, 335 , 
reflection and refraction of, 341 , 
waves in a branching pipe, 341 
bouices, 45, in two dimensions, 46, 
121-124 , irrotational motion re 
garded as due to a distribution of, 89 
Sphere, motion ol, 151-155, 191 , under 
gravity, 156 , in the presence of a 
doublet, 103, a plane boundary, 20b 
Sphi res, concentric, initial motion of, 

156 , motion of two, 199 
Spheiical, vortex, 247, an waves, 345 
Sphcioids motion of, 169 

Spin, 25 , velocity deduced from, 232 
Stability of »ave motion, 272, of solid 
of revolution, 196 

Standing waves, 256 267, energy of, 
277 

Steady motion, 55 , of solid of revolu- 
tion, 198, of iBotiopic helicoid, 198; 
gencial conditions of, 245 
Stokes’s ourieiit function, 157 ; appli- 
cations of, 161-164 
Stokes's theorem, 69 
Stream function, 40 , for the motion of 
a rectilinear vortex 224 , Stokes’s, 

157 

Stieam lines, defined, 13 
String, transverse vibrations of, 296 
plucked, 302, 307, 311 , set m motion 
by an impulse, 311 , forced vibration 
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Tiiabxe of a note, 847 
!^aftieellI’s theoiem, 66 
S^punwse Tthiations of a stntsbed 
986; awaslaraae, 818 
Tioehaldal waves, 287 
'llhltes, vibtation in, 886 


0nigiienes8 of sotntioB the oenanbl 
imUks, 78. 84, 88, 288 


Vein, ooatraoted, 67, 188 
Velomty of soond, 381 
Velocity potential. 14; physical mean- 
ing of, 28 ; persistence of, 28, 86, 78; 
mean valse met a aphencal satfaoe, 
80 ; doe to a vortos, 286 
Vibration, normal modes of, 304 
Vibtatians, of a stretched string, trans- 
verse, i96; longitndinal, 817; of a 


matiihiiil insMiiMla.'tt8t aldirla 
Spisimto , SlB/'ilaML *18 

et ssy. t sbssHJB*; ud iiiii rto ij. 847; 
strn^ofaim; tna,*!*: velaait* 
dns to elaiMt ftC IM; velosA^ 
potential doe to, 886 
Vortiess, Uaetie energy of a gystom of, 
988 ; leotilinear, 817 ft ssy. ,* wift 
nironlar ssstioa, 297, wdft elli^itie 
seetion, 280 


Wave motion, 958 et uq . ; stalnUty of, 
878 

Waves on water, simple bermonie, 9S5 ; 
stationaiy, 258, 967 s long, 257; 
fsneral egnalioB tos, Wlf oeinUatoiy 
or BorfBoe, 288 , la de^ water, 266 ; 
progressive, rednoed to a ease of steady 
motion, 262 ; at the eenimon sorfaoe 
of two lignids, 270 ; sapinaiy, 879 ; 
doe to a given looal distarbanee, 288; 
stationary, in mnning water, 886; 
Oeratner’s troehoida], 987 
Wind on watar, 881 
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